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ABSTRACT. In this paper we introduce the concept of generalized trees and compute the Hilbert series of

their binomial edge ideals.

1. Introduction

Let G be a simple graph on the vertex set [n] = {1,...,n} and K be a field. Definition of binomial
edge ideal first appears independently in [3, 5]. The binomial edge ideal associated to G by definition
is the ideal Jg, generated by {fe : e = {i,j}€ E(G) and i < j} in R = Rg = K[x1,...,Zn,Y1,---,Yn),
where fo = x;y; — x;y;. In[l, 10, 5, 3], some algebraic properties of Ji were studied and proved that Jg
is a radical ideal and determined when Jg is a prime ideal. Recently Zafar has given a characterization
of approximately Cohen-Macaulay binomial edge ideals for trees and proved that the binomial edge
ideal of any cycle is approximately Cohen-Macaulay; in addition he computed the Hilbert series of the
corresponding ideals[10]. The notion of closed graphs was introduced in [3] and Cohen-Macaulay closed
graphs are completely classified in [1] and the Hilbert series of their binomial edge ideal is computed in[1].
Mohammadi and Sharifan used closed graphs with Cohen-Macaulay binomial edge ideals to compute the
depth and the Hilbert function of further graphs. They computed the Hilbert function of a quasi cycle
and gave a combinatorial description for the quotient ideal Jg : f. and showed that Jg : fe is a binomial
edge ideal of another known graph in some cases[4]. In this paper we introduce the concept of generalized
trees and generalized sun-graphs and compute the Hilbert series of binomial edge ideal of these classes of
graphs.
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2. Preliminaries

Let G1,Go, -+, G, be connected components of G and R; = K[{z},y;}|j € V(G;)]. Note that R/Jg =
Ri/Jg, ® -+ ® Rc/Jq, and the Hilbert series of R/Jg is H(R/Jg,t) = [[;_y H(Ri/Ja,,t).

Following the notation of [4], let 4,57 € V(G) and e = {3, j} ¢ E(G) and let N (i) be the neighbor set of
the vertex ¢ in G, define G, as the graph on [n] with E(G.) = E(G) U{{k,l} : k,l € N(i) or k,l € N(j)}.
Ife={i,j} ¢ E(G) is a bridge in G U {e}, then Jg : fe = Jg,.[4, Theorem 3.4]

Adding a whisker at a vertex i to G, is adding a new vertex k to V(G) and {i, k} to E(G). The obtained
graph will be denoted by G UW (i) and the graph obtained by adding r; whiskers at ¢ will be denoted by
GUW, (7).

A m-complete rooted graph is the graph obtained from a complete graph, K,,, by adding r; whiskers
at its ith vertex, i.e. Ky, U (U2, Wy, (2)). It will be denoted by V(m,r1,...,ry). We can also use the
notaition V(m,r1,...,r) instead of V(m,r1,...,7%,0,...,0).

A T-sun graph is the graph of the form K, U (,cr W(s)) where T' C V(G). The set of all T-sun
graphs with |T| = p, S(m, p), is called (m,p)- class of T-sun graphs.

The glued graphs are mathematically defined befor[8, 9]. Some combinatorial properties of glued graphs

can be found in[6, 7].

Definition 2.1. Let G;,1 < i <[ be arbitrary graphs and H; be a nontrivial connected subgraph of G
such that Hy = --- = H;, which named H, up to an isomorphism f; : Hi — H;1q , 1 <i <I. The glued
graph of G1,...,G; at H with respect to f;, denoted by G1~7 G2~/ - - -7 Gy, is the graph that results from
combining G, ...,G; by identifying Hy, ..., H;, with respect to the isomorphism f;.

Without loss of generality we choose a labeling on G157 Go5/ - - -~V G which is {1,...,n} on H. To avoid
multiple edge, if {m,p} ¢ E(H), for any m,p € [n], we suppose that there is at most one k, 1 < k <1
which {m,p} € E(G).

A generalized tree is a graph obtained by gluing some complete rooted graphs on their whiskers such
that no new cycle arise. Similarly, a generalized sun-graph is a graph obtained by gluing some sun
graphs on their whiskers such that no new cycle arise.

It is clear that a tree is a generalized tree by considering all complete rooted graphs in the definition
as V(1,r).

3. Hilbert series of binomial edge ideal of complete rooted graphs

In this section we are going to compute the Hilbert series of binomial edge ideals of complete rooted

graphs.

Lemma 3.1. Let G = S(m,p) € S(m,p), then
H(Rg/Jg,t) = (1 — t2)pH(Rg/JKm,t).
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Proof. For the case p =1, let z1, -+, z,, be the vertices of the complete subgraph of G, K,,, and y is its
extra vertex. Suppose that g is the whisker connecting y to x; in G. We have the following short exact
sequence

0 — Rg/Jg—g: fg(—=2) — Rg/Jg—g — Rg/Ja — 0

and by [4, Theorem 3.4], Jo_q : fg = Ja—g-
H(Rg/Jg:t) = (1 = t*)H(Ra/Ja—g,t) = (1 = *)H(Rg/ Jx,,  t)
Now by induction on p, suppose that
H(Ra/Jsmp-1),t) = 1 =)' "'H(Rg/ Jk,,, t)

and let y1,--- ,y, be the extra vertices of whiskers and g be the whisker connecting ¥, to x;, so we have

JIs(mp-1) * fg = Js(mp-1)- Considering the following short exact sequence
0— RG/JS(m,p—l) : fg(_2) — RG/JS(m,p—l) — RG/JS(m,p) —0
we have H(Rg/Js(mp),t) = (1 — tQ)H(Rg/JS(mm_l, t) and by induction,

HRG/Tsmp) t) = (1= t2)(1 = *)P H(Ra/ Ik, t) = (1 = )P H(Rg/ K. )

O
Proposition 3.2. Let G = V(m,r,ay,...,am_1) such that v # 0, a; € {0,1} and 37" a; = p, then
r—1
H(Rg/Ja,t) = (1 — Y™ H(Rg/ Jk,,.t) — *(1 = t*)* > H(Ra/Jk, .. 1)-
=1
Proof. The proof is by induction on r. For r = 1 Lemma 3.1 implies the proposition.
Let zi,...,x, be the vertices of the complete subgraph K,, of G and y; be the vertex of one

of the r whiskers, noted by g, connecting to a vertex z; in G. By induction, the Hilbert series of

Rl/JV(m,r—l,ah...,am,l) is

r—2
(1= PV H(Ry Tk, t) — 21 = 2P Y H(Ri/ Ik, t)
=1
where R; is the ring associated to V/(m,r—1, a1, ..., any—1). Considering the following short exact sequence

0—> Rg/JG_g : fg(—Q) — Rg/JG_g — Rg/JG — 0

we have

H(Rg/Jg,t) = (1 —=t)*(H(R1/Jm,t) = t*H(R1/JIn,t)) = H(Rg/Ju, t) — *H(Rg/JN, t)

with M =V (m,r —1,a1,...,am-1) and N =V (m+r —1,0,a1,...,am—1). So by induction,
H(Rg/Jg,t) = (1 — )P H(Rg /K, t) — (1 — )P -2 H(Rg [ Ji., 1) — 2(1 — )P H(RG [ Ji, 15 1)

= (1 - t2)p+1H(RG/‘]Kma ) - tz( ) ZT ' H(RG/JKi+nz’t)' U
For G =V (m,r1,...,7r,0,...,0), we use the following notations:

Ty = H(Rg/JK,,t)

Ty = (1= )T — 12 Z;‘? Tovi = (1= ) H(Rg/ Ik, t) = 1 371" H(R/Jk,0001)

2 2 rp—1
Tm sT1yeeesT (1 -1 )Tm T LyeesT -1 Z’Lil Tm+i7rl7"'7,’qk71
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Theorem 3.3. Let G =V (m,r1,...,7%,0,...,0) such that r; #0 fori=1,...,k, then
H(RG/JG, t) = Tm,m,...,rk

Proof. For k =1 proposition 3.2 implies the theorem.

Set N = V(m,r1,...,r5-1,0...,0) and G’ = V(m,r1,...,7%-1,1,0...,0) so NUW,, (k) = G and
NUW(k)=G" . Let z1,..., 2, be the vertices of the complete subgraph K, of G and y is one of the
extra vertices. Suppose that g be the whisker connecting y to z; in G’. Considering the following exact
sequence,

0— Re/Jar—g : fg(=2) — Rgr/Jq—g — Rar/Jar — 0
the Hilbert series of Rg/Jgr will be
H(Rg//Jart) = H(Rgr [ Jgr—g,t) — 2 H(Rgr [ Jar—g + fgrt) = H(Rgr/In,t) — 2 H(Rer /TN, t)
= (1 —-t))H(Rg//Jn,1).
So H(Rg/Jgrt) = (1 —t)H(Rg/JIN,t) = (1 = t) Ty ovry = Ty iy 1

Set G’ =V (m,ry,...,rx_1,1,0,...,0)and G =V (m,r1,...,rp_1,1—1,0,...,0) s0 G = G'UW;_s(k)
and G” = G"UW (k). Induction on [ shows that H(Rq/Jgr,t) = Tyry... rp_,0 and it completes the proof.

Let 3’ be the vertex of the Ith whisker, noted by g, connecting to z; in G”.

Considering the following short exact sequence,
0— RG///JG//_g : fg(—2) — RG///JG//_g — RG///JG// —0

the Hilbert series of R /Jgr will be,

H(Rgr/Jgr—g,t) — 2 H(Rgn [ Jgr—g : f4,t) = H(Rgr [ Jgm,t) — t2H(Rgr [ Jur, t)

So H(Rq/Jan,t) = H(Rg/Jem,t) — t*H(Rg/Jar, t)

with M =V(m+1—1,r1,...,7,_1) and by induction,

H(Ra/Jar,t) = (1=t Ty oy — 123023 Tty — Pt iy

= (1=t Tmryp s — B Tt ey = Doty O

Corollary 3.4. Let G =V (m,ri,...,rm) such that r; 0 fori=1,...,m, then
H(Rg/Jg,t) = Tinp,...iom

Theorem 3.5. Let G =V (m,rq,...,my) and s1,...,S; be the nonzero elements of r1,...,Tm. Then,
H(Rg/Ja,t) = Tms,....s;

Proof. As we know, V(m,r1,...,mm) = V(m,s1,...,55). So H(Rg/Jag,t) = Tms,.....s,, by theorem 3.3.
J

Theorem 3.6. Let G =V (m,r1,...,rm) and o be a permutation on {1,...,m}. Then
H(RG/JV(m,rl,‘..,rmﬁt) = H(RG/JV(m,TU(l),...,rc,(m))7 t)

Proof. One can check that Ra/Jv (.. rm) = RG/JV(mvro'(l)r'wTa(m))

same Hilbert series. O

as graded algebras, so they have the
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4. Hilbert series of binomial edge ideal of generalized trees

A k-generalized tree, denoted by Wy, is the graph obtained by gluing k£ complete rooted graphs on k—1
bridge whiskers such that no new cycle arise.

The graph Wy, can be shown by a (k — 1) x 2 matrix, each rows of this matrix is one of k — 1 bridge
whiskers. Suppose that g is a bridge whisker which connects (V(m,r1,...,7ry), ) and (V(m/, 71, ... 77,),75).
It means that one of r; whiskers of x; is glued to one of r; whiskers of x;. We may describe W5 by a matrix as
follows: (see figure 1)

Wy = ((V(m,rl, costm)y i) (V(m/ g, ... ,r’m/),r;-)).

> /

v(5,1,3,1,2,2), 1, v(4,2,1,3,4),1, w,= (v(513,1,2,2),r, v(3,2,1,34),1,)

FiGcure 1.

If there are some isomorphic complete rooted graphs in Wy, then we separate them by different indices such as
Vilm,r1,...,rm), -, Vilm,r1,...,ry) and V(1,1) is not placed in matrix.
For example, the matrix of the generalized tree in figure 2, is
(V(3,2,1,0),71) (V(4,3,2,2,0),71)
(V(4,3,2,2,0),r2) (V(3,1,2,0),71)

T L2000, (A(©21,1),m)
(V1(2,1,1),12) (V2(2,1,1),71)
We consider the case that each whisker connects (V(m,71,...,7m),r;) to at most one (V (g, s1,...,54),5;) with

q > 3. This class contains all of trees. In the following, we compute the Hilbert series of binomial edge ideals of

5 = ’\0\.23
1 3 .
© v, (2,1,1)
20
V(3,2,1,0)
V,(2,1,1)
19

this class of generalized trees.

v(4,3,2,2,0)

13

FiGURE 2.
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Note that if [(V(m,71,...,7m),7:) (V(p,s1,...,8p),5;)] and [(V(m,r1,...,7m),7) (V(g,u1,...,uq),w)] are two
rows of associated matrix, then in this class, by the above definition at most one of p and ¢ can be more than 2.

The Hilbert series of binomial edge ideal of W} will be computed by induction on k. If K = 1, then W; is a
complete rooted graph and the Hilbert series of binomial edge ideal of which is computed in section 3.

Now let the Hilbert series of binomial edge ideal of W; be computed for all [ < k, it is not difficult to see that a
(k+1)-generalized tree may be constructed by gluing a complete rooted graph V(n, s1,...,s,), and a k-generalized
tree Wy, on a bridge whisker.

Let V(m,r1,...,7rm) be one of k complete rooted graphs of Wj. The graph Wi, may be considered as a graph
obtained by gluing V(m,r1,...,7y) of Wy, and V(n, s1,...,8,), on a bridge whisker g and g connects ith vertex of

K, of V(m,r1,...,7m) of Wi and jth vertex of K,, of V(n,s,...,s,). Using the following short exact sequence,

(1) 0— RWk+1/JWk+1—g : fg(_2) — RWk+1/JWk+1—g — RWk+1/JWk+1 —0

the Hilbert series of binomial edge ideal of W1 can be computed by the Hilbert series of
Rw,.,/Jw,,—¢ and the Hilbert series of Ry, ,/Jw, g fq-

Let V(p1,t11,- - t1p, ), V(D25 ta1s -y topy), -, V(D1 tia, - - -, tip,) be the complete rooted graphs, which are con-
nected to V(m,ry,...,7rm) in W.

So the graph can be represented by the following matrix:

Wi = (vij) (k—1)x2 Where v;1 = (V(m,r1,..., 1), 7q,) fori=1,...,land 1 < a; <m. vio = (V(pi, tir, ... tip, ), tin,)
fori=1,...,0and 1 < b; <pi. vij = (V(uij,c1,...,Cuy;)sCq5z;) for j=1,2and i =1+ 1,... k- 1,1 < qizj < uij.

The above condition implies that there are two cases:

I) The graph V(n, s1,...,sy) is glued to V(m,r1,...,7m) of Wy on a bridge whisker g, which meets the ith vertex of K,
and there is no complete rooted graph of Wy, connected to ith vertex of Ky, of V(m,r1,...,7m) by a bridge whisker.

II) The graph V(n,s1,...,8,) is glued to V(m,ry,...,7y) of Wy on a bridge whisker g, which meets the ith
vertex of K, and there are some 1-complete rooted graphs Vi(1,a1),...,Vi(1,q;), and some 2-complete rooted
graphs Vi(2,b1,¢1),...,Vy(2,bs,cy), connected to ith vertex of K,, of V(m,r1,...,7y) by some bridge whiskers,
and [+ f <r; — 1. (one of b; whiskers of V;(2,b;,¢;) is glued to V(m,r1,...,7m)

Now for the first case (I), we introduce the operators L and L’ as follows:

For all V/(m,r1,...,ry) of each Wy and all 1 <4 <m, Ly (mr,,...rn),i(Wk) by definition is the matrix obtained
by changing r; of V/(m,r1,...,7m) to r; — 1 in each entries. So, Ly (m,r,.....r.),i (W) is a k-generalized tree.

For all V(m,ry,...,7y) of each Wy and all 1 <i <m, L/‘,(m7rl7___’rm)7i(Wk) by definition is the matrix obtained

by changing r; and m of V(m,r1,...,7), to 0 and m 4+ r; — 1 in each entries. So L’V(mr1 (Wy) is also a

k-generalized tree. o
Set N = V(n,s1,...,8j-1,8; — 1,8j41,...,8,), N\ = V(n+s; —1,81,...,8j-1,0,8j41,...,8,) and M =
V(m,r1,...,7m). The Hilbert series of binomial edge ideal of Wy41 — g, using the above notations, will be
the product of (1 — t)?VWerl H(Ry, . /Jn,t) and H(Rw,,,/Jr, ;wy)>t)- In the other hand the Hilbert
series of Rw, . /Jw,,,—g : fg, by [4, theorem 3.4], is the product of (1 — £)2V (Wi )| H(Rw,,,/Jn/,t) and
H(Rw, .\, /Iy, (wi)>t)-
So using the short exact sequence (1), the Hilbert series of binomial edge ideal of Wy will be:
H(Rw,,,/Iw.i1:t) = HRw, .\ /Iw,1—g:t) = PHRw, [ Iwisi—g © fg:1) =
H(Bw, [ Tpaowi) VH (RN /I, t) = CH(Rw, [y, (wi), ) H (R /[ Ine, t) =
(1= )’V Vs H Ry, /T i)y OV H (R, /TN 8) = CH (R /T, w0V H (R, /I ).
For the second case (II), we introduce the operator L as follows:
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For all V(m,ry,...,7y) of each Wy and all 1 <i <m, L/\;(m,rl,...,rm),i(Wk) by definition is the matrix obtained
by following changes:

- Omitting each rows which contains of V(m,r1,...,ry) and V;(1,a;), for i = 1,...,1, and changing V;(1, a;), for
i=1,...,0to V(m,ry,...,1 ) in other rows.

-Changing r; and m of V(m,ry,...,7y), to 22:1 a; + Z{Zl b; — 1l — f and m + r; — 1, in each entries.
-Changing V'(2,b;,¢;) to V(1,¢;), for i = 1,..., f in each rows of matrix.
So by definition, LY., . . (W) is a (k-1)-generalized tree.
Again, the Hilbert series of Ry, ., /Jw,,,—¢ : fg, using the same theorem, will be the product of
(1 — )2Vl H(Rw,,, /Jn+,t) and H(Rwi.y /Iry, (wi)ot)
and using the short exact sequence (1), the Hilbert series of binomial edge ideal of Wj.; will be computed as
follows:
HRw,, /w1 t) = HRw,\y /Iy —g:t) = PH(Rw, oy /I w1 —g t fgot) =
[H(Rw, [ Ten cwio)s D H (R, [ Ino ) = CH(Rw, /Ty, wi)s )V H (R, [T, )] (1 — )21V (Wil

M,i

Theorem 4.1. Let G be a generalized sun-graph constructed by gluing of some sun-graphs (S(n;,p;) € S(ni,p;),
i=1,...,k). Then

H(Rg/Ja,t) = (1= t)* k= DV @I — ) T H(Rg/ Jx, 1)
el

where, o = Z?lei —k+1,T={ny,...,nk}
Proof. The proof is by induction on k. For kK = 1 Lemma 3.1 implies the theorem.

Suppose that a (k—1)—generalized sun-graph, Wj._1, is constructed by gluing of S(n;,p;) € S(ni,pi), i =2, ,k
on k — 2 bridge whiskers, and G is obtained by gluing of S(ni,p1) € S(n1,p1) and the graph Wjy_; on a bridge
whisker g. Let (G)] = Vi + Vs that Vi = |[V(S(n1,p1))] — 1 and V5 = |V(Wg_1)| — 1. Considering the following

exact sequence:
0— Rg/JG_g : fg(—2) — RG/JG_Q — Rg/JG —0

the Hilbert series of Rg/Jg will be H(Ri/Jg—g.t) — t?H(Ri/Jc—g : [4:1).
By Lemma 3.1 and induction, the Hilbert series of H(Rg/Jg—g4,t) and also H(Rg/Ja—g : fg,t) is:

(1 =P H(Ra/ Tk, )1 = )*2 (1 = ) P [[ier ,, H(Ra/Ji 8)(1 = 8)2E=2V2 (1 — )2V (=)
So,

H(Ra/Ja,t) = (1= )1 = 2P " H(Ra/Ji, , ) (1 — )2 (1 — 12)>»
H H(Rg/Jk,,t)(1 — t)2(k*2)V2 (1— t)2V1(k71)
i€l

= (1 - t)2F= DV — ) T H(Ra/ Ik, )
i€l
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