Transactions on Combinatorics

ISSN (print): 2251-8657, ISSN (on-line): 2251-8665
Vol. 4 No. 3 (2015), pp. 25-35.

(© 2015 University of Isfahan

Combinatorics

www.combinatorics ir

SAWWAZ 111 AC 1Y

ON LAPLACIAN-ENERGY-LIKE INVARIANT AND INCIDENCE ENERGY
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ABSTRACT. For a simple connected graph G with n-vertices having Laplacian eigenvalues u1, ps, ...,
Un—1, n = 0, and signless Laplacian eigenvalues ¢i1, g2, . . . , ¢n, the Laplacian-energy-like invariant(LEL)
and the incidence energy (IE) of a graph G are respectively defined as LEL(G) = >.7" \/j; and
IEG) =31, /i~ In this paper, we obtain some sharp lower and upper bounds for the Laplacian-

energy-like invariant and incidence energy of a graph.

1. Introduction

Let G be a finite, undirected, simple graph with n vertices and m edges having vertex set V(G) =
{v1,v2,...,v,}. The adjacency matrix A = (a;;) of G is a (0, 1)-square matrix of order n whose (i, j)-
entry is equal to 1 if v; is adjacent to v; and equal to 0, otherwise. Let D(G) = diag(di,da, ..., dy)
be the diagonal matrix associated to G, where d; is the degree of vertex v;. The matrices L(G) =
D(G)—A(G) and Q(G) = D(G)+ A(G) are respectively called Laplacian and signless Laplacian matri-
ces and their spectrum are respectively called Laplacian spectrum (L-spectrum) and signless Laplacian
spectrum (Q-spectrum) of the graph G. Being real symmetric, positive semi-definite matrices, we let
0=tn < pp—1 << ppand 0 < gy < gn-1 < --- < q1 be the L-spectrum and Q-spectrum
of G, respectively. It is well known that p,=0 with multiplicity equal to the number of connected
components of G and p,—1 > 0 if and only if G is connected [4]. Moreover, for all i = 1,2,...,n,

w; = ¢; if and only if G is bipartite. For notations and definitions in graphs, we refer to [23].
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Let I(G) be the (vertex-edge) incidence matrix of the graph G. For a graph G with vertex set
V(G) = {v1,v2,...,v,} and edge set E(G) = {e1,e2,...,en}, the (i,7)-entry of I(G) is 1 if e; is
incident with v;, and 0 otherwise. As given by Jooyandeh et al. [I7] the incidence energy of the

incidence matrix I(G) of the graph G is defined as

IE = IE(G) :zn:ﬁ,
k=1

where 01,09, ..., 0, are the singular values of I(G). Recall that the singular values of a (real) matrix
M are equal to the positive square roots of the eigenvalues of M M?. Various properties and bounds
for the incidence energy were recently established in [2, (2, I3, [7, [9, P4, PG, 27, PR]. As is well-known

—

in spectral graph theory that I(G)I(G)! = Q(G), we can define incidence energy as
1B=18(0) =Y Vi,
k=1

where q1, ¢, . .., q, are the eigenvalues of Q(G).

Further, Laplacian-spectrum-based graph invariant was put forward by Liu and Liu [20] as

n—1
LEL =LEL(G) =Y ik
k=1

and was named Laplacian-energy-like invariant. The motivation for introducing LEL was in its
analogy to the earlier studied graph energy by Gutman [I1] and Laplacian energy by Gutman and
Zhou [4]; for more details we refer to [8, [, 06] and the references cited therein. Recently, several
mathematical investigations of LE L were communicated [12, 21, 29]. So several researchers established
many lower and upper bounds to estimate the invariant for some classes of graphs [25]. In this paper,
we obtain sharp lower bounds for the incidence energy and Laplacian-energy-like invariant which
improves some previously known lower bounds for some cases (especially in case of trees, unicyclic,

bicyclic, tricyclic, tetracyclic graphs). We also obtain upper bounds for these invariants.

2. Bounds on Laplacian-energy-like invariant

In this section, we obtain upper and lower bounds for the Laplacian-energy-like invariant of a graph.

First we start with the following observation by Das [8].

Lemma 2.1. Let G be a graph on n > 3 vertices whose distinct Laplacian eigenvalues are 0 < a < f3.
Then the following hold.

(i) The multiplicity of « is n — 2 if and only if G is one of the graphs K%,% or K,_11.

(ii) The multiplicity of 5 is n — 2 if and only if G is the graph K, — e.

The following Lemma can be found in [9, I0].
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Lemma 2.2. Let G be a connected graph of order n and let A be its maximum degree. Then
A+ 1 < py < n. Equality holds on the left if A =n — 1 and on the right if and only if G is the join
of two graphs.

The following observation can be seen in [I8].

Lemma 2.3. Let G # K, be a connected graph of order n and let § be the smallest vertex degree of
G. Then p,—1 <9, with equality if and only if G is a join of a graph on 0(G) vertices with another
graph.

The next result can be found in [7].

Lemma 2.4.(Pdlya-Szego inequality) Let (a1,a2,...,ay) and (b1, be, ..., b,) be two sequences of pos-

itive real numbers such that there exist positive numbers A, a, B, b satisfying
0<a<a; <A<oo, 0<b<b <B<o,

foralli=1,2,...,n. Then

S a2 b2<(ab+AB)2

21 1=1"1 =1 "%
( ) (Z?:l aibi)2 —  4abAB
A B
The equality holds in (2.1) if and only if p = %, 7= = '+”B) are integers and if p of the numbers
R R
ai,as, ..., a, are equal to a and ¢ of these numbers are equal to A, and if the corresponding numbers

b; are equal to b and B, respectively.

We first mention some well known lower bounds for LEL. Gutman et al. [T3] obtained the following

lower bound.

(2.2) LEL(G) >

Bl

with equality if and only if G = K, or G = K,,.

Wang et al. [25] obtained the following lower bound.

(2m)°

where A is the maximum vertex degree. Equality occurs if and only if G = K.

It is shown in [25] that the lower bounds (2.2) and (2.3) are incomparable.

We now give a lower bound for LEL in terms of n,m, k.



28 Trans. Comb. 4 no. 3 (2015) 25-35 S. Pirzada and Hilal A. Ganie

Theorem 2.5. Let GG be a connected graph with n vertices and m edges having algebraic connectivity
tn—1 > k. Then

8m(n — )VEkn
(2.4) LEL(G) > \/W,

with equality if and only if G = K.
Proof. Settingin (21) n=n—-1,a; = /i, bj =1,fori=1,2,....n—1and a = \/lt,_1, A =
Vi, b=1, B=1, we get

Zz 1 zz (M—F\/}Tﬁz
<E§Lf¢m> T Ayt

This gives,

8m(n —1)\/Bifn—1
LEL(G)Z\/ VW =

Since,

\/Sm(n—l \/m 8m(n — 1)vkuy kul
(VAL + /1) \ﬁ+\f

it follows that

(v + Vk)?

8m(n — 1)Vkz
(VE+VRE

LEL(G) > \/Sm(” = Dvkm

For < n, consider the function f(z) =
For this function, we have
am(n — DVE(VE - Vx) _
Valve+ VeSS T
That is, f(x) is a decreasing function for x < n. So
8m(n — 1)Vkn
(Vn+Vk)?

fi(a) =

f(@) > f(n) =

This gives,

(Vn+Vk)?

Equality occurs in (2.4) if and only if equality occurs in (2.1) and p; = n. That is, by Lemma 2.2

LEL(G) > \/8m(n— 1)\/%

and Lemma 2.4, if and only if G is a join of two graphs and p, g are integers, where p+ ¢ = n — 1 with
p of the numbers in 1, po, ..., tn—1 equal to 1 and g of them equal to u,_1. For p,q integers there
are n — 1 solutions of the equation p+ g = n — 1 and for any of these integral solutions it follows from
Lemma 2.4, that equality occurs if and only if G has two distinct Laplacian eigenvalues. That is, if
and only if G = K, [4].
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Conversely if G = K,,, then it is easy to see that equality holds in (2.4). O

Remark 2.6. (i). Let T be a tree of order n, n > 6 with algebraic connectivity p,—; > 0.07. Then
we will show that our lower bound in (2.4) is better than the lower bound in (2.2) for the tree T'. For

this we have to show that

\/Sm(n— DVO.07)n _ 2m

)
n

(v/n++/0.07)2
that is,
—1)2 _1)2
80(n —1)*V/Tn > 4(n—1) Cas me=n_1
(10y/n 4 V/7)2 n
that is,

200V 7n > (10v/n + V7)2,

which is true for n > 6. Since for almost all trees algebraic connectivity p,—1 > 0.07, it follows that
bound (2.4) is better than bound (2.2) for almost all trees.
(ii). Let G be graph of order n having m < % edges and algebraic connectivity p,—1 > 1.

Then the lower bound (2.4) is better than the lower bound in (2.2) for G. We have

\/Sm(n — D)Vkn S 2m

(Vi +VER

that is,
8m(n —1)v/n S 4m?
(Vn+1)?2 = n’
that is,
(2.5) 2n(n — 1)v/n > m(v/n +1)%,

which is true. In particular if G is unicyclic, bicyclic, tricyclic, tetracyclic graph, then m = n,n +

1,n 4+ 2,n + 3 (respectively). It is easy to see that (2.5) holds for n > 5.

Remark 2.7. (i). Let T be a tree of order n, n > 3 with maximum degree A > % and algebraic
connectivity p,—1 > 0.07. Then the lower bound (2.4) is better than the lower bound (2.3) for 7. We

have

sm(n — 1)vVkn S (2m)3
(Vn++vk)2 | 2m+nA?

that is,

80(n — 1)%v/Tn o 8- 1)3
(10v/n + V7)2 ~ 2(n—1) +nA?’

as m=n-—1
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that is,

o (n—=1)(10yn +V7)?
nAt=z 10v/7n

—2(n—-1)

which is true for A > 5, n > 3.

(ii). Let G be a graph of order n with maximum degree A > % — 2% and algebraic

connectivity p,—1 > 1. Then the bound (2.4) is better than the bound (2.3) for G. We have
8m(n —1)y/n S 8m?3
(Vn+1)2 = 2m+ nA?

that is,
2 1 2
(2.6) nA? > M —9m
(n—1)v/n
which is true for A > ARl om oy particular if G is unicyclic, bicyclic, tricyclic, then

n(n—1)y/n n
m =mn,n+1,n+ 2. It is easy to see that (2.6) holds for A > &, n > 6.

We now obtain an upper bound for LEL in terms n,m, A, k.

Theorem 2.8. Let G be a connected graph with n vertices and m edges having maximum degree A
and algebraic connectivity pu,—1 > k. Then
2Vnk + k(n —2) +2m — (A +1)

2Vk ’
with equality if and only if k =nand G= K, or k=1 and G = K,,_1 1.
Proof. Let 0 = pup < pin—1 < pin—2 < -+ < ps < up be the Laplacian spectrum of G with u,—1 > k.
Since A 4+ 1 < u; < n, we have

(2.7) LEL(G) <

n—1
LEL(G):Z\/;TZ- VL (n—2 W+Z(@+unu:1>

< VL +(n—2 M—FZ( —fn— 1)

2\/ Hn—1
2=t + (0 = 2)pip—1 +2m — [
2\/tn—1
- 2 /Mftn—1 + (N = 2)pt—1 +2m — (A 4 1)
o 2\/tn—1 .

For = > k, consider the function

2\/7%+(n—2)x+2m—(A+1).

flw) = N

For this function, we have
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for all z > k. Since (A+ 1)+ (n — 2)pp—1 < g1 + p2 + -+ + pn—1 = 2m, it follows that f(z) is a

decreasing function for x > k. So

_2Vnk+ (n—2)k+2m — (A+1)

f(z) < f(k) E :

which gives
2vVnk+ (n—2)k+2m — (A+1)
2k '

Equality occurs in (2.7) if and only if n = 1 = A+ 1, uo = ps = -+ = pip—2 = pp—1 = k. That

LEL(G) <

is by Lemma 2.2, GG is a join of two graphs having at most three distinct Laplacian eigenvalues with
A 41 = p1. If G has one distinct Laplacian eigenvalue, then G = K,,, which is not possible as G is
connected. If G is a join of two graphs with A+1 = u; having two distinct Laplacian eigenvalues, then
G = K, [@]. If G is join of two graphs having three distinct Laplacian eigenvalues with A + 1 = p;,
then by Lemma 2.1, G = K,,_1 1 .

Conversely if G is one of these graphs, then it is easy to see that equality occurs in (2.7). OJ

3. Bounds for incidence energy

In order to obtain the bounds for the incidence energy, we need the following Lemmas. Lemma 3.1

can be found in [5].

Lemma 3.1. Let G be a graph of order n having maximum degree A, minimum degree ¢ and largest
Q-eigenvalue ¢q;. Then 2§ < ¢ < 2A. For a connected graph G, equality holds in either of these
inequalities if and only if G is regular.

The next observation is a well known fact [G].

Lemma 3.2. A graph G has two distinct signless Laplacian (Laplacian) eigenvalues if and only if
G=K,.

The following observation can be found in [5].

Lemma 3.3. For i =1,2,...,n, let u; and ¢; be the L-spectrum and ()—spectrum of the graph G.
Then p; = ¢q;, for all ¢ = 1,2, ..., n if and only if G is bipartite.

By Lemma 3.3, it is clear that [E(G) = LEL(G), if and only if G is bipartite. So, if G is bipartite,
then any result that holds for LEL(G) also holds for IE(G). Therefore in this section, we consider
non-bipartite graphs only.
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We first obtain a lower bound for IF in terms of n,m, A, k.

Theorem 3.4. Let G be a connected non-bipartite graph with n > 2 vertices and m edges having

smallest Q-eigenvalue ¢, > k. Then

8mnv2kA
(V2A + VE)2
Proof. Setting in equation (2.1) a; = /g;, b; =1, for i = 1,2,...,nand a = \/q,, A= \/q1, b=

1, B=1, we get

(3.1) IE(G) >

D1 Gi i L < (V@n + v01)*
i va)? T AV

This gives,
8mn./q1qn
1B(G) > ||y
(\/QT+ \/Qn)
Since,

\/ 8mn./qiqn S 8mnv/kq1
(Var+van)?* ~ \ (Vai + Vk)?

it follows that

8mmn/kqq

IE(G) > .
(vVa + Vk)?
For x < 2A, consider the function
8mnvkzr
fl@) = ——F—

(Va+Vk)?
For this function, we have
() = 4mn\/E(\/E_ \/5)
T = aarvip ="

That is f(x) is a decreasing function for x < 2A. So

8mnyv2kA
f(z) = f(24) = (VoA 1 Vi

This gives

[E(G) > 8mnv/2kA .
(V2A + Vk)?

Equality occurs in (3.1) if and only if equality occurs in (2.1), ¢ = 2A and ¢, = k. That is, by
Lemma 2.2 and Lemma 3.1, if and only if G is regular and p, g are integers, where p + ¢ = n with p
of the numbers in ¢1,q2, ..., ¢, equal to A = g1 and ¢ of them equal to a = ¢,,. For p, ¢ integers there
are n solutions of the equation p+ ¢ = n and for any of these integral solutions it follows from Lemma
2.4, that equality occurs if and only if G has two distinct Q-eigenvalues. By Lemma 3.2, a graph with
two distinct Q-eigenvalues is K,,, having A=¢ =2(n—1),p=1landa=¢, =n—2,¢=n—1. For
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2(n—1)

this choice of A, a,p, q, we have from Lemma 2.2, 1 = % That is, 2(n — 2)(n — 1) = 1, which
14+ =05

gives, n = 312‘/?:, which is not possible. So equality does not occur in (3.1) for any graph G. O

Since g1 < 2A < 2(n — 1), it follows from Theorem 3.4,

N 8mmny/2k(n — 1)

Therefore we have the following observation.

Corollary 3.5. Let G be a connected non-bipartite graph with n vertices and m edges having smallest

Q-eigenvalue ¢, > k. Then

8mn/2k(n — 1)
(3.2) IE(G) > \/(m+ NGD

Recall from [I3] that a lower bound for IE was given as follows.

Lemma 3.6. Let G be graph with n vertices and m edges. Then

2m
(3.3) I1E(G) > %,

with equality if and only if G = K,, or G = K.

Remark 3.7. Let G be a non-bipartite graph with n vertices, smallest Q-eigenvalue ¢, > k = 0.5

and m < (2\/%_22— VJ:‘_\/(%)Q. Then the bound (3.2) is better than the bound (3.3) for G. For this we need

to show that

\/Smn\/2(0.5)(n—1) N 2m
V2(n—1)++05

n?
that is,
(3.4) 2n%v/n — 1> m(v/2n — 2 +0.5)%,

which is true. In particular if G is a unicyclic, bicyclic, tricyclic, tetracyclic graph, then m =

n,n+1,n+2,n+ 3 (respectively). It is easy to see that (3.4) holds for n > 5.
We now have an upper bound for IE in terms of n,m, A, d, k.

Theorem 3.8. Let G be a non-bipartite connected graph with n vertices, m edges having maximum
degree A, minimum degree § and smallest Q-eigenvalue ¢, > k. Then

< 2V2kA + (n — 1)k +2m — 20
— 2\/% )

1E(G)
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with equality if and only if G =2 K,,.

Proof. This follows by proceeding similarly as in Theorem 2.4.

(1]

[12]

[13]

[14]
[15]

[16]

[17]

18]

[19]

[20]

21]

22]

REFERENCES

F. Ayoobi, G. R. Omidi and B. Tayfeh-Rezaie, A note on graphs whose signless Laplacian has three distinct
eigenvalues, Linear and Multilinear Algebra, 59 (2011) 701-706.

S. B. Bozkurt and I. Gutman, Estimating the incidence energy, MATCH Commun. Math. Comput. Chem., 70 (2013)
143-156.

T. A. Chishti, Hilal A. Ganie and S. Pirzada, Properties of strong double graphs, J. Discrete Math. Sci. Cryptogr.,
17 (2014) 311-319.

D. Cvetkovié¢, M. Doob and H. Sachs, Spectra of graphs-Theory and Application, Academic Press, New York, 1980.
D. Cvetkovié, P. Rowlinson and S. K. Simié, Signless Laplacians of finite graphs, Linear Algebra Appl., 423 (2007)
155—-171.

D. Cvetkovi¢ and S. K. Simi¢, Towards a spectral theory of graphs based on the signless Laplacian, I, Publ. Inst.
Math., (Beograd) (N. S.), 85 (2009) 19-33.

S. S. Dragomir, A survey on Cauchy-Bunyakovsky-Schwarz type discrete inequalities, JIPAM. J. Inequal. Pure Appl.
Math., Article 63, 4 (2003) pp. 142.

K. C. Das, A sharp upper bound for the number of spanning trees of a graph, Graphs Combin., 23 (2007) 625-632.
M. Fiedler, Algebraic Connectivity of Graphs, Czechoslovak Math. J., 23 (1973) 298-305.

R. Grone and R. Merris, The Laplacian spectrum of a graph II, STAM J. Discrete Math., 7 (1994) 221-229.

I. Gutman, The energy of a graph: old and new results, Algebraic combinatorics and applications (Gweinstein,
1999), Springer, Berlin, 2001 196-211.

I. Gutman, D. Kiani and M. Mirzakhah, On incidence energy of graphs, MATCH Commun. Math. Comput. Chem.,
62 (2009) 573-580.

I. Gutman, D. Kiani, M. Mirzakhah and B. Zhou, On incidence energy of a graph, Linear Algebra Appl., 431 (2009)
1223-1233.

I. Gutman and B. Zhou, Laplacian energy of a graph, Linear Algebra Appl., 414 (2006) 29-37.

I. Gutman, B. Zhou and B. Furtula, The Laplacian-energy like invariant is an energy like invariant, MATCH
Commun. Math. Comput. Chem., 64 (2010) 85-96.

H. A. Ganie, S. Pirzada and I. Antal, Energy and Laplacian energy of double graphs, Acta Univ. Sap. Informatica,
6 (2014) 89-116.

M. Jooyandeh, D. Kiani and M. Mirzakhah, Incidence energy of a graph, MATCH Commun. Math. Comput. Chem.,
62 (2009) 561-572.

S. J. Kirkland, J. J. Molitierno, M. Neumann and B. L. Shader, On graphs with equal algebraic and vertex connec-
tivity, Linear Algebra Appl., 341 (2002) 45-56.

M. Liu and B. Liu, On sum of powers of the signless Laplacian eigenvalues of graphs, Hacet. J. Math. Stat., 41
(2012) 527-536.

J. Liu and B. Liu, A Laplacian-energy-like invariant of a graph, MATCH Commun. Math. Comput. Chem., 59
(2008) 355-372.

M. Liu, B. Liu and X. Tan, The first to ninth greatest LEL-invariants of connected graphs, Util. Math., 93 (2014)
153-160.

A. Mohammadian and B. Tayfeh-Rezaie, Graphs with four distinct Laplacian eigenvalues, J. Algebraic Combin., 34
(2011) 671-682.



Trans. Comb. 4 no. 3 (2015) 25-35 S. Pirzada and Hilal A. Ganie 35

[23] S. Pirzada, An Introduction to Graph Theory, Universities Press, Orient Blackswan, 2012.

[24] Z. Tang and Y. Hou, On incidence energy of trees, MATCH Commun. Math. Comput. Chem., 66 (2011) 977-984.

[25] W. Wang and Y. Luo, On Laplacian-energy-like invariant of a graph, Linear Algebra Appl., 437 (2012) 713-721.

[26] B. Zhou, More upper bounds for the incidence energy, MATCH Commun. Math. Comput. Chem., 64 (2010) 123-128.

[27] J. Zhang and J. Li, New results on the incidence energy of graphs, MATCH Commun. Math. Comput. Chem., 68
(2012) 777-803.

[28] B. Zhou and A. Ili¢, On the sum of powers of Laplacian eigenvalues of bipartite graphs, Czechoslovak Math. J., 60
(2010) 1161-1169.

[29] B. X. Zhu, The Laplacian-energy like of graphs, Appl. Math. Lett., 24 (2011) 1604-1607.

S. Pirzada
Department of Mathematics, University of Kashmir, Srinagar, India

Email: pirzadasd@kashmiruniversity.ac.in

Hilal A. Ganie
Department of Mathematics, University of Kashmir, Srinagar, India

Email: hilahmad1119kt@gmail.com



	1. Introduction
	2. Bounds on Laplacian-energy-like invariant
	3. Bounds for incidence energy
	References

