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ABSTRACT. Let G be a connected graph of order 3 or more and ¢ : E(G) — Zy (k > 2) a k-edge
coloring of G where adjacent edges may be colored the same. The color sum s(v) of a vertex v of G
is the sum in Zj of the colors of the edges incident with v. The k-edge coloring c is a modular k-edge
coloring of G if s(u) # s(v) in Zj for all pairs u, v of adjacent vertices of G. The modular chromatic
index x4,(G) of G is the minimum k for which G has a modular k-edge coloring. The Mycielskian of
G = (V,E) is the graph .#(G) with vertex set V UV’ U {u}, where V' = {¢v' : v € V}, and edge set
Eu{zy :zy € E}yU {v'u : v € V'}. Tt is shown that x,,(#(G)) = x(#(G)) for some bipartite
graphs, cycles and complete graphs.

1. Introduction

For a connected graph G of order 3 or more, let ¢ : E(G) — Zj, (k > 2) be a k-edge coloring of G
where adjacent edges may be colored the same. The color sum s(v) of a vertex v of G is defined as
the sum in Zj of the colors of the edges incident with v, that is, if E, is the set of edges incident with

v in G, then s(v) = > c(e). The k-edge coloring c is a modular k-edge coloring of G if s(u) # s(v)
CEEU
in Zj, for all pairs u, v of adjacent vertices of G. An edge coloring ¢ is a modular edge coloring if ¢ is

a modular k-edge coloring for some integer k > 2. The modular chromatic index x},(G) of G is the
minimum k for which G has a modular k-edge coloring. If G contains a component isomorphic to Ko,
say V(K2) = {u,v}, then s(u) = s(v) for any edge coloring ¢ of G, which implies that G does not

have a modular edge coloring. On the other hand, every graph containing neither isolated vertices nor
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components isomorphic to K» has a modular edge coloring. This concept was introduced by Jones,
Kolasinski, Okamoto and Zhang [2].

Jones, Kolasinski, Okamoto and Zhang proved in [2] that: for every connected graph G of order at
least 3, x),,(G) > x(@G); for each integer n > 3, x,,(K,) isn+1if n =2 mod 4 and it is n otherwise;
for each integer n > 3, x/.(K,, —e) = n — 1; for each integer n > 3, x/,,(Cy) is 2 if n = 0 mod 4
and it is 3 otherwise; let G be a graph such that x(G) =2 mod 4, if each color class in every proper
X(G)-coloring of G consists of an odd number of vertices, then x! (G) > x(G); for each integer n > 3,
Xon(Prn) is 3 if n = 2 mod 4 and it is 2 otherwise; for positive integers r and s where r + s > 3,
Xom(Kr.s) is 3 if r and s are odd and it is 2 otherwise; let T be a tree of order r + s > 3 whose partite
sets have orders r and s, then x/,(T) is 3 if r and s are odd and it is 2 otherwise; if G is a connected
bipartite graph of order r 4+ s > 3 such that G C K, g, then x),(G) is 3 if r and s are odd and it is 2
otherwise.

The Mycielskian of G = (V, E) is the graph .# (G) with vertex set V.UV’ U {u}, where V' = {¢/:
v €V}, and edge set EU{zy : a2y € E} U {v'u:v" € V'}.

In this paper we determine modular chromatic indices of several Mycielskians.

2. Results

We begin with bipartite graphs.

Theorem 2.1. Let G be a bipartite graph of order 3 or more. If G contains a Hamilton path, then

Proof. Let n = |V(G)|, (X,Y) be the bipartition of G, and P be a Hamilton path of G. Without loss
of generality assume that one end of P is in X. We consider two cases:
Case 1. n =0 mod 2.

Then P = z1y122y2 ... xnyz, where X = {xl,:):g,...,x%} and Y = {yl,yg,...,y%}. Define ¢ :
E(#(G)) — Zs as follows:
For n =0 mod 4,

1 ife € {moi1y2i—1,y2i—122 1 1 € {1,2,..., 7} U {2fu: 7 € {1,2,...,3}},
cle) =492 ifee {yiu:je{1,2,...,5}},

0 otherwise,

and so the color sum

1 ifv e{xy,a):je{l,2,...,5}},
s(v) =<2 if v e{yai-i i€ {1,2,..., 3 Uy, 7 €{1,2,...,5}},
0 ifve{yy:ic{l,2,...,5}}orv=nu.
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For n =2 mod 12,

1 if e € {zoy2i, Y2iz2i+1 : 1 € {1, 2,

IR U A g (L2 80 U
C(e) - 2 ife= xlyi7

0 otherwise,

and so the color sum

1 ifve{z;je{2,3,..., 2 Ufe)je{l,2... 2}
s(v) = q2 ifve{r,ul U{yu:ie{l,2,..., 22},
0 ifve{yi:ie{l,2,.... 2 Uyj:je{L2,..., 5}
For n =6 mod 12,

1 if e € {Tayoi, yoizait1 1 i € {1,2,..., 21} U {zju:je{l,2,....5}} U {myi},
cle) =2 ife= yiu,
0 otherwise,

and so the color sum

1 ifve{zy,a):je{l,2,...,5}},
s(v) = {2 ifve{y%:i€{1,2,...,”T_2}}orv:u,

0 ifve{yi:ie{l,2,.... 2P Uy, je{12,...,5}}
For n =10 mod 12,

if e € {T2y2i, Y2iwoir1 1 1 € {1,2,..., ”T_Q}} U {azzu 17€4{2,3,..., 5} U {z1y1},
C(e) = 2 ifee {ylxllaxlluayiuh

0 otherwise,

and so the color sum

1 ifve{zy,a):je{l,2,...,5}},

s(v) = 92 ifve{uy}U{ye:ie{l,2,...,%52}},

0 ifvefyu:ief{23,. .., U :je{l,2... 5}
Case 2. n=1 mod 2.

Then P = z1,y1,22,Y2 ..., Tn-1Yn—1Tn+1, where X = {x1,22,...,Znt1} and
2 2 2 2
Y ={y1,v2,... ,yan} Define ¢ : E(#(G)) — Z3 as follows:
For n=1 mod 4,

1 ifee {ygi_lxgi,.l'giygi 11 € {1,2,.

M U yu g e {12, 10,
cle) =<2 ifee{xéu:je{l,&...,%rl}}U{anHy’n;l,y’n;lu},
2 2

0 otherwise,
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and so the color sum
1 ifve {y;,y):je{l,2,...,251}},
s(v) = 2 ifve{zy:ief{l,2,...., 22} U {znn} Ufaf:je {1,2,...,21}},
0 ifve{wy1:ief{l,2,....22}} orv=u.

For n =3 mod 4,

1 ife € {yaim1@2i, T2y s i € {1,2,..., 22} U {ynT—lanH} U
{y;uj€{1727anT_3}}a
2 ifee {ZL‘;U i€ {1,2,...,”7“}} U {znn1vl 1,9 ul,
A

0 otherwise,

and so the color sum

1oifve {yy):5€{L2,... ")
s(v) =<2 ifq)e{z%:ie{1,2,...,”Tf3}U{x;:je{l,Q,...,%ﬂ}},
0 ifve{xgi,l:i€{1,2,...,”T+1}}U{anH}orU:u.

This completes the proof. O

Corollary 2.2. For each integer n > 3,

Corollary 2.3. For each integer n > 2,
X m (A (C2n)) = x(A (C2n)) = 3.

Theorem 2.4. Let G be a bipartite graph of order 3 or more. If G contains a vertex that is adjacent

to all the vertices in a partite set of G, then

Proof. Let (X,Y) be the bipartition of G and let X = {z1,29,...,2} and Y = {y1, 99, ...,
yn }. By hypothesis, G contains a vertex, say, 1 such that x; is adjacent to all the vertices in Y. Define
c: BE(#(Q)) — Zs as follows:

For n =0 mod 3,

.
1 ifee{my;:je{4,5 . .., njU{yju:je{L,2,...,n}}
Uyjz1:7 €4{2,3,...,n}},
2 if e € {y12), 2ju},

0 otherwise,
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and so the color sum

1 ifve {yg,yg}U{y; cje{l,2,...,n}},
s(v) = ¢2 ifve {yit Wy : 4 € {4,5,...,n}} U{u},
0 ifve{r,a:ie{l,2,...,m}}.

(For n =3, {4,5,...,n} =0.)

For n =1 mod 3,

1 ife € {zmy;,y2) 05 €{2,3,...,n}} U{yju 5 € {1,2,...,n}} U{z}u},
cle) = €2 ife=yaf,
0 otherwise,
and so the color sum
L ifvedy;:je{l,2,...,n}},
s(v) =92 ifve{y:je{l,2,...,n}}U{u},
0 ifve{r,z,:1e{l,2,...,m}}.

For n =2 mod 3,

1 ife e {my;,yju:je{L,2,....n}},

0 otherwise,

and so the color sum

1 ifvefyy, €120}
s(v) = 92 ifve {r,ul,
0 fve{r:1€{2,3,....m}}U{z:i€{1,2,...,m}}.
This completes the proof.
Corollary 2.5. For positive integers v and s with r + s > 3,
Xom (M (Kys)) = X (M (Krs)) = 3.
Next, we consider odd cycles.
Theorem 2.6. For each integer n > 2,

X (A (Cont1)) = X (A (Cony1)) = 4.

Proof. Let Copy1 = v1v903 ... vopt1v1. Define ¢ @ E( M (Cony1)) — Zg as follows: We consider four

cases:
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Case 1. n =0 mod 4.

1 ifee{vvip:i€{3,711,....2n—1}U{4,8,12,...,2n}} U
{viu:ie{1,3,5,...,2n+ 1}},

: /
2 if e € {vapt1v1,v5,u},

0 otherwise,

and so the color sum

S W

—

ifve{v:ie{3,57,....2n—1}} U {v;:i€{1,3,5,...,2n+ 1}},
ifve{vi:ie{4,8,12,....2n}} U {v1,v5,},
if v € {vopt1,ul,

ifve{v:ie{26,10,...,2n—2}} J {v}: i€ {2,4,6,...,2n — 2}}.

Case 2. n=1 mod 4 and n > 5.

)
1 ifee{vvi:ic{3,7,11,...,2n—3}U{4,8,12,...,2n — 2}}

{viu:ie{1,3,5,...,2n — 1}} U {vant1v1},

: /
2 ifee {U2n—1'02n7U2nv2n+1av2n+1u}7

\ 0 otherwise,

and so the color sum

\

1

S W N

ifve{v:ie{1,3,5,....2n=3}} U {v,:i€{1,3,5,...,2n — 1}},
ifve{v:iec{48,12,...,2n—2}} U {v5,1},
ifove {vgnfl,vgnﬂ,u},

ifve{v:i€{2,6,10,...,2n}} U {v] :i €{2,4,6,...,2n}}.

Case 3. n =2 mod 4.

(
1 ifec {vivipr i€ {3,7.11,....2n — 1}U{4,8,12,...,2n}} U
{viu:i€{1,3,5,...,2n+ 1}},

2 ifee {v2n+1111},

\ 0 otherwise,

and so the color sum

0

1
2
3

ifvef{v:ie{3,5,7,....2n—1}} U{v, :i€{1,3,5,...,2n+ 1}},
ifve{v:ie{4,812,....2n}} U {n},
if v € {vapt1,ul,

ifve{v:i€{2,6,10,...,2n—2}} U {v}:i€{2,4,6,...,2n}}.
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Case 4. n =3 mod 4.

1 ifec {vwipr i€ {3,7,11,...,2n— 3} U{4,8,12,....2n— 2}} U
{viu:ie{1,3,5,...,2n — 1}} U {van+1v1},

: / /
2 ifee {U2n—17}2n7’U2nv2n+17v2nu7v2n+1u}v

0 otherwise,

and so the color sum

1 ifve{v:ie{l,3,5,....,2n—3}} U {v): 1€ {1,3,5,...,2n — 1}},
ifve{vi:ie{4,812,...,2n—2}} U {vg,, v9, 1},
if v € {von—1,v2n+1, u},

ifve{v:ie{26,10,...,2n}} U {v]:i€{2,4,6,...,2n —2}}.

oS W N

This completes the proof.

Finally, we consider complete graphs.

Theorem 2.7. For each integer n > 3,
Xom (A (Kn)) = X (A (Ky)) =n+1.

Proof. Let V(K,,) = {v1,v2,...,v,}. Define ¢ : E(#(K,)) = Zn+1 as follows:
Forn = 2r +1,

i if e = vjvar4 for i € {1,2,...,2r},
i if e = vju for i € {2,3,...,2r — 1},
2r+1 ife=wy.u,

r+1 ife=vu,

r—1 if e = vgpq10h,,

0 otherwise,

and so the color sum

i ifv=w; forie{l,2,...,2r+1},
i ifv=u)forie{2,3,...,2r+1},

1 ifv=u,

0 ifv=n1].
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For n = 4r,

p
4i — 3 if e = vy;_3v4;_9 for i € {1,2,...,7’},
1 if e = vgi_9guy; fori € {1,2,... 71},

41— 1 if e =wvg_qvy; fori e {1,2,...,7},

i if e = vju for i € {1,2,...,4r},

and so the color sum

i ifv=w;forie{l,2,...,4r},
s(v) = qi ifv=0forie{l,2,...,4r},

0 ifv=u.

For n = 4r + 2,

i—1 if e =vjvg4o forie{2,3,...,2r+1},

i+1 ife=wvvgqo forie {2r+2,2r+3,... 4r + 1},
cle) = qi+1 ife=7luforie{1,2,... 4r + 1},

1 if e € {vivi1 i€ {1,2,...,2r}} U {vivers1, v pul,

0 otherwise,

and so the color sum

(
i+1 ifv=w forie{l,2,...,4r + 1},
i+1 ifv=0vforie{l,2,...,4r +1},

3 I
1 if v =wy,.,,,

0 if v € {vgpyo,u}.

This completes the proof. O

3. Conclusion

For every graph G considered in this paper, we have seen that x| (#(G)) = x(A#(G)).

Problem 3.1. Is it true that

for every connected graph G of order 3 or more?
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