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ABSTRACT. The set of all non-increasing non-negative integer sequences © = (d1,ds, . .., dr) is denoted
by NS,. A sequence m € NS, is said to be graphic if it is the degree sequence of a simple graph G on
n vertices, and such a graph G is called a realization of m. The set of all graphic sequences in NS, is
denoted by GS,,. The complete product split graph on L + M vertices is denoted by §L,M =K, VKM,

P
>~ s; vertices with r;

2
where K1 and Kjs are complete graphs respectively on L = r; and M =
=1 i=1

and s; being integers. Another split graph is denoted by Sp v = gmm vV §r2,52 VoV grp,sp =
(Kry VEKs)V (Kry VKsy) V-V (Kr, VKg,). A sequence 7 = (di,da,...,dn) is said to be po-
tentially Sr a-graphic (respectively S, a)-graphic if there is a realization G of 7 containing Sp
(respectively Sr ) as a subgraph. If 7 has a realization G containing Sy, on those vertices having
degrees di,da, . ..,dr+n, then 7 is potentially Ay, a-graphic. A non-increasing sequence of non-negative
integers m = (d1,da, ..., d,) is potentially Ay ar-graphic if and only if it is potentially S, a-graphic. In
this paper, we obtain the sufficient condition for a graphic sequence to be potentially Ay r-graphic and

this result is a generalization of that given by J. H. Yin on split graphs.

1. Introduction

Let G(V, E) be a simple graph (a graph without multiple edges and loops) with n vertices and m
edges having vertex set V(G) = {vi,v2,...,v,}. The set of all non-increasing non-negative integer
sequences m = (dy,ds,...,dy) is denoted by NS,. A sequence m € NS, is said to be graphic if it is
the degree sequence of a simple graph G on n vertices, and such a graph G is called a realization of 7.
The set of all graphic sequences in NS, is denoted by GS,. There are several famous results, Havel

and Hakimi [3, 4] and Erdés and Gallai [1] which give necessary and sufficient conditions for a sequence
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m = (dy,ds,...,dy) to be the degree sequence of a simple graph G. A combinatorial characterization of
degree sequences can be seen in [6]. The disjoint union of the graphs G and G5 is written as G1 U Ga.
If G1 = G2 = G, we write G1 U G2 as 2G. Further Ky, Ck, T and Py respectively denote a complete
graph on k vertices, a cycle on k vertices, a tree on k + 1 vertices and a path on k 4+ 1 vertices. A
clique is a maximal complete subgraph. If @ = (di,da,...,d,) is a graphic sequence, we denote by
o(r) =dy +da + -+ d,. A graphic sequence 7 is potentially H-graphic if there is a realization of
7w containing H as a subgraph, while 7 is forcibly H graphic if every realization of 7w contains H as
a subgraph. If 7w has a realization in which the r vertices of largest degree induce a clique, then 7 is
said to be potentially A,-graphic. It is shown in [2] that if 7 is a graphic sequence with a realization
G containing H as a subgraph, then there is a realization G of 7 containing H with the vertices of H
having |V (H)| largest degree of m. We know that a graphic sequence 7 is potentially K} 1-graphic if
and only if 7 is potentially A q-graphic [10].

In this paper, we obtain the sufficient condition for a graphic sequence to be potentially Az, as-graphic
and this result is a generalization of that given by Yin [11] on split graphs. The main results of this

paper are Theorems 3.3 and 3.4.

2. Definitions and preliminaries

We have the following definitions.

Definition 2.1. The join (complete product) of two graphs G1 and Ga is a graph G = Gy V G2 with
vertex set V(G1) UV (G2) and the edge set consisting of all the edges of G1 and Go together with the

edges joining each vertex of G1 with every vertex of Gs.

Definition 2.2. [9]. The split graph of the complete graphs K, and K, denoted by S, s, is the graph
K,V K, having r + s vertices, where K, is the complement of K,. We note that gr,l = K,41. For
ezample, let 1 = 3 and s = 4, we form the split graph S34 = K3V K4. We take V(K3) = {v1,v2,v3}

and V(K 4) = {u1,u2,us,us}. The resulting split graph Ss 4 on seven vertices is shown in Figure 1.

Figure 1 (Ss.4)

P P

Let 71,72,...,7p and sy, S2,..., S, be positive integers and let > r; = L and ) s; = M.
i=1 i=1

The split graph (by Definition 2.1) in this case is denoted by Sy p = K1 V K.
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Definition 2.3. Let Sy, 5,,Srys0y--+5 5

be split graphs, respectively with ri + s1, 12+ s2,...,7p + 5p
vertices. The split graph in this case, denoted by S, nr, is the complete product of Sy, s,y Sry.s95 - - - ,ETMP.

TpsSp

We write

Spm = Srs1V Srpsy Ve VS

Tp,Sp

= (K VEg)V (K VEg) V-V (K, VE).

Clearly Sy, v has vertez set | Jr_, V(Sy,.s;) and the edge set consists of all the edges of Sy, sy, Sry.s0s - - - 7§Tpvsp

together with the edges joining each vertex of Sy, s, with every vertex of ?T].,sj for every i, j with i # j.
Remark 2.4. Sy s is always a subgraph of Sp .

For example, let 11 = 2, o = 2, 51 = 1 and s9 = 2. Take L = ri + 171 = 2+ 2 = 4, and
M = s1+ s9 =1+ 2= 3. We construct the split graphs gL,M and Sp, s as follows.

We have, gL,M = 33,4 = K3V K,4. This is shown in Figure 1.

We have §r1,51 = ?2,1 = K,V K; and §T2,82 = 32,2 = Ky V Ky. We form the complete product split
graph Sp y = S34 = grl,sl \/gms2 = <K2 \/K1> Vv <K2 \/Kg). We take the vertex set of §7’1,81 = ?271

as {u1,uz,v1}, and the vertex set of Sy, s, = S22 as {wy,ws, z1,22}. The resulting complete product

split graph Sz, ar = S34 on seven vertices is shown in Figure 3.

X
uy w1 1

U1

= w2 o

Figure 2

A sequence m = (dy,da, ..., dy) is said to be potentially Sy, p/-graphic (respectively Sy, pr)-graphic if
there is a realization G of m containing S, as (respectively S, ar) as a subgraph. If 7 has a realization G
containing St ps on those vertices having degree di,ds, ..., dr 4y, then 7 is potentially Ay, p/-graphic.
A non-increasing sequence of non-negative integers m = (di,da, ..., dy) is potentially Ay, p/-graphic if
and only if it is potentially S, as-graphic. Let dll > dl2 > e > d;_l be the rearrangement in non-
increasing order of do — 1,d3 — 1,...,dg,+1 — 1,dg 42, - - -, dp, then 7’ = (d/l, dIQ, A d;l_l) is called the

residual sequence of .
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Figure 3 (S3.4 = S21V S22)

Let w1, m9,...,m, be graphical sequences realizing the graphs G1,G>,...,Gp,. The following result

can be seen in [7]. Some more results on split graphs can be found in [8].

Theorem 2.5. Let m; of G; be potentially S,, s,-graphic, for i =1,2,...,p. Then
(1) the gmphic sequence T ofG G1V GV ---V Gy, is potentially Sy ar-graphic,
where L = Z r; and M = z Si.

(2) the gmphzc sequence of SL M S

fOT’j:172,"‘ » D
(3)

=1

The following results are due to Yin [11].

Theorem 2.6. 7 is potentially A, s-graphic if and only if m, is graphic.

Theorem 2.7. Let n > r + s and let 1 = (dy,da,...,dy,) be a non-increasing graphic sequence. If

dris > 2r + s — 2, then 7 is potentially A, s-graphic.

3. Main results

We start with the following observations.
If © has a realization G containing K,;1 on those vertices having degree di,ds,...,d 11, then 7
is potentially A,ii-graphic. Rao [9] showed that a non-increasing sequence = = (di,ds,...,d,) is

potentially A,i-graphic if and only if it is potentially K,;i-graphic, Rao [9] considered the problem
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of characterizing potentially K, i-graphic sequences and developed a Havel-Hakimi type procedure to
determine the maximum clique number of a graph with a given degree sequence 7. This procedure can

also be used to construct a graph with the degree sequence 7 and containing K,;; on the first r + 1

vertices.
Let n > L+ 1 and let # = (dy,ds,...,d,) be a non-increasing sequence of non negative integers
with dr+1 > L. We construct a sequence of sequences my,ma,...,Tr, Try+1,--.,7 as follows. We

first construct the sequence m = (dy — 1,d3 — 1,...,dp+1 — l,d%J)rQ, .. .,dﬁf)) from 7 by deleting d1,

and reducing the first d; terms of m by one and then reordering the last n — L — 1 terms to be in
non-increasing order. For 2 < i < L, we construct m; = (dj+1 — i, djy2 — iy...,dp+1 — 1, d(lle, A d,(f))
from w1 =(d;j —i+1,dis1 —i+1,...,dp41 — i+ 1, dg;;), e ,d%il)) by deleting d; — 7 + 1, reducing
the first d; — ¢ 4+ 1 remaining terms of m; — 1 by one and then reordering the last n — L — 1 terms to be
non-increasing.

We have the following observation.
Lemma 3.1. If 7 is potentially Ar rr-graphic then 7 is potentially Ay pr-graphic.

Proof. Suppose 7 is potentially Ay, s - graphic. Then there exists a realization G of 7 containing Sz, ys
as a subgraph and therefore also contains §L7 M, Since §L7 M is a subgraph of Sz, ps. Thus 7 is potentially

ZLjM—graphic. O
Remark 3.2. The converse of Lemma 3.1 is not true in general. This can be seen as follows.

_ 2
Let m be potentially Ay, ps-graphic. Take r; = 2,79 = 2 and s; = 1,50 = 2, so that L = > r; =
i=1
2 _
2+2=5and M =} s; =1+2=3. Clearly the realization of 7 contains Sy, s as a subgraph but it

i=1
does not contain S7, s as a subgraph, as shown in Figure 1. Therefore 7 is not potentially Ay, y/-graphic.

The main results of this paper are 3.3 and 3.4.
Theorem 3.3. 7 is potentially Ay, pr-graphic if and only if 7y, is graphic.

Proof. Assume that 7 is potentially Ar, p/- graphic. Then 7 has a realization G with the vertex set
V(G) = {v1,v2,...,v,} such that dg(v;) = d; for (1 < i < n) and G contains Sy, ps on the vertices
V1,02, ..., vL+M, where L+M < n, so that V(K) = {v1,ve,...,vr} and V(K ) = {vi41,- .-, 00 40}
We show that 7 has a realization G such that v; is adjacent to the vertices vr4ar41,. .., Vd;+1-

If not, we may choose such a realization H of 7 such that the number of vertices adjacent to vy in
{VL4M+1,- -, Vdy+1} IS maximum.

Let v; € {vr4m+1,--.,04,+1} and viv; ¢ E(H) and viv; € E(H) and let v; € {vg,42,...,vn}. We
assume that d; > d;, since the order of 7 and j can be interchanged, if d; = d;. Thus there is a vertex
v, (t # 4,7) such that v;vy € E(H) and vjv, ¢ E(H). Construct a graph G from H by deleting the
edges viv; and v;v; and adding the edges viv; and vjv;. This operation does not change the degrees.

Therefore G is a realization of 7 such that dg(v;) = d;, for 1 < ¢ < n and G contains Sy, on the
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vertices vy, vo, ..., vr iy with V(KL) = {v1,v2,...,00,...,v} and V(K ) = {vps1, 0042, -, VL0 }-
Also in G, the number of vertices adjacent to vy in {Viyar41,...,v4,+1}, is larger than that of H.
This contradicts the choice of H. Clearly, 1 the graphic sequence of G — vy is potentially Ar_1 -
graphic. Repeating this procedure, we can see that m; is potentially Ar_; p/-graphic successively for
1=2,3,...,r1,71 + 1,..., L. In particular, 7y, is graphic.

Conversely, suppose that 77, is graphic and is realized by a graph G, with the vertex set V(Gr) =
{vp41,...,v,} such that dg, (vi) = d; for L+1<i<n. Fori=L,L—1,...,2,1, form G;_; from

G; by adding a new vertex wv;, that is adjacent to each of v;11, ...,ur+y and also to the vertices
of G; with degrees d(Ll;]lV)[ 41— L ,déi;ll) — 1. Then for each i, G; has degrees given by m; and G;
contains Sr_;p on L + M — ¢ vertices vit1,...,vr+m whose degrees are di11 — 4,...,drypm — @ SO
that V(Kp_;) = {vit1,...,vr} and V(K ) = {vps1,...,vr4 0} whose degrees are dy,da, ... ,dp -
So V(Kp) = {v1,...,vr} and V(Kp) = {vr41,...,v0+0m}. In particular, G has degrees given by
m and contains Sp ar on L + M vertices vq,v2,...,v+nm Whose degrees are di,ds,...,dr+n so that
V(KL) = {v1,ve,...,vr} and V(K ) = {vr41,v042, -+, VL0 }- O

Theorem 3.4. Letn > L+ M and let m = (dy,d2,d3, . ..,dv ,dp+1,---,dyn) be a non-increasing graphic
sequence. If dryp > 2L + M — 2, then m is potentially A ar - graphic.

Proof. Let n > L + M and let 7 = (dy,d2,ds, ... ,dy ,dr +1,dr +2,...,d,) be a non-increasing graphic

sequence. Using the same argument as in Theorem 2.7, 7 is potentially Ay, - graphic. Therefore, we may

assume that G is a realization of m with the vertex set V(G) = {v1, va,...,v,} such that dg(vi) = d;,
(1 <i<n)and G contains Ky, on vy,vs,...,vr and
t =Eq({vi,v2,...,0r ..., 0L} {VL+1, V042, - o, VLbsyy - VLt })
(that is, the number of edges between {vi,va,..., v ,...,vr} and {VL11,V042, -« VLqsys---s VLLM})
is maximum. If ¢t = LM + s1s9 —i—sj]z_:l si, for j = 3,4,...,p, then G contains Sy, ps on vy, v, ..., vr4m
i=1
with V(Ky) = {v1,ve,...,vr} and V(K ) = {vpi1,v042, .- vQL—{SN s+ - In other-words, 7 is
i

potentially Ay, ps - graphic. Assume that ¢ < {LM + si1sp +s; > s;}, for j = 3,4,...,p. Then there
1=

1
exists a v € {v1,v2,...,0s;} and vy, € {Vs; 41, Vs, 42, - -+, Vsits; 5 (8 7 ) such that vy, & E(G). Let

A= Ne\fug,1.0s,12,005 45, OB\ NG\ (01,02, 00,3 (V)

B = NG\{”Sﬁ—l:Usi+27--'7vsi+3j}(vk) m NG\{vl,vg,...,vsi}(vm)‘

Then zy € E(G) for z € NG\{UWQW’%}(vm) and y € Ne\{vg, 41, y(vg).  Otherwise, if

Vs 2yeeesUsj s
zy ¢ E(G), then G' = (G \ {vry,vmz}) U {vgvm,xy} is a realization of 7 afnd contains S,y on
V15V, oy Upy s Upy 41y -+ s ULty - - -, VL m With V(K p) = {v1,ve,...,vp} and V(K pr) = {vp41, 040,
...y vy} such that Eg ({vi,ve,...,vr}, {vr+1,v042, ..., v+ }) > t which contradicts the choice of
G. Thus B is complete. We consider the following two cases.

Case 1. A=¢. Then 2L+ M —2 < dj, = dg(vy) < L+ M —2+|B|, and so |B| > L. Since each vertex

in NG\ fo1,09,...,0,.} (Vm) 18 adjacent to each vertex in B and [N\ fv, vs,....00} (Vm)| = 2L+M —2—(L—1) =
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7JQW,,UL}(vm) U{vp} in G contains

L+ M —1, it can be easily seen that the induced subgraph of Ng\ ¢y,
Sr,m as a subgraph. Thus 7 is potentially Ay, - graphic.
Case 2. A # ¢. Let a € A. If there are x,y € N\ {v,,v0,...,0,} (Vm) such that zy ¢ E(G), then G’ =

(G\{vmz, vy, via})U{vgvm, avy,zy} is a realization of m and contains Sy ar on vi,va, ..., Uy, Upy 41, - - -
Vpydsyy- -, 0oy with V(KL) = {vi,ve,...,vr} and V(Ky) = {vps1,v042,-..,v000m} such that
E¢/({vi,ve,...,vr},{vr+1,v042, .-, v+m}) > T. This contradicts the choice of G and thus it fol-

lows that N\ (v, v,...,v,} (Um) 18 complete. Since |Ne fv, vs,...0,1 (Vm)| = L+ M —1 and v,z € E(G) for
any 2z € N\ fuy,vp,....01} (Um), it is easy to see that the induced subgraph of Na (v, 0,0} (Vm) U {vm}

in G is complete, and so contains S, s as a subgraph. Thus 7 is potentially Ay, p/- graphic. O

Remark 3.5. If L=r, M = s and p = 1, then Theorem 3.3 reduces to Theorem 2.6 and Theorem 3./

reduces to Theorem 2.7.
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