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MODULAR CHROMATIC NUMBER OF C,,00F7,

N. PARAMAGURU AND R. SAMPATHKUMAR*

Communicated by Tommy R. Jensen

ABSTRACT. A modular kcoloring, k& > 2, of a graph G is a coloring of the vertices of G with the
elements in Zj having the property that for every two adjacent vertices of GG, the sums of the colors
of their neighbors are different in Zj;. The minimum k for which G has a modular kcoloring is the
modular chromatic number of GG. Except for some special cases, modular chromatic number of C,,,0d0P,

is determined.

1. Introduction

For a vertex v of a graph G, let Ng(v), the neighborhood of v, denote the set of vertices adjacent to
v in G. For a graph G, let ¢ : V(G) — Zy, k > 2, be a vertex coloring of G where adjacent vertices may

be colored the same. The color sum o(v) = 3  ¢(u) of a vertex v of G is the sum of the colors of
u€Ng(v)
the vertices in Ng(v). The coloring c is called a modular k-coloring of G if o(x) # o(y) in Zj, for all

pairs x, y of adjacent vertices in G. The modular chromatic number me(G) of G is the minimum k for
which G has a modular kcoloring. This concept was introduced by Okamoto, Salehi and Zhang [2].

The Cartesian product GOH of two graphs G and H has V(GOH) = V(G) x V(H), and two
vertices (u1,us) and (v1,vs) of GOH are adjacent if and only if either u; = vy and ugve € E(H) or
ug = vg and uyv; € E(G).

Okamoto, Salehi and Zhang proved in [2] that: every nontrivial connected graph G has a modular
k-coloring for some integer k > 2 and mc(G) > x(G), where x(G) denotes the chromatic number of
G; for the cycle C,, of length n, me(C),) is 2 if n = 0 mod 4 and it is 3 otherwise; every nontrivial

tree has modular chromatic number 2 or 3; for the complete multipartite graph G, me(G) = x(G);
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for the Cartesian product G = K,OKj, mc(G) is r if r = 2 mod 4 and it is r + 1 otherwise; for
the wheel W,, = C, VvV K1, n > 3, me(W,) = x(W,), where V denotes the join of two graphs;
for n > 3, me(C,, vV K§) = x(Cy, V KS), where G¢ denotes the complement of G; and for n > 2,
me(P, V Ka) = x(P,V K3), where P, denotes the path of length n — 1; and in [3] that: for m,n > 2,
me(P,0P,) = 2.

In this paper, except for some special cases, we compute mc(Cp,OP,).

2. Result

For the path P, on v vertices, and the cycle C,, on v vertices, let V(P,) = V(C,) = {1,2,...,v},
EP) = {{i,i+1} :i e {1,2,...,v—1}} and E(Cy) = E(P,) U {{r,1}}. For m > 3 and n > 2,
x(COP,) is 2 if m is even and it is 3 if m is odd. In [2], Okamoto, Salehi and Zhang proved that:
For every positive integer v, r < me(K,OK3) < r+ 1, and me(K,OKs3) = r if and only if r = 2
mod 4. Consequently, we have mc(C300P;) = 4.

Theorem. Let m > 3 and n > 2.
(1) me(C30P,) = 4.
(ii) If neither

m=3andn € {2,14,26,38,...,12r +2,...} U {16,28,40,...,12r +4,...}U
{8,20,32,...,12r +8,...} U {22,34,...,12r + 10,... },
nor

m =2 mod4andn =1 mod 4,
then

me(Cp,OP,) = x(Cp,OF,).

(iii) If m = 2 mod 4 and n = 1 mod 4, then me(C,,0F,) < 3.
(iv) If n = 1 mod 4, then me(CsOP,) = 3.

Proof. (ii): First we consider n = 2; i.e., C,,,[JP;. If m is even, then the result follows from Proposition
3.6 (If G is a bipartite graph the degrees of whose vertices are of the same parity, then mc(GOK3y) =
2.) of [2]. By hypothesis, m # 3. Hence, assume that m > 5 is odd. Define ¢ : V(C,,0P2) — Z3 as
follows: ¢((i,1)) = 1ifi € {1,3,5,...,m —4}; ¢((m —1,2)) = 2; ¢((¢,7)) = 0 otherwise.

Then, o((i,1)) =0if i € {1,3,5,...,m — 2};

o((m —3,1)) = o((m,1)) = 1;

o((i,1)) =2ifi € {2,4,6,...,m — 5};
o((m—1,1)) =2

o((i,2)) = 0if i € {2,4,6,...,m — 1};
o((i,2)) = 1if i € ({1,3,5,...,m — 4);

Hence, c is a modular 3-coloring of C,,[1P;.

This completes the proof for n = 2.
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Next, we consider m = 3; i.e., C300P,. We prove the result by considering the following 4 cases.
Case 1. n = 1 mod 4.

Define ¢ : V(C50P,) — Zs as follows:

c((i,7)) = 1if (4,5) € ({1} x {3,7,11,...,n—2}) U ({2} x {1,5,9,...,n}); c((3,5)) = 2 if (4,))
e ({2} x {3,7,11,...,n—2}) U ({3} x {1,5,9,...,n}); and ¢((i,5)) = 0 otherwise.

Then, o((4,7)) = 0if (i,7) € ({1} x {1,5,9,....n}) U ({2} x {2,4,6,....n —1}) U ({3} x
(3,7,11,...,n—2}); 0((4,5)) = 1if (i,5) € ({1} x {2,4,6,...,n—1}) U ({2} x {3,7,11,...,n—2})
U ({3} x{1,5,9,...,n}); 0((4,4)) = 2if (4,7) € ({1} x {3,7,11,...,n—2}) U ({2} x {1,5,9,...,n})
U ({3} x {2,4,6,...,n—1}). Hence, cis a modular 3-coloring of C500P,,. See Table 1 for colors of

the vertices and color sums of the vertices for C3[P,.

color ¢ color sum o
0010 0010...0010 O 0121 0121...0121 O
1020 1020...1020 1 2010 2010...2010 2
2000 2000...2000 2 1202 1202...1202 1

Table 1. C30P, (n = 1 mod 4).

Case 2. n = 3 mod 4.

Define ¢ : V(C50P,) — Zs as follows:

c((i,7)) = 1if (4,7) € ({1} x {3,7,11,...,n}) U ({2} x {1,5,9,...,n —2}); c((3,7)) = 2 if (4,))
€ ({2} x {3,7,11,...,n}) U ({3} x {1,5,9,...,n—2}); and ¢((¢,7)) = O otherwise.

Then, o((4,5)) = 0 if (i,5) € ({1} x {1,5,9,....,n—2}) U ({2} x {2,4,6,..., n—1}) U ({3} x
{3,7,11,...,n}); 0((i,7)) = 1if (i,5) € ({1} x {2,4,6,...,n—1}) U ({2} x {3,7,11,...,n}) U ({3}
x {1,5,9,...,n—2}); 0((4,7)) = 2if (1,5) € ({1} x {3,7,11,...,n}) U ({2} x {1,5,9,...,n —2})
U ({3} x {2,4,6,...,n—1}). Hence, ¢ is a modular 3-coloring of C30JP,. See Table 2 for colors of

the vertices and color sums of the vertices for C3P,.

color ¢ color sum o
0010 0010...0010 o001 0121 0121...0121 012
1020 1020...1020 102 2010 2010...2010 201
2000 2000...2000 200 1202 1202...1202 120

Table 2. C30P, (n = 3 mod 4).

Case 3. n = 0 mod 6.

Define ¢ : V(C30P,) — Zz as follows:

c((i,7)) = 1if (4,5) € ({1} x {3,9,15,...,n —3}) U ({1} x {4,10,16,...,n — 2}) U ({1} x
(511,17, ... ,n—1}) U ({2} x {2,8,14,...,n—4}); c((i,5)) = 2if (3,5) € ({2} x {5,11,17,...,n—1})
U ({3} x {2,8,14,...,n —4}) U ({3} x {3,9,15,...,n— 3}) U ({3} x {4,10,16,...,n — 2}); and
¢((7,7)) = 0 otherwise. Then,

(@((1,4)),0((2,5)),0((3,4)))

(@((1,4)),0((2,5)),0((3,4)))

(0,1,2)if j € {1,3,5,...,n — 1};
(1,2,0) if j € {2,4,6,...,n).
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Hence, ¢ is a modular 3-coloring of C3L1P,. See Table 3 for colors of the vertices and color sums of
the vertices for C300P,.

color ¢ color sum o
001110 001110...001110 010101 010101...010101
010020 010020...010020 121212 121212...121212
022200 022200...022200 202020 202020...202020

Table 3. C30P, (n = 0 mod 6).
Case 4. n € {4,10}.

See Tables 4 and 5 for colors of the vertices and color sums of the vertices for C300P; and C3dP,

respectively.
color ¢ color sum o
0111 1010
1002 2121
2220 0202

Table 4. C50P;.

color ¢ color sum o
0020002012 0212021012
1211000200 1020102120
2102001121 2101210201

Table 5. CgDPlo.

Finally, assume that m > 4 and n > 3. We consider the following 12 cases.
Case 1. m = 0 mod 2 and n = 0 mod 4.

Define ¢ : V(C,,0OP,) — Zsg as follows: ¢((i,7)) = 1if (i,7) € ({1,3,5,...,m —1} x {3,7,11,...,
n—1}) U ({2,4,6,...,m} x {2,6,10,...,n —2}); and ¢((i,7)) = 0 otherwise.

Then, o((i,7)) = 1 if (4,j) € ({2,4,6,...,m} x {1,3,5,...,n — 1}) U ({1,3,5,...,m — 1} X
{2,4,6,...,n}); and o((i,7)) = 0 otherwise. Hence, ¢ is a modular 2-coloring of C,,,[JF,,. See

Table 6 for colors of the vertices and color sums of the vertices for C,,,[1F,.

color ¢ color sum o
0010 0010...0010 0101 0101...0101
0100 0100...0100 1010 1010...1010
0010 0010...0010 0101 0101...0101
0100 0100...0100 1010 1010...1010
0010 0010...0010 0101 0101...0101
0100 0100...0100 1010 1010...1010

Table 6. C,,,0P, (m = 0 mod 2 and n = 0 mod 4).
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Case 2. m = 0 mod 2 and n = 2 mod 4.

Define ¢ : V(Cp,,0OP,) — Zsg as follows: ¢((4,7)) = 1if (4,7) € {1,3,5,...,m—1} x {2,6,10,...,n})
U ({2,4,6,...,m} x {1,5,9,.. —1}); and ¢((4,7)) = 0 otherwise.

Then, o((i,7)) = 1 if (i,j) ({1,3,5...,m -1} x {1,3,5,...,n — 1}) U ({2,4,6...,m} X

{2,4,6,...,n}); and o((i,7)) = 0 otherwise. Hence, ¢ is a modular 2-coloring of C,,[0P,. See

Table 7 for colors of the vertices and color sums of the vertices for C,,[1P,.

color ¢ color sum o
0100 0100...0100 01 1010 1010...1010 10
1000 1000...1000 10 0101 0101...0101 01
0100 0100...0100 01 1010 1010...1010 10
1000 1000...1000 10 0101 0101...0101 01
0100 0100...0100 01 1010 1010...1010 10
1000 1000...1000 10 0101 0101...0101 01

Table 7. Cp,0P, (m = 0 mod 2 and n = 2 mod 4).

Case 3. m = 2 mod 4 and n = 3 mod 4.

Define ¢ : V(C,,0P,) — Zs as follows: c((z j)) = 1if (4,j) € {1,3,5,...,m—1} x {2,6,10,...,

n—1}) U ({2,4,6,...,m} x {1,5,9,.. —2}); and ¢((4,7)) = 0 otherwise.

Then, o((i,§)) = 1 if (i, j) € ({1,3,5..., 1} x {1,3,5,...,n}) U ({2,4,6...,m} x {2,4,6,...,
n—1}); and ((¢,7)) = 0 otherwise. Hence, ¢ is a modular 2-coloring of C,,[JP,. See Table 8 for colors

of the vertices and color sums of the vertices for C,,,[1F,.

color ¢ color sum o
0100 0100...0100 010 1010 1010...1010 101
1000 1000...1000 100 0101 0101...0101 010
0100 0100...0100 010 1010 1010...1010 101
1000 1000...1000 100 0101 0101...0101 010
0100 0100...0100 010 1010 1010...1010 101
1000 1000...1000 100 0101 0101...0101 010

Table 8. C,,,0P, (m = 2 mod 4 and n = 3 mod 4).

Case 4. m =0 mod4andn = 1 mod 2.
Define ¢ : V(C,,0P,) — Zs as follows:

Forn = 1 mod 4, ¢((i,5)) = 1if (4,5) € ({1,5,9,...,m =3} x {1,5,9,...,n}) U ({3,7,11,...,

—1} x {3,7,11,...,n —2}); and ¢((4,7)) = 0 otherwise.

Forn = 3 mod 4, c( i,7)) = 1if (4,7) € ({1,5,9,...,m—3} x {1,5,9,...,n—2}) U ({3,7,11,...,

m—1} x {3,7,11,...,n}); and ¢((4,7)) = 0 otherwise.
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Then, o((i,5)) = 1if (¢,5) € ({2,4,6,...,m} x {1,3,5,...,n}) U ({1,3,5,...,m—1} x {2,4,6,...,
n —1}); and o((4,7)) = 0 otherwise. Hence, ¢ is a modular 2-coloring of C,,0P,. Forn = 1 mod 4
and n = 3 mod 4, respectively, see Tables 9 and 10 for colors of the vertices and color sums of the

vertices for C,,[0P,.

color ¢ color sum o
1000 1000...1000 1 0101 0101...0101 O
0000 0000...0000 O 1010 1010...1010 1
0010 0010...0010 O 0101 0101...0101 O
0000 0000...0000 O 1010 1010...1010 1
1000 1000...1000 1 0101 0101...0101 O
0000 0000...0000 O 1010 1010...1010 1
0010 0010...0010 O 0101 0101...0101 O
0000 0000...0000 O 1010 1010...1010 1
1000 1000...1000 1 0101 0101...0101 O
0000 0000...0000 O 1010 1010...1010 1
0010 0010...0010 O 0101 0101...0101 O
0000 0000...0000 O 1010 1010...1010 1
Table 9. C,,,0P, (m = 0 mod 4 and n = 1 mod 4).
color ¢ color sum o
1000 1000...1000 100 0101 0101...0101 010
0000 0000...0000 O0OO 1010 1010...1010 101
0010 0010...0010 o001 0101 0101...0101 o010
0000 0000...0000 O0OO 1010 1010...1010 101
1000 1000...1000 100 0101 0101...0101 010
0000 0000...0000 O0OO 1010 1010...1010 101
0010 0010...0010 001 0101 0101...0101 010
0000 0000...0000 O0OO 1010 1010...1010 101
1000 1000...1000 100 0101 0101...0101 010
0000 0000...0000 O0OO 1010 1010...1010 101
0010 0010...0010 001 0101 0101...0101 o010
0000 0000...0000 0OO 1010 1010...1010 101

Table 10. C,,0P, (m = 0 mod 4 and n = 3 mod 4).

Case 5. m =1 mod 4 and n = 1 mod 4.
Define ¢ : V(C,,0P,) — Zs as follows:
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o((i,§)) = 1if (i,5) € ({1,5,9,...,m—4} x {1,5,9,...,n}) U ({3,7,11,...,m—6} x {3,7,11,...,

n—2});c((m—2,9) =2if 5 € {3,7,11,....n = 2}; ¢((m —1,7)) = 1if j € {3,7,11,...,n — 2},
c((m,j)) =2ifj € {1,5,9,...,n}; and ¢((¢,5)) = 0 otherwise. Then,

color ¢ color sum o
1000 1000...1000 1 2101 2101...2101 2
0000 0000...0000 O 1010 1010...1010 1
0010 0010...0010 O 0101 0101...0101 O
0000 0000...0000 O 1010 1010...1010 1
1000 1000...1000 1 0101 0101...0101 O
0000 0000...0000 O 1010 1010...1010 1
0010 0010...0010 O 0101 0101...0101 O
0000 0000...0000 O 1010 1010...1010 1
1000 1000...1000 1 0101 0101...0101 O
0000 0000...0000 O 1010 1010...1010 1
0010 0010...0010 O 0101 0101...0101 O
0000 0000...0000 O 1010 1010...1010 1
1000 1000...1000 1 0101 0101...0101 O
0000 0000...0000 O 1020 1020...1020 1
0020 0020...0020 O 0212 0212...0212 0
0010 0010...0010 O 2121 2121...2121 2
2000 2000...2000 2 1212 1212...1212 1

Table 11. C,,00P, (m = 1 mod 4 and n = 1 mod 4).

o((i,5)) = 0if (i,7) € ({2,4,6,...,m —5} x {2,4,6,...,n—1}) U ({3,5,7,..., m — 4} x

{1,3,5,...,n});

o((i,5)) = 1if (4,5) € ({2,4,6,...,m —5} x {1,3,5,...,n}) U ({3,5,7,..., m — 4} x {2,4,6,...,
n—1});

o((1,5)) = 0if j € {3,7,11,...,n — 2};

1,7)
1,j)) =1ifj € {2,4,6,...,n 1}
1,7)

m—3,7) =0ifj € {2,4,6,...,n—1};
) =1ifj € {1,5,9,...,n};
) =2ifj € {3,7,11,...,n—2};
m—2,4)) = 0if j € {1,5,9,...,n};
) =1ifj e {3,7,11,...,n—2};
) =2if j € {2,4,6,...,n—1};
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o((m—1,7))=1if j € {2,4,6,...,n—1};
U((m_laj)) = 21f] € {1,3,5,...,71};
o((m,j)) = 1if j € {1,3,5,...,n};

o((m,j)) = 2if j € {2,4,6,...,n—1}.

Hence, ¢ is a modular 3-coloring of C,,,[JP,,. See Table 11 for colors of the vertices and color sums
of the vertices for C,,,00F,.
Case 6. m =1 mod 4 and n = 3 mod 4.

Define ¢ : V(Cp,,0OP,)) — Zs as follows:

e((i, ) = 1if (i,5) € ({1,5,9,...,m—4} x {1,5,9,....,n—21) U ({3,7,11,...,m — 6} x
(3,7,11,...,n}); c((m —2,7)) = 2 if j € {3,7,11,...,n}; e((m — 1,5)) = 1 if j € {3,7,11,...,n};
c((m,g)) =2if j € {1,5,9,...,n —2}; and ¢((i, 7)) = 0 otherwise. Then,

color ¢ color sum o
1000 1000...1000 100 2101 2101...2101 210
0000 0000...0000 0OO 1010 1010...1010 101
0010 0010...0010 o001 0101 0101...0101 010
0000 0000...0000 O0OO 1010 1010...1010 101
1000 1000...1000 100 0101 0101...0101 010
0000 0000...0000 0OO 1010 1010...1010 101
0010 0010...0010 o001 0101 0101...0101 010
0000 0000...0000 O0OO 1010 1010...1010 101
1000 1000...1000 100 0101 0101...0101 010
0000 0000...0000 0OO 1010 1010...1010 101
0010 0010...0010 o001 0101 0101...0101 010
0000 0000...0000 O0OO 1010 1010...1010 101
1000 1000...1000 100 0101 0101...0101 010
0000 0000...0000 0OO 1020 1020...1020 102
0020 0020...0020 002 0212 0212...0212 021
0010 0010...0010 o001 2121 2121...2121 212
2000 2000...2000 200 1212 1212...1212 121

Table 12. Cp,0P, (m = 1 mod 4 and n = 3 mod 4).

o((i,j3)) =0if (4,7) € ({2,4,6,...,m =5} x {2,4,6,...,n—1}) U ({3,5,7,..., m—4} X

{1,3,5,...,n});
o((i,5)) = 1if (i,5) € ({2,4,6,...,m—5} x {1,3,5,...,n}) U ({3,5,7,..., m—4} x {2,4,6,...,
n—1});

O’((]"])) = O if] e {377? 11""7”};
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1,j) =1if j € {2,4,6,...,n—1};
a)):2ﬁje{1&&uwn—2h
—3,5))=0ifj € {2,4,6,...,n—1};
)=1ifj € {1,5,9,...,n — 2}
) =2ifj € {3,7,11,...,n};
) =0ifj €{1,5,9,....,n—2};
) =1ifj € {3,7,11,...,n};
)
)

o
o(lm—2,j))=2if j € {2,4,6,...,n—1};
o((m—1,7)) =1if j € {2,4,6,...,n—1};
o((m—1,7)) =21ifj € {1,3,5,...,n};
o((m,j5)) =1if 5 € {1,3,5,...,n};

o((m,j)) =2if j € {2,4,6,...,n— 1}.

Hence, c is a modular 3-coloring of C,,[FP,.

of the vertices for C,,,(0F,.
Case 7.m = 3 mod 4 and n = 1 mod 4.
Define ¢ : V(C,,0P,) — Zs as follows:
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See Table 12 for colors of the vertices and color sums

c((i,4)) = 1if (4,5) € ({1,5,9,...,m—6} x {1,5,9,...,n}) U ({3,7,11,..., m—4} x {3,7,11,...,
n—2});c((m—2,7)) =2if j € {1,5,9,...,n}; c¢((m,j)) = 2if j € {3,7,11,...,n — 2}; and
¢((7,7)) = 0 otherwise. Then,

o((i,j3)) =0if (4,5) € ({2,4,6,...,m—5} x {2,4,6,....,n—1}) U ({3,5,7,..., m—4} X
{1,3,5,...,n});

o((4,5)) = 1if (i,§) € ({2,4,6,...,m —5} x {1,3,5,...,n}) U ({3,5,7,..., m—4} x {2,4,6,. ..,

)

o((1,7)) = 0if j € {1,5,9,...,n};

o((1,5)) =1ifj € {2,4,6,...,n—1};

a((1, j))—21f]€{3711 n—2}

o((lm—=3,j)) =0if j € {2,4,6,...,n71};

o(lm—=3,j))=1if 5 € {3,7,11,...,n —2};

o((m—3,5)) = 2if j € {1,5,9,...,n};

o((m—2,5)) = 0if j € {1,3,5,...,n};

o((m—2,5)) = 2if j € {2,4,6,...,n—1};

o((m—1,7)) =0if j € {2,4,6,...,n—1};

o(lm—1,7)) =2if j € {1,3,5,...,n};

o((m,j)) =0ifj € {3,7,11,...,n — 2},

a((m,j))zllf]6{1,5,9,..., n};

o((m,j)) =2if j € {2,4,6,...,n—1}.

Hence, ¢ is a modular 3-coloring of C,,,[1P,,. See Table 13 for colors of the vertices and color sums

of the vertices for C,,[dP,.
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color ¢
1000 1000...1000 1
0000 0000...0000 O
0010 0010...0010 O
0000 0000...0000 O
1000 1000...1000 1
0000 0000...0000 O
0010 0010...0010 O
0000 0000...0000 O
1000 1000...1000 1
0000 0000...0000 O
0010 0010...0010 O
0000 0000...0000 O
1000 1000...1000 1
0000 0000...0000 O
0010 0010...0010 O
0000 0000...0000 O
2000 2000...2000 2
0000 0000...0000 O
0020 0020...0020 O

0121

1010
0101
1010
0101

1010
0101
1010
0101

1010
0101
1010
0101

1010
0101
2010
0202

2020
1202

N. Paramaguru and R. Sampathkumar

color sum o

0121...0121 O
1010...1010 1
0101...0101 O
1010...1010 1
0101...0101 O
1010...1010 1
0101...0101 O
1010...1010 1
0101...0101 O
1010...1010 1
0101...0101 O
1010...1010 1
0101...0101 O
1010...1010 1
0101...0101 O
2010...2010 2
0202...0202 O
2020...2020 2
1202...1202 1

Table 13. C,,0P, (m = 3 mod 4 and n = 1 mod 4).

Case 8. m = 3 mod 4 and n = 3 mod 4.

Define ¢ : V(C,,0P,) — Zs as follows:

e((i,5)) = 1if (i,5) € ({1,5,9,...,m — 6} x {1,5,9,...,n —2}) U ({3,7,11,..., m — 4} x
(3,7,11,...,n}); c((m — 2,§)) = 2ifj € {1,5,9,...,n —2}; e((m,5)) = 2if j € {3,7,11,...,n};
and ¢((7,7)) = 0 otherwise. Then,

o((i,3)) =0if (4,4) € {2,4,6,...,m =5} x {2,4,6,...,n—1}) U ({3,5,7,...,m —4} x
{1,3,5,...,n});

o((i,5)) = 1if (i,5) € ({2,4,6,...,m—5} x {1,3,5,...,n}) U ({3,5,7,..., m—4} x {2,4,6,...,
n - 1});

o((1,5)) =1ifj € {2,4,6,...,n— 1},

o((1,5)) = 0if j € {1,5,9,...,n —2};

L]»-_2iﬂj€{&7le.wnh

) =0ifj e {2,4,6,....n— 1}
,7)) =1if j € {3,7,11,...,n};

((
((
o((
o((m—
o((m—
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o((m—3,5) =2if j € {1,5,9,...,n —2};
o((m—2,5)) =0if j € {1,3,5,...,n};
o((m—2,7)) =2ifj € {2,4,6,...,n—1};
o((m—1,5)) =0if j € {2,4,6,...,n—1};
o((m—1,75)) =2if j € {1,3,5,...,n};
o((m,j)) =2if j € {2,4,6,...,n—1};
o((m,j§)) =0if j € {3,7,11,...,n},
o((m,j)) =1ifj € {1,5,9,...,n —2}.

Hence, ¢ is a modular 3-coloring of C,,,[JFP,.

of the vertices for C,,,00F,.

color ¢

1000 10600...

0000
0010
0000
1000

0000..
0010..
0000..
1000...

0000
0010
0000
1000

0000..
0010..
0000..
1000...

0000
0010
0000
1000

0000..
0010..
0000..
1000...

0000
0010
0000
2000

0000..
0010..
0000..
2000..

0000
0020

0000..
0020..

1000

.0000
.0010
.0000

1000

.0000
.0010
.0000

1000

.0000
.0010
.0000

1000

.0000
.0010
.0000
.2000

.0000
.0020

100

000
001
000
100

000
001
000
100

000
001
000
100

000
001
000
200

000
002

0121

1010
0101
1010
0101

1010
0101
1010
0101

1010
0101
1010
0101

1010
0101
2010
0202

2020
1202

N. Paramaguru and R. Sampathkumar

color sum o

0121...0121 012
1010...1010 101
0101...0101 010
1010...1010 101
0101...0101 010
1010...1010 101
0101...0101 010
1010...1010 101
0101...0101 010
1010...1010 101
0101...0101 010
1010...1010 101
0101...0101 010
1010...1010 101
0101...0101 010
2010...2010 201
0202...0202 020
2020...2020 202
1202...1202 120

Table 14. C,,,0P, (m = 3 mod 4 and n = 3 mod 4).

Case 9. m =1 mod 4 and n = 0 mod 4.
Define ¢ : V(C,,0P,) — Zs as follows:

c((i,5)) = 1if (4, ) € ({1, 5,

n—1}) U{(m—-2,n—1)} U ({m—-1} x {3,7,11,...

9,...,m—4} x {1,5,9,...

,n=3}) U
c((i,

({3,711, ...

j)=2if(i,j) € {1,5,9,...,

57

See Table 14 for colors of the vertices and color sums

,m—6} x {3,7,11,...,

m—4}
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x {n}) U ({m—-2} x {3,7,11,...,n—5}) U ({m} x {1,5,9,...,n—3}); and ¢((4,5)) = 0 otherwise.
Then,
color ¢ color sum o
1000 1000...1000 1002 2101 2101...2101 2120
0000 0000...0000 O0OO0OO 1010 1010...1010 1012
0010 0010...0010 O0O01O0 0101 0101...0101 0101
0000 0000...0000 O0OO0OO 1010 1010...1010 1012
1000 1000...1000 1002 0101 0101...0101 0120
0000 0000...0000 O0OO0OO 1010 1010...1010 1012
0010 0010...0010 O0O01O0 0101 0101...0101 0101
0000 0000...0000 O0O0OO 1010 1010...1010 1012
1000 1000...1000 1002 0101 0101...0101 0120
0000 0000...0000 O0OO0OO 1010 1010...1010 1012
0010 0010...0010 O0O01O0 0101 0101...0101 0101
0000 0000...0000 O0O0O0O 1010 1010...1010 1012
1000 1000...1000 1002 0101 0101...0101 0120
0000 0000...0000 O0OO0OO 1020 1020...1020 1012
0020 0020...0020 0010 0212 0212...0212 0101
0010 0010...0010 O00O0O 2121 2121...2121 2010
2000 2000...2000 2000 1212 1212...1212 1202

Table 15. C,,00P, (m = 1 mod 4 and n = 0 mod 4).

o((i,7)) =0if (4,7) € ({2,4,6,...,m—5} x {2,4,6,...,n—2}) U ({3,7,11,...,m—6} x {1,3,5,...,
n—1}H U ({5,9,13,...,m—4} x {1,3,5,...,n—3}) U ({5,9,13,...,m — 4} x {n});

o((i,§)) = Lif (i,§) € ({2,4,6,...,m -5} x {1,3,5,...,n—1}) U ({3,7,11,...,m — 6} x
{2,4,6,...,n}) U ({5,9,13,...,m —4} x {2,4,6,...,n — 2});

J((z,n—l)):Qifi€{5,9,13,...,m—4};
o((i,n)) =2ifi € {2,4,6,...,m —5};
o((1,7)) =0 1f] € {3,7,11,...,n —5};
o((1,m) =

a((1, ))-11f]6{246 n—2};
o((1,7)) =2if j € {1,5,9,...,n — 3}
o((1n—1)) =2,

o((m—3,7)) =0if j € {2,4,6,...,n —2};
o((m—-3,7)) =1if j € {1,5,9,...,n —3};
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o(m-3,n-1)) =1,
o((lm—=3,j)) =2ifj € {3,7,11,...,n —5};
o((m—3,n)) = 2;
o(lm—2,7))=0if j € {1,5,9,...,n— 3}
o((m—-2,n—-1)) =0;
o((lm—2,7))=1if j € {3,7,11,...,n = 5};
o((m—2,n—-2)) =o((m-—2, n))zl'
o((lm—2,7)) =2if j € {2,4,6,...,n —4};
o((m—1,n—2)) :U((m—l,n)) = 0;
o((m—1,7)) =1if j € {2,4,6,...,n —4};
o((lm—-1,n—-1)) =1;
o((lm—1,7))=2ifj € {1,3,5,...,n —3};
o((m,n—1)) =0;
o((m,j)) =1if j € {1,3,5,...,n— 3}

o((m,j)) =2ifj € {2,4,6,...,n

Hence, c is a modular 3-coloring of C,,[FP,.

of the vertices for C,,,0F,.

Case 10. m =1 mod 4 and n = 2 mod 4.
Define ¢ : V(C,,0P,) — Zs as follows:

N. Paramaguru and R. Sampathkumar 59

See Table 15 for colors of the vertices and color sums

o((4,5)) = 1if (i,5) € ({1,5,9,...,m — 4} x {1,5,9,....,n —1}) U ({3,7,11,...,m — 6} x
(3,7,11,...,n =31 U ({m—1} x {3,7,11,....,n— 3}); ((i,5)) = 2if (i,§) € ({3 7,11,...,m — 6}
x {n}) U ({m—-2} x {3,7,11,...,n—=3}H) U{(m—1,n)} U ({m} x {1,5,9,...,n—>5}); and ¢((4, ))
= 0 otherwise. Then,

o((i,§)) = 0if (i,j) € ({2,4,6,...,m — 5} x {2,4,6,...,n —2}) U ({3,7,11,...,m — 6} x
{1,3,5,...,n=3}) U ({3,7,11,...,m — 6} x {n}) U ({5,9,13,...,m —4} x {1,3,5,...,n—1});

o((i,§) = 1if (i,j) € ({2,4,6,...,m — 5} x {1,3,5,....n — 1}) U ({3,7,11,...,m — 6} x
2,4,6,....,n—2}) U ({5,9,13,....,m — 4} x {2,4,6,...,n});

o((i,n—1)) = 2ifi € {3,7,11,...,m — 6};

o((i,n)) = 2ifi € {2,4,6,... m—5};

o((1,5)) =0ifj € {3,7,11,. -3}k

o((1,n 1)) = 0;

o((1,7)) =1if j € {2,4,6,.

o((1,7) =2if j € {1,5,9,. —5};

J((m—3,j)):01f]6{2,4,6,...,n};

o((m—3,5)) =1ifj € {1,5,9,...,n — 1};

o((m—=3,7)) =2if j € {3,7,11,...,n — 3};

o((m—2,5)) =0if j € {1,5,9,...,n — 1}:
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o((m—2,7))=1if j € {3,7,11,...,n — 3};
o((m—2,7)) =2if j € {2,4,6,...,n};
o((m—1,n)) = 0;

o(lm—1,7)) =1if j € {2,4,6,...,n—2};
o((lm—1,7))=2if j € {1,3,5,...,n—1};
o((m,n—2)) = 0;

o((m,j)) =1if 5 € {1,3,5,...,n— 1}
o((m,j)) =2if j € {2,4,6,...,n—4};

o((m.n)) = 2.
Hence, ¢ is a modular 3-coloring of C,,,[1P,,. See Table 16 for colors of the vertices and color sums
of the vertices for C,,[dP,.

color ¢ color sum o
1000 1000...1000 10 2101 2101...2101 01
0000 0000...0000 00 1010 1010...1010 12
0010 0010...0010 02 0101 0101...0101 20
0000 0000...0000 00 1010 1010...1010 12
1000 1000...1000 10 0101 0101...0101 01
0000 0000...0000 00 1010 1010...1010 12
0010 0010...0010 02 0101 0101...0101 20
0000 0000...0000 00 1010 1010...1010 12
1000 1000...1000 10 0101 0101...0101 01
0000 0000...0000 00 1010 1010...1010 12
0010 0010...0010 02 0101 0101...0101 20
0000 0000...0000 00 1010 1010...1010 12
1000 1000...1000 10 0101 0101...0101 01
0000 0000...0000 00 1020 1020...1020 10
0020 0020...0020 00 0212 0212...0212 02
0010 0010...0010 02 2121 2121...2121 20
2000 2000...2000 00O 1212 1212...1210 12

Table 16. C,,0P, (m = 1 mod 4 and n = 2 mod 4).

Case 11. m = 3 mod 4 and n = 0 mod 4.
Subcase 11.1. m > 7Tand n = 4.
Define ¢ : V(C,,0Py) — Z3 as follows:
o((i,§)) =1if (i,7) € ({3,7,11,...,m—4} x {1}) U ({1,5,9,...,m—6} x {3}) U ({4,8,12,...,m—T7}
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x {4}) U{(m—2,4)}; e((i,7)) = 21if (i,7) € ({2,6,10,...,m—5}x{1}) U{(m—3,4),(m—1,2)} and

¢((4,7)) = 0 otherwise. Then,
(((1,1)),0((1,2)),0((1,3)),0((1,4))) = (2,1,0,1);
(o((i,1)),0((4,2)),0((i,3)),0((i,4))) = (1,2,1,0) if « € {2,6,10,...,m —5};
(o((i,1)),0((4,2)),0((i,3)),0((i,4))) = (2,1,0,1) if e € {3,7,11,...,m — 8};
(o((i,1)),0((4,2)),0((i,3)),0((i,4))) = (1,0,2,0) if « € {4,8,12,...,m —T};
(0((2,1)),0((3,2)),0((3,3)),0((:,4))) = (2,1,0,2) if i € {5,9,13,...,m —6};
(0((m —4,1)),0((m —4,2)),0((m — 4,3)),0((m — 4,4))) = (2,1,0,2);
(o((m — 3,1)),((m — 3,2)), 0((m — 3,3)), 0((m — 3,4))) = (1,0,2,1);
(o((m = 2,1)), 0((m — 2,2)), o ((m — 2.3)), o((m — 2,4))) = (0,2,1,2);
(o((m — 1,1)), 0((m — 1,2)),0((m — 1,3)), o((m — 1,4))) = (2,0,2,1);
(o((m, 1), ((m, 2)), 0 ((m, 3)), 0((m, 4))) = (0,2,1,0).

Hence, ¢ is a modular 3-coloring of C,,[1P,. See Table 17 for colors of the vertices and color sums
of the vertices for C,,,[0P;.

color ¢ color sum o
0010 2101
2000 1210
1000 2101
0001 1020
0010 2102
2000 1210
1000 2101
0001 1020
0010 2102
2000 1210
1000 2101
0001 1020
0010 2102
2000 1210
1000 2102
0002 1021
0001 0212
0200 2021
0000 0210

Table 17. C,,0P; (m = 3 mod 4).
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Subcase 11.2. m > 7and n > 8.

Define ¢ : V(C,,0P,) — Zs as follows:

c((i,5)) = 1if (i,§) € ({1,5,9, ..., m—6}x{3,7.11,...,n—1})U ({3,7,11,...,m—4}x{1,5,9,...,
n—3HU ({4,8,12,...,m = 7}x{nPHU {(m —2, n)}; c¢((,5)) = 2 if (¢,7) € {(1,n—4),(m — 3,n),
(m—1,n-2)}U ({m—-2} x {3,7,11,...,n —5}) U ({m} x {1,5,9,...,n — 7}; and ¢((3,5)) = 0
otherwise. Then,

o((i,j3)) =0if (4,5) € ({3,5,7,...,m—6} x {1,3,5,...,n—1}) U ({4,6,8,...,m — 5} X
{2,4,6,...,n});

o((i,7)) = 1if (4,5) € ({3, 7,11, ..., m—8} x {2,4,6,....,n}) U ({5,9,13,...,m—6} x {2,4,6,....
n—2}) U ({6,10,14,...,m — 5} x {1,3,5,...,n—1}) U ({4,8,12...,m — 7} x {1,3,5,...,n— 3});

o((in—1)) = 2ifi € {4,8,12,...,m — T};

o((i,n)) =21ifi € {5,9,13,...,m — 6};

(

o((1,5)) =0ifj € {3,7,11,...,n — 9};
o((l,n—1)) =0;

o((1,7)) =1if j € {2,4,6,...,n};
o((1,5)) =2ifj € {1,5,9,...,n —3};
o((1,n—5)) = 2;

o((2,7) =0if j € {2,4,6,....,n—6} U {n—2,n};
o((2,7) =1ifj € {1,3,5,...,n—1};
o((2,n— 1)) = 2.
o((m—4,5)) =0if j € {1,3,5,...,n — 1};
o((m—4,7)) = 1if j € {2,4,6,...,n—2};
o((m—4,m)) = 2
o((lm—=3,7)) =0if j € {2,4,6,...,n —2};
o((m—3,5)) = 1ifj € {1,5,9,...,n — 3):
o((m—3,n)) =1
o((m—3,4)) =2ifj € {3,7.11,...,n— 1};
o((lm—2,7))=0if j € {1,3,5,...,n —3};
o((lm—-2,n—1)) =1;

o(lm—2,7)) =2if j € {2,4,6,...,n};
o(lm—1,7)) =0if j € {2,4,6,...,n —2};
o((m—1,m) = 1

o(lm—1,7)) =2if j € {1,3,5,...,n—1};
o((m,j)) =0if j € {1,5,9,. —3};
o((m,n)) = 0;

o((m,j)) =1ifj € {3,7,11,...,.n—1};
o((m,j)) =2if j € {2,4,6,...,n—2}.
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Hence, ¢ is a modular 3-coloring of C,,[JF,,. See Table 18 for colors of the vertices and color sums

of the vertices for C,,,0F,.

0010

0000
1000
0000
0010

0000
1000
0000
0010

0000
1000
0000
0010

0000
1000
0000
0020

0000
2000

0010..

0000..
1000...
0000..
0010..

0000..
1000...
0000..
0010..

0000..
1000...
0000..
0010..

0000..
1000...
0000..
0020..

0000..
2000..

color ¢

.0010

.0000

1000

.0000
.0010

.0000

1000

.0000
.0010

.0000

1000

.0000
.0010

.0000

1000

.0000
.0020

.0000
.2000

0012

0000
1000
0000
0010

0000
1000
0000
0010

0000
1000
0000
0010

0000
1000
0000
0020

0000
2000

0010

0000
1000
0001
0010

0000
1000
0001
0010

0000
1000
0001
0010

0000
1000
0002
0001

0200
0000

2101

1010
0101
1010
0101

1010
0101
1010
0101

1010
0101
1010
0101

1010
0101
1020
0202

2020
0212

color sum o

2101

1010...
0101..
1010...
0101..

1010...
0101..
1010...
0101..

1010...
0101..
1010...
0101..

1010...
0101..
1020...
0202..

2020..

0212

...2101

1010
.0101
1010
.0101

1010
.0101
1010
.0101

1010
.0101
1010
0101

1010
.0101
1020
0202

2020
...0212

2121

1012
0101
1010
0101

1010
0101
1010
0101

1010
0101
1010
0101

1010
0101
1020
0202

2020
0212

Table 18. C,,00P, (m = 3 mod 4, m > 7Tand n = 0 mod 4, n > 8).

Case 12. m = 3 mod 4 and n = 2 mod 4.
Subcase 12.1. m > 7 and n > 10.

Define ¢ : V(C,,0P,) — Zs as follows:
((i,§)) = 1if (i, §) € ({1,5,9, ...,m—6} x {1,5,9,...,n—1

(
U({m-2} x {1,5,9,....n=5}) U{(m—1,n—2)} U (

0 otherwise. Then,

}
)

2101

1010
0101
1020
0102

1010
0101
1020
0102

1010
0101
1020
0102

1010
0102
1021
0212

2021
0210

YU ({3,7,11,...,m—4} x {3,7,11, ...,
n—3HU{4,8,12,....,m =T} x {npHhU {(m —2,n)}; c((3,5)) = 2 if (¢,7) € {(1,n —4),(m — 3,n)}

o((i,7)) =0if (i,5) € ({3,7,11,...,m —8} x {1,3,5,...,n—1});
o((i,j)) =1if (4,5) € ({3,7,11,...,m — 8} x {2,4,6,...,n});
o((i,3)) =0if (4,5) € ({4,8,12,...,m — T} x {2,4,6,...,n});

(
{m} x {3,7,11,...,n—T7}); and ¢((i,5)) =
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o((i,5)) = 1if (i,5) € ({4,8,12,...,m — 7} x {1,3,5,...,n— 3});
o((iyj)) = 2if (4,5) € ({4,8,12,...,m =T} x {n —1});

o((i,§)) = 0if (i,§) € ({5,9,13,...,m — 6} x {1,3,5,...,n— 1});
o((i,§)) = 1if (i,§) € ({5,9,13,...,m — 6} x {2,4,6,...,n—2});
o((i,g)) =2if (4,5) € ({5,9,13,... m—6} x {n});

o((i,j)) =0if (4,5) € ({6,10,14,. — 5} x {2,4,6,...,n});
o((i,§)) = 1if (i,§) € ({6,10,14,. —5} x {1,3,5,...,n — 1});
o((1,5)) =0if j € {1,5,9,.. —9};

o((1,n—1)) = 0;

o((1,5)) =1ifj € {2,4,6,...,n};

a((l,]))—21fj€{3711 n—3};

o((l,n—5)) =2;

0((2,5)) =0if j € {2,4,6,...,n—6};

o((2,n—2) = o((2,0)) = 0

o((2,7) =1ifj € {1,3,5,...,n—1};

o((2,n—4)) =2

o((lm—4,7))=0if j € {1,3,5,...,n—1};

o(lm—4,7)) =1if j € {2,4,6,...,n—2};

o((m — 4,n)) = 2.

o((lm—=3,7)) =0if j € {2,4,6,...,n—2};
o(lm—=3,j))=1ifj € {3,7,11,...,n — 3};

o((m—3,n)) =1

o((lm—3,7)) =2ifj € {1,5,9,...,n—1};

o((lm—2,7))=0if j € {1,3,5,...,n —3};

o(m—-2,n-1)) =1,

o((m—2,7)) =2if j € {2,4,6,...,n};
o((lm—1,7)) =0if j € {2,4,6,...,n —2};

o((m—1n)) =1

o((lm—1,7))=2ifj € {1,3,5,...,n—1};

o((m,j)) =0if j € {3,7,11,...,n— 3}

o((m,m) = 0;

o((m,j)) =1if j € {1,5,9 n—1}

o((m,j)) =2if j € {2,4,6,...,n —2}.

Hence, ¢ is a modular 3-coloring of C,,,JF,.

of the vertices for C,,,0F,.

See Table 19 for colors of the vertices and color sums
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1000

0000
0010
0000
1000

0000
0010
0000
1000

0000
0010
0000
1000

0000
0010
0000
2000

0000
0020

1000...

0000..
0010..
0000..
1000...

0000..
0010..
0000..
1000...

0000..
0010..
0000..
1000...

0000..
0010..
0000..
2000..

0000..
0020..

color ¢
1000

.0000
0010
.0000

1000

.0000
0010
.0000

1000

.0000
0010
.0000

1000

.0000
0010
.0000
2000

.0000
0020

1200

0000
0010
0000
1000

0000
0010
0000
1000

0000
0010
0000
1000

0000
0010
0000
2000

0002
0000

10

00
00
01
10

00
00
01
10

00
00
01
10

00
00
02
01

00
00
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0121

1010
0101
1010
0101

1010
0101
1010
0101

1010
0101
1010
0101

1010
0101
2010
0202

2020
1202

color sum o

0121..

1010...
0101..
1010...
0101..

1010...
0101..
1010...
0101..

1010...
0101..
1010...
0101..

1010...
0101..
2010..
0202..

2020..
1202...

0121

1010

.0101

1010

.0101

1010

0101

1010

.0101

1010

.0101

1010

.0101

1010

0101
2010
.0202

2020

1202

2121

1210
0101
1010
0101

1010
0101
1010
0101

1010
0101
1010
0101

1010
0101
2010
0202

2020
1202

Table 19. C,,,0P, (m = 3 mod 4, m > 7and n = 2 mod 4, n > 10).

Subcase 12.2. m > T7Tand n = 6.
Define ¢ : V(C,,0Ps) — Zs as follows:

c((i,4)) = 1if (i,4) €

m—T7} x {6}) U {(m—2,6)};

(m

({1,5,9,...

,m—6} x {1,5}) U
c((i,)) = 2t (i,)

-1 4)} and ¢((4, j)) = 0 otherwise. Then,
,m—>5} x {4,6});
m—5} x {1,3,5});
m — 5} x {2});

=0i
=11
=21
=01

(i
(i
(i
(i
(Z,
if (i
if (i
if (i
if (i

e ({2,6,10,.

,m—=T}

..,m—8} x {1,3,5});
,m—8} x {2,4,6});
: x {4,6});
om—T}F x {1,3});
om =T} x {2,5));
m— 6} x {5});

({3,7,11,...
€ ({1,5,9,...

,m—4} x {3}) U
7m_6} X {2}) U {(m_376)7 (m_27 1)7
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01
20
02

10
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20
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21
12
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color ¢
120010

000000
001000
000001
120010

000000
001000
000001
120010

000000
001000
000001
120010

000000
001000
000002
200001

000200
000000

color sum o
212101

121010
010101
121020
212102

121010
010101
121020
212102

121010
010101
121020
212102

121010
010102
201021
020212

202021
120210

N. Paramaguru and R. Sampathkumar

Table 20. C,,0P; (m = 3 mod 4, m > 7).

(¢

(¢

((1,5)) = 0;

((1,2)) = o((1,4)) = 0((1,6)) = 1;

((1,1)) = o((1,3)) = %

(m—4,1)) = o((m —4,3)) = o((m —4,5))

(m—=4,2)) =o((m—4,4)) = 1;

((m—4,6)) =2;

((m=3,2)) = o((m—3,4)) = 0;

((m=3,3)) = o((m—3,6)) = 1;
o((m—=3,1)) =o((m—13,5)) = 2;
o((m—2,1)) = o((m—2,3)) = 0;

(( ) =1

(( ) =0
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o((m—1,2)) = o((m—1,4)) = 0;

o((m—1,6)) =1,

o((m—-1,1)) =o((m—1,3)) =o((m—1,5)) = 2;
o((m,3)) = a((m,6)) = 0;

o((m,1)) = o((m,5)) = 1;

o((m,2)) = o((m,4)) = 2.

67

Hence, ¢ is a modular 3-coloring of C,,,[1Fs. See Table 20 for colors of the vertices and color sums

of the vertices for C,,,[1Fs.
This completes the proof.

Proof. (iii): By hypothesis, m = 2 mod 4 and n = 1 mod 4.

Define ¢ : V(C,,0P,) — Zs as follows:

g

((i,5)) = 1if (4,5) € ({1,5,9...,m—5} x {1,5,9,...,n}) U ({3,7,11..., m—3} x {3,7,11,. ..,
n—2}) U ({m-1} x{1,3,5,...,n}); and ¢((¢,5)) = 0 otherwise. Then,

color ¢

1000 1000...1000 1
0000 0000...0000 O
0010 0010...0010 O
0000 0000...0000 O
1000 1000...1000 1
0000 0000...0000 O
0010 0010...0010 O
0000 0000...0000 O
1000 1000...1000 1
0000 0000...0000 O
0010 0010...0010 O
0000 0000...0000 O
1000 1000...1000 1
0000 0000...0000 O
0010 0010...0010 O
0000 0000...0000 O
1010 1010...1010

0000 0000...0000 O

Table 21. C,,,0P, (m

o((i,7)) =0if (4,5) € {1,3,5,...,m—1}
({2,4,6,...,m} x {2,4,6,...,n—1});

color sum o

0101 0101...0101 O
1010 1010...1010 1
0101 0101...0101 O
1010 1010...1010 1
0101 0101...0101 O
1010 1010...1010 1
0101 0101...0101 O
1010 1010...1010 1
0101 0101...0101 O
1010 1010...1010 1
0101 0101...0101 O
1010 1010...1010 1
0101 0101...0101 O
1010 1010...1010 1
0101 0101...0101 O
1020 1020...1020 1
0202 0202...0202 O
2010 2010...2010 2

=2 mod4and n = 1 mod 4).

x {1,3,5,...,n}) U
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o((i,7)) = 1if (i,§) € ({1,3,5,...,m — 3} x {2,4,6,...,n—1}) U

({2,4,6,...,m — 4} x{1,3,5,....n}) U ({m — 2} x {1,5,9,...,n}) U ({m} x {3,7,9,...,n— 2});
o((i,§)) = 2 (i,§) € ({m -2} x {3,7,11,...,n—2}) U

({m—1} x {2,4,6,...,n—1}) U({m} x {1,5,9,...,n}).

See Table 21 for colors of the vertices and color sums of the vertices for C,,[0P,. O

Proof. (iv): By (iii), me(CgOP,) < 3. Hence, we have to show that me(CsOP,) > 3. Assume, to the
contrary, that there exists a modular 2-coloring ¢ of Cgl1P,. By the symmetry of the graph Cs[1P,, we
may assume that o((4,5)) = 0 for (4,7) such that ¢ and j are of different parity and o((i,75)) = 1 for
(i,7) such that ¢ and j are of same parity. o((1,1)) = 1 implies that ¢((1,2)) = ¢((2,1)) = ¢((6,1))
=1,0r ¢((1,2)) =1 and ¢((2,1)) = ¢((6,1)) = 0, or ¢((2,1)) = 1 and ¢((1,2)) = ¢((6,1)) = 0, or
c((6,1)) =1 and ¢((1,2)) = ¢((2,1)) = 0. The case ¢((6,1)) = 1 and ¢((1,2)) = ¢((2,1)) = 0 is similar
to the case ¢((2,1)) = 1 and ¢((1,2)) = ¢((6,1)) = 0.
Case 1. ¢((1,2)) = ¢((2,1)) = ¢((6,1)) = 1.

o((3,1)) = 1 implies that ¢((3,2)) = ¢((4,1)).
Subcase 1.1. ¢((3,2)) = ¢((4,1)) = 0.

o((5,1)) = 1= ¢((5,2)) = 0. Hence,
(e((2, 1)), e((4, 1)), ¢((6,1))) = (1,0,1) and (e((1,2)),e((3,2)), e((5,2))) = (1,0,0).
(0((2,2)),0((4,2),0((6,2))) = (1L,1,1) = (€((2,3)), e((4,3)), ¢((6,3))) = (1,1,1).
(0((1,3),0((3.3)), 0((5,3))) = (1L,1,1) = (e((1,4)),e((3,4)), ((5,4))) = (0,1,1).
(0((2,4),0((4,4)), 5((6,4))) = (1,1,1) = (c((2,5)),e((4,5)),((6,5))) = (1,0,1).

If n = 5, then 0((1,5)) = 0, a contradiction. Hence assume that n > 9.
(0((1,5)),0((3,5)),0((5,5))) = (1,1,1) = (¢((1,6)), ¢((3,6)),¢((5,6))) = (1,1,1)
(0((2,6)),0((4,6)),0((6,6))) = (1,1,1) = (c((2, 7)), c((4,7)),¢((6,7))) = (0,1,0)
(@((1,7)),0((3,7),0((5, 7)) = (1, 1,1) = (c((1,8)),c((3,8)), ¢((5,8))) = (0,1,1)
(0((2,8)),0((4,8)),0((6,8))) = (1,1,1) = (c((2,9)),c((4,9)), ¢((6,9))) = (0,0,0)

If n = 9, then ¢((1,9)) = 0, a contradiction. Hence assume that n > 13.
(0((1,9)),0((3,9)),0((5,9))) = (1,1,1) = (c((1,10)), ¢((3,10)), ¢((5,10))) = (1,0,0).
(0((2,10)), 0((4,10)),0((6,10))) = (1,1,1) = (c((2, 11)), ¢((4, 11)), ¢((6, 11))) (0,1,0).
(o((1,11)),0((3,11)), o((5,11))) = (1,1,1) = (e((1,12)), ¢((3,12)), ¢((5,12))) = (0,0,0).
(e((2, 12)) 0((4,12)),0((6,12))) = (1,1,1) = (¢((2,13)), ¢((4,13)), ¢((6,13))) = (1,0,1).

If n = 13, then o((1,13)) = 0, a contradiction. Hence assume that n > 17.
(o((1,13)), (3,13}, o((5,13))) = (1.1,1) = (e((1, 19), (3. 14)). (5. 14))) = (1,0.0).

Observe that
(c((2,13)),¢((4,13)),¢((6,13))) = (1,0,1) = (e((2,1)), ¢((4, 1)), ¢((6,1))) and
(c((1,14)),¢((3,14)),¢((5,14))) = (1,0,0) = (e((1,2)), c((3,2)), ¢((5,2)))-
This implies that
(c((2,4)), c((4,5)),¢((6,7))) = (c((2,5 + 12)),¢((4, 5 + 12)),¢((6, 5 + 12))) for odd j > 3

and
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(c((1,5)),e((3,)), e((5,))) = (e((1, 5 +12)),¢((3,5 + 12)),¢((5, ] + 12))) for even j > 4.
As we have obtained contradictions for n = 5,9, 13, we have contradictions for n = 17, 21,25, and

SO O1l.

a((5, 1)) =1= c((5,2)) = 1. Hence,
(e((2,1)),¢((4,1)),¢((6,1))) = (1,1,1) and (¢((1,2)),<((3,2)),¢((5,2))) = (1,1,1).
(0((2,2)),0((4,2)),0((6,2))) = (1,1,1) = (c((2,3)), ¢((4,3)),<((6,3))) = (0,0,0).
(0((1,3)),0((3,3)),0((5,3))) = (1,1,1) = (e((1,4)), ¢((3,4)),<((5,4))) = (0,0,0).
(0((2,4)),0((4,4)),0((6,4))) = (1,1,1) = (c((2,5)), ¢((4,5)),<((6,5))) = (1,1,1).
If n = 5, then 0((1,5)) = 0, a contradiction. Hence assume that n > 9.
(0((1,5)),0((3,5),0((5,5))) = (L,1,1) = (e((1,6)), e((3,6)), ((5,6))) = (1,1,1)

Observe that
(c((2,5)),¢((4,5)),¢((6,5))) = (1,1,1) = (c((2,1)),¢((4,1)),¢((6,1))) and
(c((1,6)),¢((3,6)),¢((5,6))) = (1,1,1) = (c((1,2)),¢((3,2)), e((5,2)))-
This implies that
(c((2,7)), c((4,5)), c((6,5))) = (c((2,5 +4)), (4,7 +4)),¢((6,) + 4))) for odd j > 3
and
(e((1,5)), e((3,5)), e((5,5))) = (e((L,5 +4)),e((3, 5 +4),¢((5,7 4 4))) for even j > 4.
As we have obtained a contradiction for n = 5, we have a contradiction for n = 9, and so on.

Case 2. ¢((1,2)) = 1 and ¢((2,1)) = ¢((6,1)) = 0.

0((3,1)) = 1 implies that ¢((3,2)) # ¢((4,1)).
Subcase 2.1. ¢((3,2)) = 0 and ¢((4,1)) = 1.

o((5,1)) = 1 = ¢((5,2)) = 0. Hence,
(e((2,1)), e((4,1)), ¢((6,1))) = (0,1,0) and (e((1,2)), e((3,2)),¢((5,2))) = (1,0,0).
(0((2,2)),5((4,2)),0((6,2)) = (1,1,1) = (c((2,3)),((4,3)),¢((6,3))) = (0,0,0).
(0((1,3)),((3,3)),0((5,3)) = (1,1,1) = (c((1,4)),e((3,4)),¢((5,4))) = (0,1,1).
(0((2,4)),0((4,4)),0((6,4)) = (1,1,1) = (c((2,5)),((4,5)),¢((6,5))) = (0,1,0).

If n = 5, then ¢((1,5)) = 0, a contradiction. Hence assume that n > 9.
(0((1,5)),0((3,5),0((5,5)) = (1,1,1) = (c((1,6)),((3,6)),((5,6))) = (1,1,1)
(5((2,6)), 0((4,6)), 0((6,6))) = (1,1,1) = (€((2,7)), e((4,7)), ¢((6,7))) = (1,0,1)
(@((1L,7),0((3,7),0((5.7) = (1L,1,1) = (e((1,8)),e((3,8)),¢((5.8))) = (0,1,1)
(0((2,8)),0((4,8)),0((6,8)) = (1,1,1) = (c((2,9)),((4,9)),¢((6,9))) = (1,1,1)

If n = 9, then ¢((1,9)) = 0, a contradiction. Hence assume that n > 13
(0((1,9)),0((3,9)),0((5,9))) = (1, 1,1) = (¢((1,10)), ¢((3,10)), ¢((5, 10))) = (1,0,0)
(0((2,10)),0((4,10)),0((6,10))) = (1,1,1) = (c((2,11)), ¢((4,11)), ¢((6,11))) = (1,0, 1).
(e((1,11)),0((3,11)), o((5,11))) = (1, 1,1) = (e((1,12)), ¢((3,12)), ¢((5,12))) = (0,0,0).
(0((2,12)),0((4,12)),0((6,12))) = (1,1,1) = (¢((2,13)), ¢((4,13)),¢((6,13))) = (0, 1,0).

If n = 13, then o((1,13)) = 0, a contradiction. Hence assume that n > 17.
(0((1,13)),0((3,13)), 0((5,13))) = (1, 1,1) = (e((1, 14)), e((3, 14)), (5, 14))) = (1,0,0).
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Observe that
(c((2,13)),¢((4,13)),¢((6,13))) = (0,1,0) = (c((2, 1)), c((4,1)),¢((6,1))) and
(c((1,14)),¢((3,14)),¢((5,14))) = (1,0,0) = (e((1,2)), c((3,2)), ¢((5,2)))-
This implies that
(c((2,9)),c((4,5)),¢((6,7))) = (c((2,5 +12)),¢((4, 5 + 12)), ¢((6, 5 + 12))) for odd j > 3
and

(e((1,5)), e((3,5)), e((5,5))) = (e((L, 5 +12)),e((3,5 +12)), (5,5 + 12))) for even j > 4.
As we have obtained contradictions for n = 5,9,13, we have contradictions for n = 17, 21,25, and

Subcase 2.2. ¢((3,2)) = 1 and (( 1)) =0.
o((5,1)) = 1 = ¢((5,2)) = 1. Hence,
(c((2,1)),¢((4,1)),¢((6,1))) = (07 0,0) and (c((1,2)),¢((3,2)),¢((5,2))) = (1,1,1).
(0((2,2)),0((4,2),0((6,2))) = (1,1,1) = (c((2,3)),c((4,3)),¢((6,3))) = (1,1,1).
(0((1,3)),0((3,3)),0((5,3))) = (1,1,1) = (c((1,4)),c((3,4)),¢((5,4))) = (0,0,0).
(0((2,4)),0((4,4)),0((6,4))) = (1,1,1) = (c((2,5)), c((4,5)),¢((6,5))) = (0,0,0).
If n = 5, then o((1,5)) = 0, a contradiction. Hence assume that n > 9.
(0((1,5)),0((3,5)),0((5,5))) = (1,1,1) = (c((1,6)),c((3,6)),c((5,6))) = (1,1,1)

Observe that
(c((2,5)),¢((4,5)),¢((6,5))) =
(c((1,6)),¢((3,6)),c((5,6))) = (1,
This implies that
(c((2,7)), c((4,5)), ¢((6,5))) = (c((2,5 +4)), (4,7 +4)),¢((6,5 + 4))) for odd j > 3
and
(e((1,5)),e((3,5)), e((5,5))) = (e((L,5 +4)),e((3,5 +4),¢((5,7 + 4))) for even j > 4.

As we have obtained a contradiction for n = 5, we have a contradiction for n = 9, and so on.
Case 3. ¢((2,1)) = 1 and ¢((1,2)) = ¢((6,1)) = 0.

0((3,1)) = 1 implies that ¢((3,2)) = ¢((4,1)).

Subcase 3.1. ¢((3,2)) = ¢((4,1)) = 0.

|
~—
=
—= O
_= O
Il

o((5,1)) = 1 = ¢((5,2)) = 1. Hence,
(c((2,1)),¢((4,1)),¢((6,1))) = (1,0,0) and (c((1,2)),c((3,2)),¢((5,2))) = (0,0,1)
(0((2,2)),0((4,2),0((6,2))) = (1,1,1) = (c((2,3)),¢((4,3)),¢((6,3))) = (0,0,0)
(0((1,3)),0((3,3)),0((5,3))) = (1,1,1) = (c((1,4)),¢((3,4)),¢((5,4))) = (1,1,0)
(0((2,4)),0((4,4)),0((6,4))) = (1,1,1) = (c((2,5)),c((4,5)),¢((6,5))) = (1,0,0)

If n = 5, then o((1,5)) = 0, a contradiction. Hence assume that n > 9.
(0((1,5)),0((3,5)),0((5,5))) = (1,1,1) = (c((1,6)),c((3,6)),c((5,6))) = (1,1,1).
(0((2,6)),0((4,6)),0((6,6))) = (1,1,1) = (c((2,7)),¢((4,7)),¢((6,7))) = (0,1,1).
(0((1,7)),0((3,7)),0((5,7))) = (1,1,1) = (c((1,8)),¢((3,8)),¢((5,8))) = (1,1,0).
(0((2,8)),0((4,8)),0((6,8))) = (1,1,1) = (c((2,9)),¢((4,9)),¢((6,9))) = (1,1,1).

If n = 9, then ¢((5,9)) = 0, a contradiction. Hence assume that n > 13.
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(0((1,9)),0((3,9)),0((5,9))) = (1,1,1) = (e((1,10)), ¢((3,10)), ¢((5,10))) = (0,0, 1).
(0((2,10)),0((4,10)),0((6,10))) = (1,1,1) = (c((2,11)), ¢((4,11)), ¢((6,11))) = (0,1, 1).
(((1,11)),0((3,11)),o((5,11))) = (1,1,1) = (c((1,12)), ((3,12)), ¢((5,12))) = (0,0,0).
(0((2,12)),0((4,12)),0((6,12))) = (1,1,1) = (¢((2,13)), ¢((4,13)),¢((6,13))) = (1,0,0),
If n = 13, then 0((1,13)) = 0, a contradiction. Hence assume that n > 17.
(0((1,13)), 0((3,13)), 0((5,13))) = (1, 1,1) = (c((1, 14)), (3, 14)), ((5, 14))) = (0,0,1).

Observe that
(c((2,13)),¢((4,13)),¢((6,13))) = (1,0,0) = (c((2,1)), ¢((4,1)), ¢((6,1))) and
(c((1,14)),¢((3,14)),¢((5,14))) = (0,0,1) = (e((1,2)), ¢((3,2)), ¢((5,2)))-
This implies that
(e((2,)); e((4,)), ¢((6, 7)) = (e((2,5 +12)), ¢((4, 7 + 12)),¢((6, + 12))) for odd j > 3
and
(c((1,4)),¢((3,5)),¢((5,4))) = (e((L, 5 +12)),¢((3, 5 + 12)),¢((5, 5 + 12))) for even j > 4.
As we have obtained contradictions for n = 5,9,13, we have contradictions for n = 17, 21,25, and

Subcase 3.2. ¢((3,2)) = c((4,1)) = 1.

((5,1)) = 1= ¢((5,2)) = 0. Hence
(e((2,1)),e((4,1)), ¢((6, 1)) = (1,1,0) and (e((1,2)), ¢((3,2)), ((5,2))) = (0,1,0).
(0((2,2)),0((4,2)), 5((6,2))) = (1,1,1) = (c((2,3)),e((4,3)),((6,3))) = (1,1,1).
(0((1,3)),((3,3)),0((5,3)) = (1,1,1) = (c((1,4)),e((3,4)),e((5,4))) = (1,0,1).
(0((2,4)),0((4,4)),0((6,4)) = (1,1,1) = (c((2,5)), e((4,5)),¢((6,5))) = (1,1,0).

If n = 5, then o((1,5)) = 0, a contradiction. Hence assume that n > 9.

(o((1,5)), 5((3,5)), 5((5,5)) = (1,1,1) = (e((1,6)),((3,6)),e((5,6))) = (1,1,1)
(0((2,6)), 5((4,6)), 5((6,6))) = (1,1,1) = (c((2,7)), e((4,7)),e((6,7))) = (0,0,1)
(0((1L,7),0((3,7),0((5. 7)) = (1L1,1) = (e((1,8)),e((3,8)),¢((5.8))) = (1,0,1)
(0((2,8)),0((4,8)), 0((6,8)) = (1,1,1) = (c((2,9)),((4,9),¢((6,9))) = (0,0,0)

If n = 9, then ¢((3,9)) = 0, a contradiction. Hence assume that n > 13.
(0((1,9)),0((3,9)),0((5,9))) = (1,1,1) = (e((1,10)), ¢((3,10)), ¢((5,10))) = (0,1, 0).
(0((2,10)),0((4,10)),0((6,10))) = (1,1,1) = (c((2,11)), ¢((4,11)), ¢((6,11))) = (0,0, 1).
(e((1,11)),0((3,11)),0((5,11))) = (1,1,1) = (c((1,12)),¢((3,12)),¢((5,12))) = (0,0, 0).
(0((2,12)),0((4,12)),0((6,12))) = (1,1,1) = (¢((2,13)), ¢((4,13)),¢((6,13))) = (1,1,0).

If n = 13, then 0((3,13)) = 0, a contradiction. Hence assume that n > 17.
(0((1,13)),0((3,13)), 0((5,13))) = (1, 1,1) = (¢((1, 14)), e((3, 14)), (5, 14))) = (0,1,0).

Observe that
(C((Qv 13))7 C((47 13))7 C((Gv 13))) = (17 L, O) = (C((2a 1
(C((lv 14))7 c((3, 14))7 C((57 14))) = <07 L, O) - (c((la 2))’ C((37 2))7 C((57 2)))
This implies that

(c((2,5)),e((4,9)),¢((6,5))) = (c((2,5 +12)), (4,5 + 12)),¢((6,7 + 12))) for odd j > 3
and
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(e((1,5)),c((3,)), e((5,4))) = (e((1, 5 +12)),¢((3,5 + 12)),¢((5, ] + 12))) for even j > 4.
As we have obtained contradictions for n = 5,9, 13, we have contradictions for n = 17, 21,25, and
SO on.

This completes the proof.

3. Conclusion

For the left over cases, we conjecture that: (i) ifn € {14,26,38,...,12r+2,...}U{16,28,40,...,12r+
4,...} U {8,20,32,...,12r +8,...} U {22,34,...,12r + 10,... }, then me(Cs0P,) = 3, and (ii) if
m =2 mod 4, m > 10, and n = 1 mod 4, n > 5, then mc(C,,,0P,) = 3.
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