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Abstract. We give an algorithm, called T∗ , for finding the k shortest simple paths connecting a
certain pair of nodes, s and t, in a acyclic digraph. First the nodes of the graph are labeled according
to the topological ordering. Then for node i an ordered list of simple s − i paths is created. The
length of the list is at most k and it is created by using tournament trees. We prove the correctness of
T∗ and show that its worst-case complexity is O(m + kn log d) in which n is the number of nodes and
m is the number of arcs and d is the mean degree of the graph. The algorithm has a space complexity
of O(kn) which entails an important improvement in space complexity. An experimental evaluation
of T∗ is presented which confirms the advantage of our algorithm compared to the most eﬃcient k
shortest paths algorithms known so far.

1. Introduction
Let s and t be two fixed nodes of a directed network G = (N, A) where N and A are the node and
arc sets of G respectively and cij is the length of the arc (i, j) ∈ A. In the k-shortest path problem
KSP we intend to determine k paths p1 , . . . , pk in G, between two fixed nodes, the initial node s and
the terminal node t, such that pi have length greater or equal than pi−1 when 1 < i ≤ k, and the
remainder paths between the fixed nodes should have length at least equal to pk . Several important
variations of the KSP problem have been studied in the literature. Usually every solution path is
acceptable but in some works arc- or node-disjoint paths are considered. In other works an special
value of k or loop less paths are considered. In this paper we consider an acyclic directed network
an find k simple shortest paths i.e. no node can be repeated.
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The application range of the KSP problem is wide. For example it is usable in scheduling, sequence
alignment, networking and many other application areas in which optimization problems need to be
solved [5].
When the time complexity of algorithms are compared, implicitly it is assumed that enough main
memories are accessible in the machine. So we must consider the space that is needed for execution
of the algorithms. In this paper, we introduce a new algorithm to solve KSP which is not only
faster than the best known algorithms but also it contains an important improvement in the space
complexity. We show that for large scale problems, fast algorithms with unsuitable space complexity
have low performance.

1.1. Related works. This problem has been studied very well and several algorithms have been
presented to solve the problem. There are several kind of the KSP problem in which the solution
paths should satisfy certain constraints. Usually every solution path is well come but in some works
arc- or node-disjoint paths are considered. In other works, the value of k is a fixed number or loop
less paths are considered [1, 5].
The problem was originally examined by Hoﬀman and Pavley [11], and then all attempts to solve
it led to exponential time algorithms [16]. Several papers [2, 9, 14] consider the version of the k
shortest paths problem in which repeated nodes are allowed, and it is this version that we also study.
One can also make a restriction that the paths found be arc disjoint or node disjoint [15], or include
capacities on the arcs [4].
For the unconstrained KSP problem, which allows a path to contain cycles, the theoretically fastest
algorithm to date is Eppstein’s algorithm [5] with a time complexity of O(m + n log n + k log k). The
constrained KSP problem, for which only simple paths are allowed, is much harder. In undirected
graphs, the best algorithm attributed to Katoh et al. [13] has a complexity of O(k(m + n log n)), and
in directed graphs, the best result is an algorithm proposed by Gotthilf and Lewenstein [10], which
has a complexity of O(k(mn + n2loglogn)).
Aljazzar et. al. present a heuristic directed search algorithm, called K*, to find the k shortest
paths in directed weighted graphs which operates on-the-fly and it runs in O(m + n log n + k) time
[1].
The algorithm presented in [6] has a complexity of O(kn(m+n log n)) and follows the same process
as Yen’s deviation algorithm.

1.2. Preliminaries. Let G = (V, A) be a flow network by a set V = {1, 2, 3, . . . , n} of n nodes and
a set A of m directed arcs.
+
+
• Node degree: Let d−
and out-degree of a node i and di = d−
i and di denote the ini + di .
∑

Also the mean degree of the nodes is d =

i∈N

n

di

.
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• Adjacency List: The out-node adjacency list A+ (i) of a node i is the ordered list of nodes
which are adjacent to that node, that is A+ (i) = {j ∈ N |(i, j) ∈ A}. Similarly the inarc adjacency list A− (i) of i is the ordered list of nodes that i is adjacent to them, that is
A− (i) = {j ∈ N |(j, i) ∈ A}
1.3. Eppstein’s algorithm. Now we introduce Eppstein’s algorithm (EA) and a lazy variant of it
[12] for acyclic digraphs, and we will compare our contribution with them in the next sections. For the
unconstrained KSP problem, which allows a path to contain cycles, the theoretically fastest algorithm
to date is the basic algorithm presented by Eppstein [5] with a time complexity of O(m + n log n + k),
where n is the number of nodes and m is the number of edges. Some data structure implementation
techniques can improve the algorithm to O(m+n+k). However these techniques are too complicated
from a practical point of view [5, 12]. Let G = (V, A, s, t) be a acyclic digraph in which s and t are
the source and sink nodes, respectively. EA contains the following three main steps in the algorithm:
• The first step is the Dijkstra’s search on G in reverse in order to compute a shortest path
tree rooted at t. This step requires 2m + n = O(m + n) runtime.
• The second step is the construction of the path graph P (G) which takes m + 11n = O(m + n)
using some complex data structure techniques described in [8].
• The third step is extracting the k shortest paths from the path graph P (G). This step can
be performed using Frederickson’s search on P (G) [7], which requires a runtime of O(k).
The time and space required to build P (G) is fairly large. To avoids this expensive step, a lazy
variant of Eppstein’s algorithm (LVEA) in which only the parts of P (G) which are necessary for the
selection of the k shortest paths are built [12]. However LVEA and EA have the same asymptotic
worst-case complexity in terms of both time and space, it has a significant performance advantage
over EA in practice [1, 12].
2. The T∗ algorithm
It is assumed that the nodes of input network are labeled based on topological ordering. We refer
to P [i] = {P1i , P2i , . . . , Pkii } as the set of ki shortest paths from s to node i. We assume that L(P1i ) ≤
L(P2i ) ≤ · · · L(Pkii ) which L(P ) denotes the length of path P . Let (i, j) ∈ A, because of topological
ordering and since order(j) is larger than the other nodes in all s − i paths, Pli ∪ {(i, j)} is a loop
∪
∪
less path for each l ∈ {1, 2, . . . , ki }. Therefore if we define P [s] = ∅ then P [i] = j∈A− (i) P ∈P [j] P ∪
{(j, i)}. According to the above descriptions, we introduce the following algorithm. The main idea
of the algorithm is easy to to describe, start with the source node s with P [s] = ∅ and then select a
node i with the smallest label (with respect to the topological ordering) and compute P [i]. Repeat
this process until P [t] is computed. To compute P [i] we construct a tournament tree [7] namely,
first we select the smallest element from each P [j] in which j ∈ A− (i) and we build a min-priority
queue (using a min-heap) out of these elements. Then we repeat the following steps: we extract the
minimum from the min-priority queue and this will be the next element in P [i]. From the original
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sorted list where this element came from we remove the next smallest element (if it exists) and insert
it to the min-priority queue. We are done when the queue becomes empty or P [i] contains at most
k elements.
Algorithm 1 T∗ : Topological ordering based k shortest path algorithm.
1:

next = order(s);

2:

while next < order(t) do

3:

Update(P [next] by P [j], j ∈ A− (next));

4:

next = next + 1;

5:

end while

6:

− − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − −−

7:

Update(P [i] by P [j], j ∈ A− (i))

8:

Make min-priority queue M Q(i) by Pj1 ∈ P [j] for j ∈ A− (i) according to L(Pj1 ) + cji values.

9:

while M Q(i) ̸= ∅ and |P [i]| < k do

10:

Move P at root of M Q(i) to P [i] and replace the moved item by its neighbor in the source list
from which it came and update the nodes values travering up in M Q(i) along the path of the
moved item.

11:

end while

3. Correctness and complexity of the T∗ algorithm
In this section we analytically study the properties of the T∗ algorithm. First we prove the
correctness the algorithm and then its time and space complexity is computed.
Theorem 3.1. P [t] determines at most k shortest s − t paths.
Proof. Without loss of generality it is assumed that number i is the topological ordering label of
node i. We use induction to show that P [t] determines at most k shortest s − t paths. Since the T∗
algorithm starts with the node s and it is assumed that networks are loop less, we have P [s] = ∅.
When the algorithm computes P [j] for a node j, all P [i]s are computed for each i where i < j (see
the lines 1-6 of the algorithm). Also, because of topological ordering, each directed path from s to j
contains only the nodes with smaller order than the order of j. Therefore we claim that at the end of
the iteration of T∗ for node j, P [j] contains at most k shortest paths from s to the node j. According
∪
to the above elucidations, the set i∈A− (j) P [i] contains all possible paths that can connect s to j
∪
by adding an arc (i0 , j) to them. Since M Q(j) is constructed by i∈A− (j) P [i] and P [j] is updated
by minimum elements of M Q(j) (see line 9 of T∗ ), therefore it contains the smallest possible path.
Also the condition of the loop in the algorithm keeps the length of P [j] less than k.

□

Theorem 3.2. The T∗ runs in O(m + nk log d) time in which d is the mean degree in digraph G.
Also, The asymptotic space complexity of the algorithm is O(kn).
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Proof. In the topological ordering algorithm for a node i, all in-arcs are examined in |A− (i)| times.
∑
Overall, the algorithm performs this operation i∈N |A− (i)| = m times.
In T∗ algorithm, to compute P [i], first we select the smallest element from each P [j] in which
j ∈ A− (i) and we build a min-priority queue (using a min-heap) out of these elements in O(|A− (i)|) =
O(di ) time. Then we repeat the following steps: we extract the minimum from the min-priority queue
(in O(log di ) time) and this will be the next element in P [i]. From the original sorted list where this
element came from we remove the next smallest element (if it exists) and insert it to the minpriority queue (in O(log di ) time). We are done when the queue becomes empty or P [i] contains
at most k elements. Therefor P [i] is computed in O(di + k log di ) time. The total running
time is
∑
√
∑
∑
∏
i∈N di
n
and
O(m) + O( i∈N (di + k log di )) = O(m) + O(m) + O(k i∈N log di ). Since
i∈N di ≤
n
∑
∏
i∈N log di = log
i∈N di , overall, the algorithm performs this operation in O(m + kn log d) in which
d is the mean degree of the graph.
Space complexity: In each iteration for a node i, at most 2k unit of space is needed to save the list
of i’s neighbors p[i] and the space consumed by the binary tree M Q(i) is O(∆). Whenever p[i] have
been computed, we can free the space used for the tree. Altogether, we get obtain a space complexity
∑
of O(∆) + ni=1 2k = O(kn)
□
Although O(m + n + k) is the best known worst-case time complexity, but for some values of k, the
complexity of T∗ is better for DAGs. The time complexities of K∗ and T∗ contain terms 4m [1] and
2m (see the proof of Theorem 2.2), respectively. Therefore, we can consider O(4m + 2n log n + k) as
the worst case complexity of K∗ and also O(2m + kn log d) as the worst case complexity of T∗ . The
inequality 2m + kn log d < 4m + 2n log n + k implies that for k < (2m + 2n log n)/(n log d − 1) the
complexity of T∗ is better. If m = O(n) then we have log d = O(1) and the inequality is change to
k < 2(1 + log n). Also, the exact times for EA is 3m + 12n + k [5]. Therefore T∗ outperforms EA
when k < (m + 12n)/(n log d¯ − 1).
Example 3.3. We now give a numerical example. Consider the network G shown in Figure 3.3.
The arc lengths are written on each arc in the figure. Let nodes 1 and 6 are the source and destination
nodes respectively and k = 2. Therefore P [i] contains at most 2 paths for every node i.
2

2

3

3
1.

30
8

2

2

6
1

5
4

3

5

Figure 1. A directed Graph with arc length.
The results in Table 1 show P [·]. First for node 1 as the source node we have P [1] = ∅ and then we
have P [2] = {1−2} and P [3] = {1−2−3}. Initially P [4] is updated by P [1] and we have P [4] = {1−4}
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then P [4] is updated by P [2] and we have P [4] = {1 − 4, 1 − 2 − 4} and finally it is updated by P [3]
and science the path 1-2-4 has a larger length than path 1-2-3-4, it is replaced by 1-2-3-4 and we
have P [4] = {1 − 4, 1 − 2 − 3 − 4}. Initially P [5] is updated by P [3] and P [5] = {1 − 2 − 3 − 5} and
next it is updated by P [4] and we have P [5] = {1 − 2 − 3 − 5, 1 − 4 − 5}. similarly for 6 we have
P [6] = {1 − 2 − 3 − 5 − 6, 1 − 4 − 5 − 6}.

next

All possible paths

P [next]

1

∅

∅

2

1-2

1-2

3

1-2-3

1-2-3

4

1-4, 1-2-4 , 1-2-3-4

1-4, 1-2-3-4

5

1-4-5, 1-2-3-5, 1-2-4-5, 1-2-3-4-5

1-4-5, 1-2-3-5

6

1-2-3-6, 1-4-5-6, 1-2-3-5-6, 1-2-4-5-6, 1-2-3-4-5-6

1-4-5-6, 1-2-3-5-6

Table 1. T∗ process to find 2 shortest paths between the nodes 1 and 6.

4. Experimental results
In this section, our computational experiments are presented. We compare the cpu time of our
algorithm versus EA, LVEA, the Yen (Yen’s algorithm) [16] and Fng (the hybrid algorithm ) algorithms [6] and K∗ [1]. We use the versions of EA, LVEA and K∗ which designed for DAGs. These
algorithms are coded in C++ with the same style and functions and performed on 2.66 GHz Intel(R)
Core (TM) i5 machines with 2GB RAM. Our test instances include random networks containing up
to thousands of nodes and arcs. We use a network generator in our experiments:
• The MAFRANGEN generator: We develop the MAFRANGEN generator based on the design
presented in [3] to generate random acyclic digarphs. It is a generator that produces random
instances of network optimization problems. MAFRANGEN uses parameters d = m/n(n−1)
and m/n to specify the density of the network. To made a acyclic networks, we remove cycles
from the produced instances.
Each CPU time value in the following tables and figures is the average values over at least 10
random instances for each combination of parameters.
The elapsed time for dense families of MAFRANGEN generator is shown in Table 2. In these
instances n = 4000, m = 9 ∗ 106 and d ≈ 2000. Our results show that T∗ is up to 4, 300, 260, 10
and 4 times faster than K ∗ , Yen, Fng, EA and LEVA, respectively. In average, these results are 2.8,
190.9, 171.6, 5 and 2.8 respectively.
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k

T∗

K∗

Yen

Fng

EA

LEVA

2

0.31

1.53

27.4

23.7

3.2

1.2

5

0.31

1.51

30.2

26.2

3.2

1.8

10

0.35

1.6

46.21

41.31

3.2

1.2

20

0.41

1.7

58.54

58.6

3.2

1.36

30

0.6

1.7

69.5

71.16

3.2

1.5

40

0.76

1.7

93.52

113.4

3.3

1.5

50

0.84

1.73

104.5

131.8

3.3

1.57

∗

∗

29

Table 2. CPU times of T , K , Yen, Feng, EA and LEVA algorithms for relatively dense DGAs.

The result presented in Table 3 shows the cpu time in millisecond. In this case we put n = 4000
and m = 100000. The simulation time for K∗ , EA and LEVA are approximately invariant but this
time for the others increase. This results show that the running time of K∗ , EA and LEVA have low
dependency to the value of k.
k

T∗

K∗

Yen

Fng

EA

LEVA

2

4.1

6.2

17670.0

16066.1

7.2

7.1

5

5.0

7.9

44101.2

40164.5

7.2

7.0

10

6.5

7.33

88576.5

80123.1

7.2

7.0

15

8.1

7.23

130545.6

120411.2

7.2

7.0

50

19.0

8.7

440231.2

401089.1

7.3

7.01

∗

∗

Table 3. CPU times of T , K , Yen and Feng algorithms for dense DGAs.

Now we compare the algorithms with respect to the size of the problem. we use four similar
computers to evaluate the algorithms. Auxiliary memories are used whenever overflow occurs. Table
4 shows the cpu time versus the size of the digraphs when k = 50. The results show that T∗
is computationally superior to EA, LVEA and K∗ algorithms. For n = 106 , m = 2 ∗ 1011 and
n = 5 ∗ 106 , m = 5 ∗ 1012 overflow occurs during the execution of EA and LEVA and K∗ . So we use
auxiliary memory to save the heaps and P (G) in theses algorithms which is time-consuming. For
n = 106 , m = 2.5 ∗ 1010 only T∗ solves the KSP problem and the other programs were not stopped
after 600 minutes elapsed.
n

m

T∗

K∗

LEVA

EA

104

2*109

5 sec.

10 sec.

9.6 sec.

22.8 sec.

2*1011

8.3 min.

279.6 min.

286.6 min.

Over flow

5*1012

208.1 min.

> 600 min.

> 600 min.

Over flow

6

10

6

5*10

∗

∗

Table 4. CPU times of T , K , Yen and Feng algorithms VS the size of DAGs.
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Above results show that for dense graphs, the run time of T∗ is smaller than the other algorithms.
Also for sparse graphs and some values of k, T∗ is at least 2.8 times faster than the others.
5. Conclusion
A new algorithm T∗ is presented in this paper for finding k shortest simple paths in a acyclic
weighted digraph. Its worst time complexity is O(m + kn log d) in which d is the mean degree of the
graph. We show that for k < (m + 12n)/(n log d − 1) our algorithm is faster that the best known
algorithms. In practice, simulation results show that T∗ is at least 2.8 times faster than the K∗ ,
Yen’s, Feng’s, EA and LVEA algorithms. An other advantage of the presented algorithm is that it
does not require the graph to be explicitly available and stored in main memory. In T∗ , at most
kn unit of memory is required. This nice feature is very useful to solve moderate and large scale
problems. When the time complexity of algorithms are compared, it is assumed that enough main
memories are accessible in the machine. Some times this assumption is not correct. For example our
experimental results show that because of a lack in space in RAM, we have to save P (G) and the
heaps, used in EA or K∗ , in our hard disk. Since access time to a hard disk is time consuming, the
runtime of the algorithms have a significant increase.
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