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Abstract. Fixed-point-free permutations, also known as derangements, have been studied for centuries.
In particular, depending on their applications, derangements of prime-power order and of prime order
have always played a crucial role in a variety of diﬀerent branches of mathematics: from number theory
to algebraic graph theory. Substantial progress has been made on the study of derangements, many longstanding open problems have been solved, and many new research problems have arisen. The results
obtained and the methods developed in this area have also eﬀectively been used to solve other problems
regarding finite vertex-transitive graphs. The methods used in this area range from deep group theory,
including the classification of the finite simple groups, to combinatorial techniques. This article is devoted
to surveying results, open problems and methods in this area.

1. History and motivations
A permutation g of a set Ω is said to be a derangement if it has no fixed-point on Ω, equivalently for
each α ∈ Ω, αg ̸= α. The problem of counting the number of derangements of a finite set originates in
the game of thirteen (jeu du treize, in French) and was proposed in 1708 by Montmort at the end of his
book [70, p.185] as a teasing question, see [75]:
“Suppose a player has a deck of 13 cards numbered “1, 2, . . . , 13”. After shuﬄing, he or she draws one
card at a time, without replacement, counting out loud as each card is drawn: “1, 2, . . . , 13”. The
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player wins if he or she can go through the entire deck, never drawing a card bearing the number just
called. What is the player’s probability of winning?”
The game of thirteen has also been called rencontres [3, 27], coincidences [82], Montmort’s matching
problem [75] and hat-check problem [77].
In 1710, in a letter to Johann Bernoulli, Montmort gave the solution to the problem and claimed
that he had found the general solution of the game for any deck of cards, but (he said) it would be
too long to give all the details. A nephew of Johann Bernoulli, Nikolaus Bernoulli in 1711, in a letter
to Montmort, solved the problem in general again. Both letters are reprinted in [71], pp. 303–307
and pp. 308–314, respectively; for more details, see [71] or [82]. In the general case, the shuﬄed deck
corresponds to a permutation g ∈ Sym(n), n being the number of cards in the deck, and the player wins
if and only if g is a derangement. Therefore P(n), the probability of winning, is simply the proportion
of derangements in Sym(n). In other words, P(n) = ∆(Sym(n))/n!, where ∆(Sym(n)) denotes the
number of derangements in Sym(n). Montmort, in the second edition of his book [71, p. 301], using
∑
the inclusion-exclusion principle proved that P(n) = nj=0 (−1)j /j!. In particular, P(n) approaches 1/e
as n approaches infinity or equivalently, ∆(Sym(n)) is the nearest integer to n!/e, see also [4, Corollary
2.7]. For the history, for various appearances of the problem in the theory of probability and for some
modern versions see [2, 17, 20, 25, 42, 53, 54, 69, 82, 84].
In 1872, Camille Jordan, when studying Mathieu groups, proved the existence of fixed-point-free
elements in a transitive action of a group on a finite set of cardinality at least 2:
Theorem 1.1. (Jordan’s theorem)([47, Théorème I]) Let G be a group acting transitively on a finite
set Ω with at least 2 elements. Then there exists an element of G acting on Ω without fixed points.
As a direct consequence of Jordan’s theorem, we obtain that, if H is a proper subgroup of a finite
group G, then G cannot be the union of the G-conjugates of H. Indeed, this observation can be deduced
from Jordan’s theorem applied to the action of G on the right cosets of H. Actually, the standard proof
of Jordan’s theorem is a simple counting argument that proves this latter fact: indeed, since H has at
most |G : H| conjugates and since each conjugate of H contains the identity of G, we have
∪

H g ≤ |G : H|(|H| − 1) + 1 = |G| − (|G : H| − 1) < |G|.

g∈G

Hence another way to state Jordan’s theorem is
“Every proper subgroup of a finite group G does not meet at least one G-conjugacy class”.
It is interesting to observe that, an easy application of the HNN-extension (Higman-Neumann-Neumannextension) shows that there are infinite groups such that every two non-identity elements are conjugate;
therefore, Jordan’s theorem fails for infinite groups. For further examples see [2, 7]. Actually, Jordan’s
theorem incarnates in several diﬀerent formulations and Jean-Pierre Serre, in his fabulous article [78],
surveys some of these equivalent statements. For instance, in the context of character theory, Jordan’s
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theorem can be restated as “There exist two characters of G which are distinct but have the same
restriction to H” [78, Theorem 4”].
Since certain permutation groups act as symmetry groups of combinatorial and geometric structures,
deeper results on fixed-point-free elements provide useful tools for investigating these structures. The
latter often occurs in finite geometry and algebraic geometry, for a survey see [20, 78], but applications
are also known in number theory [26, 78], combinatorial set theory [14], in the study of maps between
varieties over finite fields [41], and in random generation of groups [20]. Derangements are also useful
in studying probabilistic generation [40] and for bounding convergence rates of random walks on finite
groups [19]. The existence of a fixed-point-free element in a vertex-transitive graph is very useful in
studying some problems in graph theory such as the existence of Hamiltonian cycles and Hamiltonian
paths (see [1] and [62, 63], respectively), and for constructing vertex-transitive graphs [66]. In the rest of
this introductory section we review some of these appearances proposing, in some cases, some problems.
1.1. Proportion of fixed-point-free elements. Results on fixed-point-free elements and their motivations come from a variety of diﬀerent fields. A good example is given by the number field sieve. It all
begun with an algorithm factoring integers of the form re − s, where r, e and |s| are positive integers
and r, |s| are not too large. Broadly speaking, the correctness and the implementation of this algorithm
depends on arithmetic in an algebraic number field, combined with more traditional sieving techniques.
This algorithm is known as the “number field sieve” and for a brief description of the algorithm and
several aspects of its implementation, we refer the reader to [55, pp. 11–42].
The importance of fixed-point-free permutations in this area arises from an observation of H. W.
Lenstra Jr from 1991, who realized that the algorithm for factoring polynomials over an algebraic number
field given in [85] could turn out to be useful in the number field sieve algorithm [55, Proposition 9.1, p.
73], provided that some good estimates on the number of fixed-point-free elements can be given. With
this motivation in mind, H. W. Lenstra Jr asked M. A. Cohen about the proportion of fixed-point-free
elements of a finite transitive permutation group. This question has spurred some interesting research,
starting with the pioneering work of Cohen:
Theorem 1.2. (Cohen’s theorem)([55, Lemma 9.2, p. 74]) Let G be a finite group acting transitively
on Ω with |Ω| ≥ 2. Then there are at least

|G|
|Ω|

elements of G acting without fixed points on Ω.

Let G be a transitive permutation group on a finite set Ω and let δ(G) := |∆(G)|/|G| be the proportion
of fixed-point-free elements of G, where ∆(G) is the set of fixed-point-free elements of G. Observe that
∆(G) is inverse-closed (that is, g −1 ∈ ∆(G) for every g ∈ ∆(G)) and that ∆(G) is a union of G-conjugacy
classes. By Jordan’s theorem, δ(G) > 0 when |Ω| ≥ 2. Moreover, by Cohen’s theorem, δ(G) ≥ 1/|Ω|
when |Ω| ≥ 2. Recall that the rank of a transitive permutation group is the number of orbits of its
point-stabilizers. In 1992, using a rather clever counting argument involving permutation characters,
Cameron and Cohen improved Cohen’s theorem [13]:
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Theorem 1.3. (Cameron-Cohen lower bound)([13, Proposition]) Let G be a transitive permutation
group of degree n and rank r, with n ≥ 2. Then δ(G) ≥ (r − 1)/n with equality if and only if G is a
Frobenius group of order n(n − 1)/(r − 1) and with kernel of order n.
Actually, Cameron and Cohen have proved something slightly finer, bounding δ(G) in terms of the
degree n, the rank r and the minimal degree d. Recall that the minimal degree of G is the minimum
number of points moved by any non-identity element of G. Namely, Cameron and Cohen have proved
that δ(G) ≥

r−1
n−d

−

d(n−1)
(n−d)|G| ,

with equality if and only if each element of G fixes at least n − d or at

most 1 point [13, Theorem]. In 2008, using probabilistic techniques, Diaconis et al. reproved the lower
bound in Theorem 1.3 and found an upper bound on δ(G) tends to 1 whenever the rank of G tends to
infinity [20]:
Theorem 1.4. ([20, Theorem 3.1]) Let G be a finite transitive permutation group of degree n and rank
r, with n ≥ 2. Then

r−1
1
≤ δ(G) ≤ 1 − .
n
r

It is clear that, when G is a regular permutation group, we have r = n = |G| and δ(G) = 1 − n1 . In
2015, Guralnick et al. [39] reproved the above upper bound using only the Cauchy-Schwartz inequality
and observed that this is a sharp bound:
Theorem 1.5. ([39, Theorem 1]) Let G be a finite transitive permutation group of rank r. Then
δ(G) ≤ 1 − 1/r. Furthermore, δ(G) = 1 − 1/r if and only if G acts regularly.
Let G be a transitive permutation group on Ω. In 1993, Boston et al. calculated δ(G) for several
families of transitive groups [4]. For instance, using the inclusion-exclusion method, they obtained the
basic equality
|∆(G)| =

|Ω|
∑
i=0

(−1)i

∑

|G(Y ) |,

Y ⊆Ω
|Y |=i

where G(Y ) is the pointwise stabilizer of Y ⊆ Ω. With this equality, they easily obtained an exact
formula for δ(G) whenever G is a sharply k-transitive group. We recall that G is k-transitive, if G acts
transitively on the set of k-tuples of distinct elements of Ω. Moreover, G is sharply k-transitive, if G
acts regularly on the set of k-tuples of distinct elements of Ω.
Theorem 1.6. ([4, Theorem 2.3]) Let G be a sharply k-transitive group of degree n. Then
( )
k−1
n
j n
∑
(−1)j ∑ (−1) j
δ(G) =
+
.
j!
|G|
j=0

j=k

We summarize below some other results from [4], which follow from Theorem 1.6.
Theorem 1.7. Let G be a transitive group of degree n.
(1) If G acts regularly, then δ(G) = 1 − n1 ;
DOI: http://dx.doi.org/10.22108/toc.2018.112665.1585
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if and only if G is sharply 2-transitive;

1
(3) if G is sharply 3-transitively, then δ(G) = 12 − 2n
;
∑n (−1)j
(4) if G = Sym(n), then δ(G) = j=0 j! ;
∑
(−1)j
(5) if G = Alt(n) and n ≥ 3, then δ(G) = n−2
j=0
j! +

(−1)n−1 2(n−1)
.
n!

Since the degree of every sharply 2-transitive group is a power of a prime, by Theorem 1.7(2), the
equality δ(G) =

1
n

is achieved only for prime power degrees. When n is not a prime power, Boston et

al. [4, pages 3263 and 3274] suggested first to calculate min{δ(G) | G is transitive of degree n}, second
to find the next possible lower bound for δ(G) if δ(G) > 1/n and, third to classify the permutation
groups attaining the optimal bounds. This problem was solved by Guralnick and Wan in 1997 using
the classification of the finite simple groups [41]:
Theorem 1.8. ([41, Theorem 1.3]) Let G be a transitive permutation group of degree n. Then one of
the following holds:
(1) G is a Frobenius group of order n(n − 1), with n a prime power, and δ(G) = n1 .
(2) G is a Frobenius group of order n(n − 1)/2, with n an odd prime power, and δ(G) = n2 .
(3) (G, n, δ(G)) ∈ {(Sym(4), 4, 3/8), (Sym(5), 5, 11/30), (Alt(5), 5, 2/5), (Alt(5), 6, 1/3), (Z2 , 2, 1/2)
or (Z3 , 3, 2/3)}.
(4) δ(G) > 2/n.
Boston et al. [4, Section 7, Problem 2] and Shalev [39, p. 199] independently conjectured that there
exists a constant ϵ > 0 such that, for every finite simple transitive permutation group G, δ(G) > ϵ. This
conjecture turned out to stimulate deep group theoretic questions regarding finite simple groups and
algebraic groups. Only very recently, Fulman and Guralnick have proved this conjecture in a series of
papers [28, 29, 30, 31]. Actually, by focussing on certain finite simple groups of small degree, Boston et
al. suggested that one might take ϵ = 2/7 in the statement of their conjecture; however, this is not true.
Tim Burness has observed that the group 2 F4 (2) has a transitive permutation representation of degree
2925 with the proportion of derangements equal to 89/325 < 2/7. Nevertheless, Fulman and Guralnick
have proved that, with possibly finitely many exceptions, the proportion of derangements in every finite
simple transitive permutation group G is at least 0.016 [31, Theorem 1.1]. We believe that the papers
of Fulman and Guralnick are not the last words on the proportion of derangements in simple transitive
groups. For instance, for practical purposes it might be interesting to explicitly determine the “finitely
many exceptions” above.
Problem 1.9. Determine the simple transitive groups G with δ(G) ≤ 2/7.
Again for practical purposes, it would be interesting to sharpen the bounds on δ(G) for some natural
actions, for example the parabolic actions of simple groups of Lie type (these improved bounds might
play a role in the investigation of the cocliques of maximum size in the derangement graph of a group,
as already observed in [67, 68]).
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1.2. Actions with the same set of fixed-point-free elements. Let G be a finite group with two
transitive permutation representations on the sets Ω1 and Ω2 , respectively. It is interesting from a
purely theoretical reason to investigate when G has the same set of fixed-point-free elements on both
Ω1 and Ω2 . We find this question important on its own, however it arises naturally in algebraic number
theory. Groups having two distinct actions with the same set of derangements can be used to construct
diﬀerent algebraic number fields with some arithmetical similarities, see for instance Čebotarev’s density
theorem [50] and the work of Perlis [73].
Observe that if the permutation character π1 of G on Ω1 equals the permutation character π2 of G
on Ω2 , then G has the same set of fixed-point-free elements in both actions. We recall that, answering
a question of Wielandt, Guralnick and Saxl have given examples of finite groups with two actions, with
one being primitive and the other being imprimitive, and having equal permutation characters. In
particular, these examples point out that the permutation character of a group does not detect whether
the action is primitive, therefore neither the set of fixed-point-free elements detects whether the action
is primitive.
At the time of this writing, there are not many known examples of groups having two distinct primitive
actions having the same set of fixed-point-free elements, see [79].
Problem 1.10. Determine the finite primitive groups G having two distinct primitive actions having
the same set of fixed-point-free elements.
Consulting the known examples, it is remarkable that, if we denote by π1 and by π2 the permutation
characters, then either π1 = π2 , or π1 − π2 is a genuine character, or π2 − π1 is a genuine character (with
genuine character we mean a linear combination with positive integer coeﬃcients of irreducible complex
characters).
Problem 1.11. Let G be a group having two distinct primitive actions having the same set of fixedpoint-free elements. Let π1 and π2 be the permutation characters for these two actions. Show that either
π1 = π2 , or π1 − π2 is a genuine character, or π2 − π1 is a genuine character.
We recall that in [79, Theorem 10] this problem is reduced to the class of almost simple groups.
1.3. Fixed-point-free elements of p-power order. Another natural line of research concerning
derangements is whether there are any restrictions on the possible orders of derangements. In 1960,
J. R. Isbell, stimulated by some work in the context of game theory, made a rather intriguing conjecture
on derangements [45]. First, we recall the research that inspired Isbell’s conjecture. An n-player simple
game on a set Ω with n elements is a pair (Ω, P), where P is a set of subsets of Ω (called winning
coalitions) which is closed under taking supersets and contains one of each complementary pair of
subsets. For a concrete example, the reader might think of the stakeholders of a company. A game
(Ω, P) is said to be homogeneous if there exists a transitive subgroup of Sym(Ω) preserving the elements
of P, that is, the automorphism group of the game {g ∈ Sym(Ω) | X g = X, ∀X ∈ P} is transitive
DOI: http://dx.doi.org/10.22108/toc.2018.112665.1585
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on Ω. This is a natural “fairness” condition for a game. The problem of determining the existence
of a homogeneous game with n players was studied in [45]. Indeed, it was proved in [45] that there
exists a homogeneous game on a set Ω of size n if and only if there exists a transitive subgroup of
Sym(n) with no fixed-point-free element of 2-power order. So, the existence of a homogeneous game on
n players is equivalent to a problem in permutation group theory. It was conjectured by Isbell in [45]
that there exists a function f : N → N such that, if n = 2a · b, where a > f (b), then every transitive
permutation group of degree n contains a derangement of 2-power order. In particular, this conjecture
claims that if n = 2a · b and a is big with respect to b, then a homogeneous game on n players does not
exist. Intuitively, if the 2-part dividing the degree n is preponderant, then every transitive permutation
group of degree n contains a derangement of 2-power order. Moving away from the original problem,
Cameron [10, 11] has generalized Isbell’s conjecture to any prime number. (Although this generalization
is due to Cameron, this more general statement is still referred to Isbell.)
Conjecture 1.12. (Isbell’s conjecture) For every prime p, there is a function fp : N → N such that,
if n = pr s with r ≥ f (s), then a transitive group of degree n must contain a fixed-point-free element of
p-power order.
Cameron [10] has proposed a natural approach for proving Isbell’s conjecture and it is worth noting
that his approach would prove an even stronger result. Namely, Cameron has conjectured that, for every
prime p, there is a function fp : N → N such that, if r ≥ f (s), then every permutation p-group having
at most s orbits each of size at least pr must contain a fixed-point-free element. Again, intuitively, if
a p-group has a small number of orbits and if each orbit is large, then the p-group contains a fixedpoint-free permutation. The veracity of Isbell’s conjecture will immediately follow from the veracity of
Cameron’s conjecture applied to the Sylow p-subgroup of the transitive group of degree n. Surprisingly,
Cameron’s conjecture turned out to be incorrect for every prime p > 2, see [18, 80], but it remains an
open problem for the prime p = 2. Remarkably, Cameron’s conjecture has not been refuted, yet, for
the prime p = 2. Therefore, Cameron’s approach to Isbell’s conjecture could still be successful for the
original statement of Isbell’s conjecture.
Derangements of prime-power order have played a significant role also in number theory. Here the
story begins in 1981 when, Fein et al. [26], using the full force of the classification of the finite simple
groups proved that every transitive permutation group of degree at least 2 contains a derangement of
prime-power order (no classification-free proof is known for this result):
Theorem 1.13. (Fein-Kantor-Schacher’s theorem)([26, Theorem 1]) Let G be a finite group acting
transitively on a set Ω with |Ω| ≥ 2. Then there exists an element of prime-power order in G acting on
Ω without fixed points.
Surprisingly, the proof of Theorem 1.13 gives no information on the primes r such that G contains a
derangement of r-power order. As a consequence of the above theorem, Fein et al. proved that there are
no global fields L ⊃ K with B(L/K) finite, where B(L/K) denotes the subgroup of the Brauer group
DOI: http://dx.doi.org/10.22108/toc.2018.112665.1585

22

Trans. Comb. 8 no. 1 (2019) 15-40

M. Arezoomand, A. Abdollahi and P. Spiga

B(K) of K consisting of those Brauer classes of finite-dimensional central simple K-algebras which are
split by L [26, Corollary 4].
Fein et al. have constructed a finite transitive group with no derangement of prime order (we also
give some examples later in the paper). Therefore, while every transitive permutation group admits a
derangement of prime-power order, the same result is not true if “prime-power” is replaced by “prime”
in Theorem 1.13, see [26, p.41]. Finite transitive permutation groups with no derangements of prime
order are called elusive in [15], and from now on they are the main focus of this survey article.
1.4. Fixed-point-free elements of prime order and the Polycirculant Conjecture. In 2006,
Isaacs et al. studied transitive permutation groups in which all derangements are involutions. They
proved that these groups are either elementary abelian 2-groups or Frobenius groups having an elementary abelian 2-group as kernel [44, Corollary 3.2]. They also considered the analogous problem for
abstract groups, and classified groups G with a proper subgroup H such that every element of G not
conjugate to an element of H is an involution [44, Theorem 3.3]. For some character-theoretic analogues
to the results in [44], see [5]. Recently, generalizing the results in [44] for the class of primitive groups,
Burness and Tong-Viet proved that, every finite primitive permutation group with the property that
the order of every derangement is a p-power, for some fixed prime p, is either almost simple or aﬃne [9,
Theorem 1].
In 1981, Marušič asked whether there exists a vertex-transitive digraph without a non-identity automorphism having all of its orbits of the same length [59, Problem 2.4]. By powering a group element
up, the existence of such an automorphism (which is usually called semiregular) is equivalent to the
existence of a fixed-point-free automorphism of prime order. In 1988, independently, the above problem
was again proposed by Jordan [48]. In the 15th British combinatorial conference, in 1995, Klin proposed
a more general question in the context of 2-closed groups, which we now recall.
Let G be a permutation group on Ω, following Wielandt [86, Definition 5.3], the 2-closure G(2) of
G is the subset of Sym(Ω) consisting of all permutations σ such that, for every ω, ω ′ ∈ Ω there exists
g ∈ G (which may depend upon ω, ω ′ ) with ω σ = ω g and ω ′σ = ω ′g . It is straightforward to prove that
G(2) is a subgroup of Sym(Ω) and it is actually the largest subgroup of Sym(Ω) having the same orbits
as G in its natural coordinate-wise action on the Cartesian product Ω × Ω. The group G is said to be
2-closed if G = G(2) . Now, we can state Klin’s question:
“Is there a 2-closed transitive permutation group containing no fixed-point-free element of prime
order?”
Note that the automorphism group of any graph or digraph is 2-closed and hence Klin’s question
is indeed more general than the original Marušič-Jordan question. Moreover, every 2-closed group
is the automorphism group of an edge-coloured digraph, but not every transitive 2-closed group is
the automorphism group of a graph or digraph, see [15]. Therefore, Klin’s question is genuinely a
generalization of the Marušič-Jordan question. Broadly speaking, Klin’s question is a graph colored
version of the Marušič-Jordan question.
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A graph admitting a fixed-point-free automorphism of prime order is called polycirculant, see for
example [72, Section 6.9], so it is customary to refer to the conjecture that no 2-closed transitive
permutation group is elusive as the Polycirculant Conjecture.
Conjecture 1.14. (Polycirculant Conjecture) There is no 2-closed elusive transitive permutation group.
We refer the reader to [51] for a short survey on polycirculant graphs. In the rest of this paper, we
discuss some recent developments and possible future directions of the Polycirculant Conjecture. First
we collect some basic facts about elusive groups.
2. Elusive groups
Recall that a finite transitive permutation group G on a set Ω is called elusive if G has no fixedpoint-free element of prime order, see [15]. The name elusive has been chosen to suggest the belief that
such groups are rare, although, to the best of our knowledge the term “rare” has never been formally
quantified in any reasonable form. Thus we propose the following:
Problem 2.1. Show that there exists a slow growing function f : N → N such that, for every n ∈ N,
the number of elusive permutation groups of degree n (up to conjugacy in Sym(n)) is at most f (n).
For the number theoretic applications in [26], it was necessary to prove that a finite transitive group
has a fixed-point-free element of prime-power order. In the context of derangements, this is the first
time that an important result was proved using the classification of the finite simple groups (CFSG).
Here we give a sketch of the proof of Theorem 1.13 for highlighting how the CFSGs was used (nowadays,
this type of argument is fairly common and stardard):
Sketch of the proof of Theorem 1.13. Assume that the theorem is false and, among all transitive groups
G of degree d with Theorem 1.13 being false, choose one such example with d as small as possible.
Then with the degree d being fixed, choose G of degree d with Theorem 1.13 being false and with |G|
as small as possible. By considering the action of G on its systems of imprimitivity, we deduce (from
the minimality of d) that G is primitive. As every non-identity normal subgroup of G is transitive, we
deduce (from the minimality of |G|) that G is a non-abelian simple group.
Now, by invoking the classification of the finite simple groups, one proceeds to eliminate potential
counterexamples to the theorem by a case by case verification. In this analysis, some number-theoretic
results such as Bertrand’s postulate (for the Alternating groups) and the existence of Zsigmondy primes
(for the Lie type groups) are essential. We give a for instance: suppose G = Alt(n) with its natural
primitive action on the set of uniform partitions of {1, . . . , n} into b parts of cardinality a (here, n = ab).
In this action the stabilizer of a point is isomorphic to the wreath product Sym(a) ≀ Sym(b). Now, from
Bertrand’s postulate there exists a prime p with n/2 < p < n. Since p does not divide the order of
Sym(a) ≀ Sym(b), we see that every p-element of G fixes no point.
DOI: http://dx.doi.org/10.22108/toc.2018.112665.1585
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It was observed in [26] that the above theorem is not true if “prime-power” is replaced by “prime”.
Here, we report the example given in [26] of a transitive permutation group with no derangements of
prime order. This provides the first example of an elusive group. Recall that a prime number p is said
to be a Mersenne prime if p = 2ℓ − 1, for some ℓ ∈ N.
Example 2.2. Let p be a Mersenne prime, let G be the aﬃne group AGL1 (p2 ) consisting of all the
permutations of the field GF(p2 ) with p2 elements of the form
ta,b : x 7→ ax + b,
where a ∈ GF(p2 )\{0} and b ∈ GF(p2 ) and let H be the subgroup of G consisting of the transformations
ta,b where a, b ∈ GF(p).
The action of G on the left cosets of H gives rise to a transitive permutation group of degree |G :
H| = p(p + 1).
Let q be a prime divisor of p(p + 1). Since p is a Mersenne prime, q ∈ {2, p}. Since G has only one
conjugacy class of elements of order p and only one conjugacy class of elements of order 2, and since
t−1,1 and t1,1 are elements of H of order 2 and p, respectively, we deduce that G has no fixed-point-free
element of prime order. Thus G is elusive.
It is proved in [46, 49] that the above elusive group is not 2-closed: in line with the Polycirculant
Conjecture.
Clearly, every transitive subgroup of an elusive group is elusive. Cameron et al. [15] give several
constructions of such groups. We collect here some of them:
(1) Let p be a Mersenne prime and consider the action of AGL2 (p) on the set of p(p + 1) lines of the
2-dimensional aﬃne plane. Then every transitive subgroup of AGL2 (p) whose Sylow p-subgroup
is the translation group of AGL2 (p) is elusive. In particular, Example 2.2 falls into this category.
(2) ⟨(1, 7, 11)(2, 12, 10)(6, 8, 9), (1, 3, 12, 9, 7, 4, 10, 8)(2, 6, 11, 5)⟩ ∼
= AGL1 (9),
⟨(2, 7)(4, 11)(6, 10)(8, 12), (1, 6, 11, 9)(2, 10)(3, 7)(4, 5, 8, 12)⟩ ∼
= M11 ,
⟨(1, 6, 12, 8)(2, 9, 7, 3, 10, 5, 11, 4), (1, 10, 2, 7, 12)(3, 4, 8, 6, 9)⟩ ∼
= M10 ,
⟨(1, 9)(2, 6, 12, 4)(3, 10, 8, 7)(5, 11), (1, 6, 11, 9, 7, 4, 12, 8)(2, 3, 10, 5)⟩ ∼
= AΓL1 (9),
⟨(1, 3, 12, 8)(2, 6, 7, 9)(4, 11)(5, 10), (1, 2)(3, 4, 8, 6)(5, 9)(7, 12, 11, 10)⟩ ∼
= M9 ,

as permutation groups on {1, . . . , 12}. One checks that these are the only elusive groups of
degree 12.
(3) The groups with structure 73 : (31+2 : Q8 ) and 73 : (31+2 : SL2 (3)) with point stabilizers
72 : (32 : 2) and 72 : (32 : 6), respectively, acting on 84 points. Here, 31+2 is the non-abelian
group of order 33 = 27 and exponent 3, and Q8 is the quaternion group of order 8.
It is intriguing to observe that all of these examples are built from Mersenne primes. Despite the fact
that we are not able to formalize what we precisely mean by “built”, we ask the following.
Problem 2.3. Are there elusive groups having order not divisible by any Mersenne prime?
DOI: http://dx.doi.org/10.22108/toc.2018.112665.1585

Trans. Comb. 8 no. 1 (2019) 15-40

M. Arezoomand, A. Abdollahi and P. Spiga

25

2.1. Elementary properties of elusive groups. In this section we collect some elementary properties
of elusive groups. We give some of the proofs for completeness.
Lemma 2.4. Let H and K be subgroups of G and let Ω be the set of right cosets of H in G. Then
(1) K is faithful on Ω if and only if, for all k ∈ K \ {1}, the conjugacy class k G of k in G is not
contained in H.
(2) K is transitive on Ω if and only if, for all x ∈ G, K ∩ Hx ̸= ∅.
(3) If K is a transitive permutation group on Ω, then K is elusive on Ω if and only if, for each
k ∈ K of prime order, k G ∩ H ̸= ∅.
Proof. It is similar to [64, Lemma 2.1].

□

Corollary 2.5. Let G be a transitive permutation group on Ω and let ω ∈ Ω. Then G is elusive on
Ω if and only if every G-conjugacy class of elements of prime order meets Gω . In particular, if for
every prime divisor p of |Ω|, Gω has an element of order p and G has only one conjugacy class of cyclic
subgroups of order p, then G is an elusive group.
Proof. It is a direct consequence of Lemma 2.4 (3).

□

In what follows we denote by Z(X) the centre of the group X and by π(X) the set of prime divisors
of the order of X.
Lemma 2.6. Let G be an elusive group on a finite set Ω with |Ω| > 1. Then
(1) G contains no transitive subgroup H with Z(H) ̸= 1. In particular, Z(G) = 1.
(2) G contains no Hall subgroup H such that Z(H) ̸= 1 and with |Ω| dividing |H|, cf. [76, Lemma
2.1.2].
(3) |Ω| is not a prime power, cf. [59, Proposition 3.2].
(4) |Ω| ̸= mp, where p is a prime and 1 ≤ m ≤ p, cf. [59, Theorem 3.4].
(5) π(G) = π(Gα ) for all α ∈ Ω, cf. [38, Lemma 2.1].
(6) |G| is not square-free.
(7) G contains no normal subgroups N ̸= 1 such that Nα = 1, for some α ∈ Ω.
(8) G contains no normal subgroups N with at most two orbits and Z(N ) ̸= 1, cf. [38, Lemma 2.3].
Proof. (1) Let H be a transitive subgroup of G and, arguing by contradiction, assume that Z(H) ̸= 1.
Let x ∈ Z(H) \ {1} with x having prime order. Then there exists α ∈ Ω such that αx ̸= α. For every
β ∈ Ω, there exists gβ ∈ H such that β = αgβ . Hence β x = αgβ x = αxgβ ̸= αgβ = β, which means that
x is fixed-point free, that is, G is not elusive on Ω, a contradiction.
(2) Again, we argue by contradiction and we let H be a Hall subgroup of G such that Z(H) ̸= 1 with
|Ω| dividing |H|. By (1), it is enough to prove that H is transitive on Ω. Since H is a Hall subgroup
of G, gcd(|H|, |G : H|) = 1. Let α ∈ Ω. As |Ω| divides |H|, we obtain that gcd(|H|, |Gα |) = |H|/|Ω|.
Since |Hα | divides gcd(|H|, |Gα |), we get |Hα | ≤ |H|/|Ω|; this implies |αH | ≥ |Ω|. Hence αH = Ω, that
is, H is transitive on Ω and by (1), G is not elusive, a contradiction.
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(3) Assume |Ω| = pk , for some prime number p and some integer k. Let P be a Sylow p-subgroup
of G. Now, |Ω| divides |P | and Z(P ) ̸= 1. Therefore, applying (2) with H replaced by P , we obtain a
contradiction.
(4) By (3), the result is clear whenever m = 1 or m = p. So we may assume that |Ω| = mp, where
2 ≤ m ≤ p − 1. Let P be a Sylow p-subgroup of G. Then P has m orbits of length p on Ω. Furthermore,
∩
for each α ∈ Ω and x ∈ P , xp ∈ Gα . Thus xp ∈ α∈Ω Gα = 1 and hence xp = 1. Thus every nonidentity element of P has order p. As G is elusive, G has no fixed-point-free element of order p. So, for
all x ∈ P \ {1}, |FixΩ (x)| is a non-zero multiple of p, where FixΩ (x) = {α ∈ Ω | αx = α}. Now, using
the Orbit Counting Lemma, we obtain
m=

1 ∑
1
m + |P | − 1
|FixΩ (x)| ≥
(mp + (|P | − 1)p) = p
≥ p,
|P |
|P |
|P |
x∈P

which is a contradiction.
(5) Clearly, π(Gα ) ⊆ π(G). Suppose, towards a contradiction, that there exists p ∈ π(G) \ π(Gα ).
Then there exists x ∈ G of order p which does not belong to any G-conjugate of Gα , that is, x does not
belong to any point-stabilizer of G on Ω. Hence x is fixed-point-free, a contradiction.
(6) Suppose, arguing by contradiction, that |G| is square-free. Since |Ω| > 1, we get π(Gα ) ̸= ∅ and
π(G) ̸= π(Gα ) for all α ∈ Ω. Hence (5) implies that G is not elusive, a contradiction.
(7) Suppose G has a normal subgroup N ̸= 1 such that Nα = 1, for some α ∈ Ω. Since N is a normal
subgroup of G and G is transitive, we get Nβ = 1, for all β ∈ Ω. Thus every non-identity element of N
is fixed-point-free, a contradiction.
(8) Suppose, towards a contradiction, that N is a normal subgroup of G with at most two orbits and
Z(N ) ̸= 1. By (1), N has exactly two orbits, say αN and β N . Since Z(N ) is a characteristic subgroup
of N , Z(N ) ⊴ G. Hence, by (7), we have (Z(N ))α ̸= 1. Observe that, if z ∈ Z(N ) \ {1} fixes one of
α or β (say α), then z fixes all elements of the orbit containing α and z acts fixed-point-freely on the
remaining orbit.
Since G is transitive, there exists g ∈ G with αg = β. Let x ∈ (Z(N ))α having order p. Then x
fixes all elements of αN and xg = g −1 xg ∈ Z(N ) fixes all elements of (αN )g = (αg )N = β N . Hence
xxg ∈ Z(N ) has order p and is fixed-point-free, a contradiction.

□

2.2. Elusive groups of restricted degree. In 1998, Marušič and Scapellato proved that every vertextransitive digraph of order 2p2 , p a prime number, admits a semiregular automorphism of order p [64].
The proof of the latter also holds for transitive 2-closed permutation groups [15, p. 326]. We give the
proof for completeness. In the next result, given a permutation group X (or a permutation x) on Ω and
an X-invariant (or x-invariant) subset ∆ of Ω, we denote by X ∆ (respectively, x∆ ) the permutation
group induced by X on ∆.
Theorem 2.7. Every transitive 2-closed permutation group of degree 2p2 , p a prime number, is not
elusive.
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Proof. We argue by contradiction and we let G be an elusive 2-closed transitive permutation group on
a set Ω with |Ω| = 2p2 , for some prime p, and we let P be a Sylow p-subgroup of G. Then P has two
orbits of length p2 , say A and B, by [87, Theorem 3.4’]. Let α ∈ Z(P ) be of order p. As G is elusive, α
is not a derangement. Thus, replacing A by B if necessary, we may assume that αA is a derangement
and αB = 1. Then, by [21, Exercise 1.6.21], there exists a subgroup Q of P with QB isomorphic to
either Zp2 or Zp × Zp .

Assume first that QB = ⟨σ B ⟩ ∼
= Zp2 . So σ B is a p2 -cycle (a cycle of length p2 ). If σ A is also a p2 -cycle,

then σ p is a fixed-point free element of G of order p, contradicting the fact that G is elusive. If σ A is
not a p2 -cycle, then (σ p )A = 1 and σ p α is a fixed-point-free element of G of order p, contradicting the
fact that G is elusive.
We may now assume that QB ∼
= Zp × Zp . Then there are elements γ, δ ∈ Q such that ⟨γ, δ⟩B = QB
and both γ B and δ B are derangements of order p. Suppose first that one of γ A and δ A , say γ A , is not
a p2 -cycle. If γ A = 1, then γα is a derangement of G of order p, a contradiction. Hence γ A has order p
and, moreover, γ has some fixed points in A. Then γ A fixes each of the orbits A0 , A1 , . . . , Ap−1 of ⟨α⟩
in A. Let B0 , B1 , . . . , Bp−1 be the orbits of ⟨γ⟩ in B. Note that αBj = 1 for each j. On the other hand,
Bj is an orbit of ⟨γ⟩ and Aγi = Ai for each i. Now we define the permutation π ∈ Sym(Ω) by the rule

v α if v ∈ A,
v 7→ v π =
v γ if v ∈ B.
Since α and γ are derangements of order p on A and B, respectively, we conclude that π is a derangement
of order p on Ω. We show that π ∈ G, from which we obtain a contradiction because G is elusive.
⟨α⟩

Let Ai = ai

⟨γ⟩

and Bi = bi , i = 1, . . . , p. Let ∆ = (u, w)G be an orbital of G (an orbit of G in its

natural action on Ω × Ω). Let x ∈ Ai and y ∈ Bj , for some i and j. If (x, y) ∈ ∆, then Ai × Bj ⊆ ∆.
To see this, let x′ ∈ Ai and y ′ ∈ Bj be arbitrary. Then x′ = xα and y ′ = y γ for some integers
k

r

k, r. Since αk ∈ G fixes y, we have (x′ , y) = (xα , y) = (x, y)α ∈ ∆. On the other hand, γ r ∈ G
k

k

implies that (xγ , y ′ ) = (x, y)γ ∈ ∆. Since Aγi = Ai , xγ ∈ Ai . Repeating the above argument, we get
r

r

r

(x′ , y ′ ) ∈ ∆, which yields Ai × Bj ⊆ ∆. With an entirely similarly argument, we see that, if (y, x) ∈ ∆,
then Bj × Ai ⊆ ∆.
Now let g ∈ G be arbitrary. Before concluding the proof of our claim, we make four rather immediate
observations:
′

′

(i): If ug , wg ∈ A, then ugπ = ug and wgπ = wg , where g ′ = gα ∈ G.
′

′

(ii): If ug , wg ∈ B, then ugπ = ug and wgπ = wg , where g ′ = gγ ∈ G.
(iii): If ug ∈ A and wg ∈ B, then ug ∈ Ai and wg ∈ Bj for some i, j ∈ {1, . . . , p}. Since
ugπ = ugα ∈ Ai and wgπ = wgγ ∈ Bj , by the argument in the previous paragraph, we get
(ugπ , wgπ ) ∈ ∆.
(iv): If ug ∈ B and wg ∈ A, then ug ∈ Bj and wg ∈ Ai for some i, j ∈ {1, . . . , p}. With an
argument similar to the case above, we have (ugπ , wgπ ) ∈ ∆.
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Thus in all of the cases we have (ug , wg )π ∈ ∆. As g is arbitrary, we have ∆π = ∆. Now, since ∆ is
arbitrary, we have π ∈ G(2) . Now G(2) = G implies that π ∈ G, and our claim is finally proven.
We are now left with the case where both γ A and δ A are p2 -cycles. If ⟨γ A ⟩ = ⟨δ A ⟩, then γ A = (δ i )A for
some i. Thus (γδ −i )A = 1. Since (γδ −i )B has order p, the permutation αγδ −i is a derangement of G of
order p, a contradiction. Assume now that ⟨γ A ⟩ ̸= ⟨δ A ⟩. Since ⟨γ A ⟩ ̸= ⟨δ A ⟩, γ A (δ −1 )A ̸= 1. Let x, y ∈ A
such that xγ = y. Since δ A is a p2 -cycle, xδ = y for some i ∈ {1, . . . , p2 − 1}. Hence γδ −i fixes x. Also
i

⟨γ A ⟩ ̸= ⟨δ A ⟩ implies that γ A (δ −i )A ̸= 1. Since γδ −i is a p-element and ⟨γ A (δ −i )A ⟩ is a subgroup of the
symmetric group on A having degree p2 , we conclude that γ A (δ −i )A has order p. Since ⟨δ, γδ −i ⟩B = Q,
where both δ B and (γδ −1 )B are derangements of order p, we may now apply the argument in the case
either γ A or δ A was not a p2 -cycle, by replacing γ with γδ −i . Then the permutation π, defined by the
rule v π = v α if v ∈ A and v π = v γδ

−i

if v ∈ B, is a fixed-point-free element of G of order p, which
□

completes the proof.

The following theorem answers the analogous natural question: what can we say about transitive
groups of degree 2pq, where p and q are distinct odd primes?
Theorem 2.8. ([89, Theorem 1.3]) Let G be a transitive permutation group of degree 2pq, where p and
q are distinct odd primes. Then G is not elusive.
In fact Theorem 2.8 is a consequence of the following theorem.
Theorem 2.9. ([89, Lemma 4.1]) Let G be an elusive permutation group of degree pqr, where p, q, r are
prime numbers with p > q > r, and let N be a minimal normal subgroup of G. Then N is an elementary
abelian p-group and each N -orbit has length p. Moreover p − 1 = qt for some even integer t with r > t.
It is conjectured that there are no elusive permutation groups of square-free degree, [89, Conjecture
1.1]. However, if such groups exist, then they satisfy the following properties:
Theorem 2.10. ([89, Theorem 1.2],[23, Theorem 4.1]) Let G be an elusive group on a finite set Ω with
|Ω| square-free. Then
(1) every minimal normal subgroup N of G is elementary abelian and all N -orbits are of length a
prime divisor of |Ω|, and
(2) G is not 2-closed.
From this result, there is a question that naturally arises: “Are there 2-closed elusive groups having
a minimal normal subgroup such that the length of all of its orbits is a fixed prime?” Actually, we
already have an answer to this question and, in our opinion, this answer is one of the main contributions
towards the veracity of the Polycirculant Conjecture. Indeed, let Γ be a vertex-transitive graph with
mp vertices, where p is a prime number, and let N be a normal subgroup of Aut(Γ) having an orbit of
length p. Then Γ admits a semiregular element of order p, by [22, Lemma 2]. It is noted in [24, Remark
3.6] that the proof of [22, Lemma 2] works as well for digraphs. Since every 2-closed permutation group
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is the intersection of the automorphism groups of its orbital digraphs, with some work based on [22, 24]
one may prove the following theorem:
Theorem 2.11. ([24, Remark 3.6]) If G is a 2-closed elusive group, then G has no normal subgroup
having an orbit of prime length.
Let G be a group acting transitively on a set Ω. A non-empty subset ∆ of Ω is called a block for G if,
for each g ∈ G, ∆g = ∆ or ∆g ∩ ∆ = ∅. Clearly, Ω and singletons {ω}, for ω ∈ Ω, are blocks for every
transitive group on Ω. These blocks are called trivial blocks. If ∆ is a block for G, then {∆g | g ∈ G} is a
G-invariant partition of Ω and is called the system of imprimitivity containing ∆. A transitive group is
called primitive if it has no non-trivial blocks; otherwise it is called imprimitive. By [21, Theorem 1.6A],
orbits of a non-identity normal subgroup N of a transitive group G form a system of imprimitivity for
G. Furthermore, if G is a primitive permutation group, then N is also transitive. More generally, a
permutation group is said to be quasiprimitive if all of its non-identity normal subgroups are transitive.
Theorem 2.12. ([24, Corollary 4.9]) Let n be a positive integer such that gcd(n, φ(n)) = 1, where φ
is Euler’s totient function. Suppose that every quasiprimitive group of composite degree m dividing n
is either the alternating group Alt(m) or the symmetric group Sym(m). Then no group of degree n is
elusive.
2.3. Elusive groups admitting a minimal normal transitive subgroup. Clearly, every primitive
group is quasiprimitive while not all quasiprimitive groups are primitive: consider the action of any
nonabelian simple group on the cosets of a nonmaximal subgroup. In 2003, Giudici studied an even
more general class of permutation groups (including primitive and quasiprimitive groups); those which
have a transitive minimal normal subgroup:
Theorem 2.13. ([32, Theorems 1.1 and 1.2]) Let G be an elusive group on a set Ω. If G has a minimal
normal and transitive subgroup N , then it is the unique minimal normal subgroup of G, G ∼
= M11 ≀ K
acting with its product action on Ω = ∆k for some k ≥ 1, where M11 is the Mathieu group with its
action of degree 12, K is a transitive subgroup of Sym(k) and |∆| = 12. Moreover, G is primitive and
G is not 2-closed.
In our opinion, Theorem 2.13 is the main result supporting the veracity of the Polycirculant Conjecture.
As the following theorem shows, every 2-closed almost simple transitive permutation group confirms
the Polycirculant Conjecture.
Theorem 2.14. ([32, Theorem 1.4],[15, Theorem 5.5]) Let G be an almost simple elusive group. Then
∼ A6 .2 acting on 12 points and G is not 2-closed.
G is either M11 or M10 =
By [21, Theorem 4.2A], every transitive minimal normal subgroup of an elusive group G is the unique
minimal normal subgroup of G. Hence Theorem 2.13 and [21, Lemma 2.7A] imply that every elusive
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group having a transitive minimal normal subgroup is quasiprimitive and in fact it is primitive. Another direct consequence of Theorem 2.13 is that every minimal normal subgroup to a counterexample
of the Polycirculant Conjecture must be intransitive. Therefore every 2-closed primitive or quasiprimitive permutation group satisfies the Polycirculant Conjecture. Giudici and Xu extended this result
to biquasiprimitive groups in [34]. (A biquasiprimitive permutation group is a transitive permutation
group for which every non-identity normal subgroup has at most two orbits and there is some normal
subgroup with precisely two orbits.)
Theorem 2.15. ([34, Theorem 1.4]) Let G be a finite biquasiprimitive elusive permutation group on Ω
and let α ∈ Ω. Then one of the following holds:
(1) G = M10 and |Ω| = 12;

k
′
k ⋊ K ≤ M
∼
(2) G = M11
11 ≀ Sym(k) and Gα = PSL(2, 11) ⋊ K , where k is a positive integer,

K ′ ≤ K ≤ Sym(k) such that K is transitive, |K : K ′ | = 2, and K \ K ′ contains no elements of
order 2;
k ⋊ K ≤ M ≀ Sym(k) and G ∼ (PSL(2, 11)k/2 × M k/2 ) ⋊ K ′ , where k is an even
(3) G = M11
11
α =
11

positive integer, K ′ ≤ K ≤ Sym(k) such that K is transitive and K ′ is intransitive, |K : K ′ | = 2
and K \ K ′ contains no elements of order 2.
Moreover, each group G in (1)–(3) is biquasiprimitive and elusive, G is not 2-closed, and G(2) contains
a fixed-point-free element of order 3.
In the following lemma, we study imprimitive elusive groups. Note that this lemma generalizes [15,
Theorem 4.1 (a)].
Lemma 2.16. Let G be an imprimitive permutation group on a set Ω, let Σ be a system of imprimitivity
of non-trivial blocks and let K be the kernel of the action of G on Σ.
(1) If G/K contains a fixed-point-free element of prime order p on Σ, then there exists g ∈ G of
order a power of p such that gK is of order p and is fixed-point-free on Σ.
(2) If one of the following holds, then G contains a fixed-point-free element of order p on Ω:
(a) gcd(|K|, p) = 1,
(b) |∆| < p, where ∆ ∈ Σ.
Proof. The first part is proved in [89, Lemma 2.3]. Hence we prove the second part. Let g p = k ∈ K
and let the order of k be n. If gcd(|K|, p) = 1, then gcd(n, p) = 1 and g n has order p. Furthermore,
g n K is fixed-point-free on Σ, which implies that g n is a fixed-point-free element of prime order on Ω.
This proves (a).
Now assume |∆| < p, where ∆ ∈ Σ. Clearly g is fixed-point-free on Ω. We claim that g p = 1. Let
Σ = {∆1 , . . . , ∆t }, where ∆1 = ∆. Since g p ∈ K and g is of p-power order, ⟨g p ⟩ acts on each ∆i fixing
each of its elements, which means that g p = 1. This completes the proof.

□

The following result is slightly more technical, but it plays a crucial role in a number of investigations.
Broadly speaking, it brings the “global” primitive/quasiprimitive hypothesis used in Theorem 2.13 to a
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“local” hypothesis. First some terminology. Let G be a transitive permutation group on Ω, let ω ∈ Ω,
let Σ ⊆ Ω \ {ω} be a Gω -orbit and let σ ∈ Σ. Now, (ω, σ)G = {(ω g , σ g ) | g ∈ G} is an orbital graph and
this is said to be self-paired if (ω, σ)G = (σ, ω)G , that is, (ω, σ) and (σ, ω) are in the same G-orbit for the
action of G on the cartesian product Ω × Ω. Observe that this definition does not depend upon σ ∈ Σ.
When the orbital graph (ω, σ)G is self-paired, we say for simplicity that the suborbit Σ is self-paired.
Finally, as customary, we denote by GΣ
ω the permutation group induced by Gω in its action on Σ.
Theorem 2.17. ([34, Theorem 1.3]) Let G be a finite transitive permutation group on Ω and let ω ∈ Ω.
Suppose that there exists a self-paired orbit Σ of Gω on Ω \ {ω} such that GΣ
ω is quasiprimitive. Then
G(2) is not elusive.
It would be very interesting to remove the condition on Σ being self-paired in Theorem 2.17.
Problem 2.18. Remove the condition on Σ being self-paired in Theorem 2.17.
Cameron et al., using Wielandt’s Dissection Theorem [86, Theorem 6.5], proved the following lemma.
Observe that the hypothesis of this lemma holds for elementary abelian p-groups such that their pointstabilizers have codimension 1. Recall that a group is called half-transitive if all of its orbits have the
same length.
Lemma 2.19. ([15, Theorem 5.3]) Let G be a half-transitive permutation group with orbits Oi having
the following properties:
(1) the action of G on each Oi is regular,
(2) if αi ∈ Oi and αj ∈ Oj for i ̸= j then either Gαi = Gαj or Gαi Gαj = G.
Then G(2) is not elusive.
It is proved in [51, Proposition 3] that, if every Sylow subgroup of the automorphism group of a
vertex-transitive graph Γ is cyclic, then Γ has a semiregular automorphism. It is not hard to show that
if each Sylow subgroup of a finite group G is cyclic, then G is supersolvable, see [74, Theorem 10.26].
In the following lemma we generalize [51, Proposition 3]. Observe that every supersolvable group has a
non-trivial cyclic normal subgroup.
Lemma 2.20. Let G be a finite transitive permutation group on a set Ω. If G has a non-identity cyclic
normal subgroup, then G is not elusive. In particular, if G is supersolvable then it is not elusive.
Proof. Let H be a non-identity cyclic normal subgroup of G, let p ∈ π(H) and let K = ⟨x⟩ be the unique
subgroup of H of order p. Then, for all α ∈ Ω, Kα = 1 or Kα = K. If for all α ∈ Ω we have K = Kα ,
then K = 1, which is a contradiction. So Kα = 1, for some α ∈ Ω. Let β ∈ Ω be arbitrary. Then β = αg
for some g ∈ G. Since K is a characteristic subgroup of H, K ⊴ G and so Kβ = g −1 Kα g = 1, which
means that K is a semiregular subgroup and so G contains a fixed-point-free element of order p.

□

Since every supersolvable group is a solvable group, as a generalization of [51, Problem 2], a natural
line of research on the Polycirculant Conjecture is the following problem:
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Problem 2.21. Which finite transitive solvable permutation groups are not elusive?
Some partial answers to the above problem, are given in [60].
3. Constructions of elusive groups
As we already noted in the introduction, the first family of elusive groups was constructed in [26] in
1981. Also note that, for each integer k ≥ 1, there exist elusive groups of degrees 12k and 2 · 12k by
Theorems 2.13 and 2.15, respectively. In 2002, several constructions of elusive groups are given in [15].
One can construct some new elusive groups from old ones as the following theorem shows:
Theorem 3.1. ([15, Theorem 4.1]) (Product construction) (1) If G is elusive on Ω and B is a system
of imprimitivity such that G acts faithfully on B, then G is elusive on B.
(2) If G is elusive on Ω and H is a transitive subgroup of G, then H is also elusive on Ω.
(3) If G1 and G2 are elusive on Ω1 and Ω2 respectively, then G1 ≀ G2 and G1 × G2 with their natural
imprimitive actions, are elusive on Ω1 × Ω2 .
(4) If G is elusive on Ω, |G| is odd and |Ω| = n, then 2n−1 ⋊G is elusive on 2×Ω (see also Theorem 3.2).
(5) If G is elusive on Ω, then G ≀ Sym(n) with its natural product action is elusive on Ωn for every n ≥ 2.
(6) If H is elusive in its action on the right cosets of K in H and if G is a non-split extension of H of
prime index, then G is elusive in its action on the right cosets of K in G.
Some elusive aﬃne groups may be constructed via the following theorem:
Theorem 3.2. ([15, Theorem 3.1]) (Coprime aﬃne construction) Let G be a subgroup of GL(V ) for
some finite vector space V , and suppose that G has order prime to the characteristic of V . Let H be a
subgroup of G, and let W be an H-invariant proper subspace of V . Then the action of V ⋊ G on the
right cosets of W ⋊ H is elusive if and only if the following hold:
∪
(1) the images of W by G cover V , that is, V = g∈G W g , and
(2) every conjugacy class of elements of prime order in G meets H.
The degree of the elusive group constructed in Theorem 3.2 is |V : W ||G : H|. Keeping the notations
and the hypothesis of Theorem 3.2, it is proved in [15, Theorem 3.2] that, for every m ≥ 1, there exists
an elusive group of degree |V : W |m |G : H|. Thus, for each Mersenne prime p and for each m ≥ 1, there
exists an elusive group of degree pm (p + 1): this is a generalization of the first construction of elusive
groups in [26]. Moreover, combining other elusive groups via Theorems 3.1 and 3.2, it is possible to
show that, for each m ≥ 1, there exists an elusive group of degree 7m · 12. Furthermore, the authors
of [15] have shown that there exists an elusive group of degree pm .2n , for every Mersenne prime p, and
for all positive integers m and n with 2n > p.
Note that Theorem 3.2 does not hold when the characteristic of V divides |G|, see [33, p. 2721]. In
some sense, the non-coprime case of Theorem 3.2 is the following:
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Theorem 3.3. ([33, Theorem 2.2]) (Non-coprime aﬃne construction) Let G be a subgroup of GL(V )
for some finite vector space V over a field of characteristic p, and suppose that p divides |G|. Let H be
a subgroup of G and let W be an H-invariant proper subspace of V . Then the action of V ⋊ G on the
set of right cosets of W ⋊ H is elusive if and only if
(1) the images of W by G cover V ;
(2) every conjugacy class of elements of prime order in G meets H; and
(3) for each element vh of order p of G, with v ∈ V and h ∈ H, there is an image U of W under G
which is fixed by h and such that vh fixes some coset of U .
There are elusive groups that cannot be constructed from old ones using one of the procedures we
have described thus far. For instance, see [33, Example 3.4] for the first example of an elusive group G
with an elementary abelian minimal normal subgroup N such that the stabilizer in N of a point is not
a hyperplane and G is not permutation isomorphic to a wreath product in product action.
The following construction of elusive groups is given in [33] and is called the priming construction.
Let G = V ⋊ ⟨a⟩ be an elusive permutation group of degree ps l with point stabilizer H = U ⋊ ⟨b⟩, where
(1) V is a finite-dimensional vector space over the finite field GF(p) with p elements,
(2) a is an element of GL(V ) with order k coprime to p,
(3) U is a codimension s subspace of V whose stabilizer in ⟨a⟩ is ⟨b⟩.
⊕
Let r be a prime which divides k. Let V ′ = ri=1 Vi , where Vi = V for each i, and let g be the linear
transformation in GL(V ) ≀ Sym(r) of the vector space V ′ given by (1, . . . , 1, a)τ where τ = (123...r)
⊕
′
permutes the r copies of V . Next let U ′ = U ⊕ r−1
i=1 Vi . Then U is M -invariant where M = ⟨(b, . . . , b)⟩.
Finally, let G∗ = V ′ ⋊ ⟨g⟩ and H ∗ = U ′ ⋊ M . Then the action of G∗ on the set of right cosets of H ∗ is
elusive of degree ps lr [33, Theorem 2.6].
We observe that, using the priming construction, in [33] Giudici has found a rich family of new degrees
of elusive groups:
Theorem 3.4. (1) Let p = 2ℓ − 1 be a Mersenne prime and let q1 , . . . , qr be distinct odd primes
dividing p − 1. Then, for every k ≥ 1, n ≥ l and j1 , . . . , jr ≥ 0, there exists an elusive group of degree
pk · 2n · q1j1 · · · qrjr , see [33, Theorem 1.1].
(2) Let p be a Mersenne prime. Then there exists an elusive group of degree 2p(p + 1), see [33, Theorem
3.3].
Note that the degree 2p(p + 1) are already provided by the examples of [15].
Giudici proved that the only elusive groups of degree up to 30 are five groups of degree 12 together
with nineteen groups of degree 24 and none of them are 2-closed [33]. Furthermore, he proved that all
the elusive constructions in his paper [33] are not 2-closed and their 2-closures are not elusive and so
do not provide counterexamples for the Polycirculant Conjecture.
As we mentioned before, for every Mersenne prime p, AGL1 (p2 ) acting on the set of p(p + 1) lines of
the aﬃne plane AG2 (p) is an elusive group. Giudici et al. called any transitive subgroup of the elusive
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group AGL1 (p2 ) an FKS-group, [35]. Note that any FKS-group G is elusive. Furthermore, G = N ⋊ G1
where N is a minimal normal elementary abelian p-subgroup of G and G1 is cyclic. Also N has p + 1
orbits of length p. In general, it is proved that any elusive group with the above abstract structure can
be constructed from FKS-groups:
Theorem 3.5. ([35, Theorem 1.1]) Let G be an elusive permutation group such that G = N ⋊ G1 where
N is an elementary abelian minimal normal subgroup and G1 is cyclic. Then G can be obtained by
repeatedly applying priming construction to an FKS-group.
Finally, we remark that using coding theory, Dobson et al., constructed several new elusive groups
from old ones in [24, Section 3].
Problem 3.6. Let us denote by N the positive integers n such that there exists an elusive group of
degree n. What is the density of N in N?
3.1. p-elusive and strongly p-elusive groups. Let G be a transitive permutation group on a finite
set Ω and let p be a prime divisor of |Ω|. Then G is said to be p-elusive if it does not contain a
derangement of order p. Similarly, G is said to be strongly p-elusive if it does not contain a derangement
of p-power order, see [8]. Since G is elusive if and only if it is p-elusive for each prime p dividing |Ω|,
p-elusive groups are useful to prove or disprove (or simply to investigate) the Polycirculant Conjecture.
All p-elusive and strongly p-elusive almost simple primitive groups with socle an alternating or sporadic
group are determined in [8, Theorems 1.1 and 1.4]. Then the p-elusive almost simple primitive groups
with socle a classical group are studied in detail in [7]. The study of p-elusivity for almost simple
classical groups completed in [6].
Problem 3.7. Which almost simple primitive groups with socle a group of Lie type are p-elusive?
Another natural line of research on the Polycirculant Conjecture stems from the definition of p′ -elusive
groups: for a prime p, a finite transitive permutation group on Ω is called p′ -elusive if |Ω| has a prime
divisor diﬀerent from p, and G does not contain a derangement of prime order q with q ̸= p. The
structure of 2′ -elusive quasiprimitive and biquasiprimitive permutation groups has been studied in [7].
4. Vertex-transitive digraphs confirming the conjecture
In this section, we review some results on vertex-transitive graphs which confirm the Polycirculant
Conjecture. Roughly speaking, so far there are four main strategiest for attacking the Polycirculant Conjecture: specializing the order, specializing the valency, specializing some property on the automorphism
group of the graph and specializing some well-behaved families of graphs.
4.1. Orders. We have discussed some results in this direction earlier in the paper. The automorphism
group of any Cayley digraph admits a regular subgroup. So Cayley digraphs admit semiregular automorphisms. Since the automorphism group of any digraph is a 2-closed group, if for some integer n
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every 2-closed transitive permutation group of degree n admits a semiregular element, then every vertextransitive digraph of order n admits a semiregular automorphism. For example, every vertex-transitive
digraph of pk , mp, 2p2 or of square-free order, where p is a prime and 1 ≤ m ≤ p admits a semiregular
automorphism, by Lemma 2.6 (3), Lemma 2.6 (4), Theorem 2.7 and Theorem 2.10, respectively. Also
recently, Marušič proved that every vertex-transitive graph of order 3p2 , where p is a prime, admits a
semiregular automorphism [61, Theorem 1]. It seems that the natural next problems are the following:
Problem 4.1. Which vertex-transitive graphs of order qpk , where p and q are primes and k is an
integer, admit a semiregular automorphism?
A partial answer to the above problem is given in [60, Theorem 2.4 and Corollary 2.5].
Problem 4.2. Which vertex-transitive graphs of order p(p + 1), p a prime, admit a semiregular automorphism?
Problem 4.3. Which vertex-transitive graphs of order n where n has only one square admit a semiregular automorphism?
4.2. Valencies. In 1998, Marušič et al. proved that every cubic vertex-transitive graph admits a
semiregular automorphism [64, Theorem 3.3]. The proof allows the possibility that the semiregular
automorphism has order 2 or 3. Cameron et al. proved that every cubic vertex-transitive graph admits
a semiregular automorphism of order greater than 2, see [16, Theorem 3]. They also proved that if
Γ is a connected cubic G-vertex-transitive graph and G is a 2-group of exponent n, then G admits a
semiregular element of order n, see [16, Theorem 7]. In later work, Spiga proved that the maximal order
of a semiregular element in the automorphism group of a cubic vertex-transitive graph Γ does not tend
to infinity as the number of vertices of Γ tends to infinity [81], a negative answer to a conjecture proposed
in [16]. In some sense, this suggests that the order of the putative semiregular elements might be very
small, even when the number of vertices of the graph is arbitrarily large. Despite this negative answer
to the conjecture in [16], Li [57, Theorem 1.1] has proved that every connected cubic vertex-transitive
graph admits a large semiregular subgroup, confirming a conjecture of Cameron-Sheehan [12, Problem
BCC17.12].
In 2007, Dobson et al., proved that every vertex-transitive graph of valency p + 1, p an odd prime,
admitting a transitive {2, p}-group of automorphisms, has a semiregular automorphism, see [23, Theorem
4.2]. From this it is easy to deduce that every quartic vertex-transitive graph admits a semiregular
automorphism [23, Theorem 1.1].
In 2015, Giudici et al. proved that every vertex-transitive group of automorphisms of a connected
graph of valency four contains a semiregular automorphism [38, Theorem 1.1]. They also proved that every finite vertex-transitive digraph of out-valency at most three admits a semiregular automorphism [38,
Corollary 1.3]. The problem for valency 5 is still open:
Problem 4.4. Which vertex-transitive graphs of valency 5 admit a semiregular automorphism?
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In 2014, Giudici et al. proved that any edge-transitive regular graph of valency at most four admits
a semiregular element [37, Theorem 1.2 and Corollary 1.4].
Although the Polycirculant Conjecture for valency 5 for vertex-transitive graphs is still open, an immediate corollary of Theorem 4.6 below yields that every arc-transitive graph of prime valency admits
a semiregular automorphism. Moreover every finite 2-arc-transitive graph admits a semiregular automorphism [34, Corollary 1.2]. Xu in 2008 proved that every arc-transitive graph with valency pq, p and
q two primes, having a nonabelian minimal normal subgroup of automorphisms admits a semiregular
automorphism [88, Theorem 1.1]. Also it is proved that every arc-transitive graph of valency 2p admits a
semiregular automorphism [36]. Finally, Verret [83, Theorem 1.2] has proved that arc-transitive graphs
of valency 8 do admit semiregular automorphisms: 8 was the smallest valency not covered by earlier
results.
Problem 4.5. Which arc-transitive graphs of valency pq, where p and q are primes, contain a semiregular automorphism? In particular, which arc-transitive graphs of valency 9 contain semiregular automorphism?
4.3. Special actions. Recall that a vertex-transitive graph Γ is called quasiprimitive if any non-identity
normal subgroup of Aut(Γ) is transitive on the vertex set. By [32, Theorem 1.2] (Theorem 2.13) any
primitive and any quasiprimitive graph admits a semiregular automorphism. Since edge-primitive graphs
are vertex-quasiprimitive or vertex-biquasiprimitive, by Theorems 2.13 and 2.15, every vertex-transitive,
edge-primitive graph has a semiregular automorphism. Also all vertex-transitive bipartite graphs, where
the only system of imprimitivity is given by their bipartition, have a semiregular automorphism.
A graph Γ is called G-locally quasiprimitive if G ≤ Aut(Γ) and for each v ∈ V (Γ), the vertexstabilizer Gv acts quasiprimitively on the set Γ(v) of vertices adjacent to v. Each vertex-transitive
2-arc-transitive graph is a locally-quasiprimitive graph. We refer the reader to [58] for some properties
of locally-quasiprimitive graphs. One of the important steps towards a possible complete solution to
the Polycirculant problem is proved in the following theorem:
Theorem 4.6. ([34, Theorem 1.1]) Let Γ be a finite graph with a group G of automorphisms such that
G is vertex-transitive and locally-quasiprimitive. Then Γ has a nonidentity semiregular automorphism.
4.4. Special infinite families. With an ad-hoc argument, the Polycirculant Conjecture was proved
for distance-transitive graphs in [52].
Clearly, every prime order automorphism of a Cayley digraph is semiregular. In an attempt to
generalize this obvious observation, generalized Cayley graphs were introduced in [65]. Here we recall
the definition. Let G be a group, let S ⊆ G and let α ∈ Aut(G) satisfying:
(i): α2 = 1,
(ii): (g −1 )α g ∈
/ S, for every g ∈ G, and
(iii): for every g, h ∈ G with (h−1 )α g ∈ S, we have (g −1 )α h ∈ S.
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The generalized Cayley graph X = GC(G, S, α) on G with respect to the ordered pair (S, α) is the graph
with vertex set G, with two vertices g and h being adjacent if and only if (h−1 )α g ∈ S. If α = 1 then X
is the Cayley graph of G with respect to S. Hence every Cayley graph is a generalized Cayley graph, but
the converse is not true by [65, Proposition 3.2]. It is proved in [43, Theorem 3.4] that every generalized
Cayley graph admits a semiregular automorphism.
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[64] D. Marušič and R. Scapellato, Permutation groups, vertex-transitive digraphs and semiregular automorphisms, European . J. Combin., 19 (1998) 707–712.
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