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ABSTRACT. In this paper we introduce mixed unitary Cayley graph M, (n > 1) and compute its

eigenvalues. We also compute the energy of M,, for some n.

1. Introduction

Let G(V,E) be a mixed graph with vertex set V = V(G) = {v1,v2,...,v,} and edge set E =
E(G) ={e1,e,...,en}, which is obtained from an undirected graph by orienting some of its edges.
Mixed graphs are appropriate models of networks where both one way and reversible connection co-
exist. These are called simply arcs and edges respectively. Mixed graphs include both possibilities
of all edges oriented and all edges undirected as extreme cases. Thus the notion of a mixed graph
generalizes both the classical approach of orienting all edges and unoriented approach. The adjacency

matrix of a mixed graph G is a n x n matrix M(G) = (aij)nxn, where

1, if v;v; is an edge,
a;j =4 —1, if either(v;,v;) or (vj,v;) is an arc,
0, if v; and v; are not adjacent.

One may note that the mixed graph is not uniquely determined by its adjacency matrix. Since M (G)

is a real symmetric matrix, all its eigenvalues (A1, A2,...,\,) are real and the energy of the mixed
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n

graph G, Ej(G) is the sum of the absolute values of its eigenvalues i.e., Fy(G) = Z |Ai|. For prop-
i=1

erties of mixed graphs one may refer to [3, @, @, 9, [1]. The concept of the energy of an undirected

graph was introduced by Ivan Gutman [8] and was recently generalized to oriented graphs as skew

energy by Adiga, Balakrishnan and Wasin So in [].

Let n > 1 be a positive integer. The unitary Cayley graph X,, = Cay(Z,,U,) is a graph with vertex
set V(X,,) =Z, ={0,1,...,n— 1} and edge set F(X,) = {(i,7) : 1,5 € Zp, and (j —i,n) = 1}. The

graph X, is regular of degree ¢(n), where ¢(n) denotes the Euler totient function, and its eigenvalues
n
are A\, 7 =0,1,...,n— 1, where \, = ¢(r,n) := Z e2mirm/n.
m=1

(m,n)=1

¢(r,n) is the well-known Ramanujan’s sum. Ramaswamy and Veena [I0] have shown that the energy

n

of X, := Z |A\il = 28¢(n), where k is the number of distinct prime divisors of n. More informations
i=1

about the unitary Cayley graphs can be found in [6, I0].

In order to define the mixed unitary Cayley graph M,,, we need the symbol (E) which is defined
as follows: "
If n = p is an odd prime, then <Z> is defined as follows:
1 if a is a quadratic residue mod p,
<a> =< -1 if «a is a quadratic non residue mod p,
P 0 if p|a.
And

2
Qg

If n = p{'py?...p."* is the prime decomposition of n, then

=G G G

It may be noted that if n is an odd integer then (ﬂ) is the Jacobi symbol.
n
We now define the mixed unitary Cayley graph M, (n > 1). The vertex set of M, is V(M,) =
{0,1,...,n — 1} and the edge set of M,, is E(M,) and is defined as follows : for i,j € V(M,) with

i<, (j—i,n)=1,ijis an edge if <H> =1 and (,7) is an arc if (J _Z) — 1.
n n

(a) 1 if a isodd,

0 if a is even.
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Fig. 1

Mixed unitary Cayley graphs of order 2, 3, 4 and 5 are given in Fig. 1.

The main purpose of this paper is to compute the eigenvalues of a mixed unitary Cayley graph M,

and also to compute the energy of M,, for some n.

2. Preliminaries

In this section we state certain basic definitions and results which will be used to prove the main

results .

Definition 2.1. Let G be an arbitrary group. A complex valued function f defined on G is called a
character of G if f is multiplicative, i.e, f(ab) = f(a)f(b) for all a, b in G, and if f(c) # 0 for some

cin QG.

Let G be the group of reduced residue classes modulo n. For each character f of G we define an

arithmetical function y, as follows:

and

X;(m) =0, if (m,n) > 1,
where 7 is the set of all integers congruent to m modulo n. The function x, is called a Dirichlet
character modulo n. Clearly every group G has atleast one character, namely f = 1, i.e, f(a) =1
for all @ € G and is called as principal character and the associated arithmetical function y, is called

Dirichlet principal character mod n. For more details about Dirichlet character modulo n, the reader
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may refer to [2].

Definition 2.2. For any Dirichlet character x, mod n, the sum

n

G(Ta Xf) = Z Xy (m)€27ri7"m/n

m=1

is called the Gauss sum associated with X .

If X; = X1 then G(r, Xf) = ¢(r,n), the Ramanujan’s sum.

Theorem 2.3 ([2]). If x, is any Dirichlet character mod n, then G(r,x,) = X,(r)G(1,x, ), whenever

(r,n) =1.

Definition 2.4. A matriz of the form

ag ai
an—-1 Ao

A, =
ai az

1s called a circulant matriz.

There is an explicit formula [6] for the eigenvalues A, 0 < r < n — 1, of the circulant matrix A,,

n—1
given by A, = g a;w’, w = eim/n,
J=0

Definition 2.5. A matriz of the form

agp ax az Gn—2 Aanp-1
—Qp—1 ao aq an—-3 Ap-—2
—Aap—-2 —0Gp—-1 AQ Gp—4  An-3
S =
—a9 —as —Qy4 ap aj
—aq —a2 —as —Qn-1 ao
is called a skew circulant.
n—1
The eigenvalues of S, [6] are A, 0 <r < (n—1), where A\, = Z ajw iz,
j=0

Definition 2.6. Let A = (a;j) be a n x m matriz. B = (b;j) be a p x ¢ matrixz then the Kronecker

product of A and B, A® B is the np by mq matriz obtained by replacing each entry a;; by a;;B.

It is well-known that the eigenvalues of A® B are given by A;j1;, where A; and pi; are the eigenvalues

of A and B respectively.

Gp—-2 0dn-—-1

Gn—-3 Aan-2

Chandrashekar Adiga and B. R. Rakshith
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Definition 2.7. Let G1 and G2 be two graphs with disjoint vertex sets. The direct product of G1 and
G2, denoted by G1 x Ga, is the graph with vertex set V(G1) x V(G2) such that two vertices (x1,y1) and
(x2,y2) € V(G1 x G2) are adjacent if and only if x1x2 and y1y2 are edges in G1 and Ga respectively.

We now define the direct product of mixed graphs as follows: Let G; and G2 be two mixed graphs
with disjoint vertex sets V(G1) = {x1,22,...,2,} and V(G2) = {v1,y2,...,ym} having the order
i < xiy1 and y; < y;41. The direct product of G; and G2, denoted by G x G, is the mixed graph
with vertex set V(G x G2) = V(G1) x V(G2). If ug = (z1,y1) and uz = (22,y2) € V(G1 x G2) with
u1 < ug (dictionary order), then ujus is an edge in Gy X G, if both z1x9 and y1y2 are either oriented
edges or unoriented edges in G; and Go respectively, and (u1,u2) is an oriented edge in G x G if

either z1x9 is an edge and (y1,¥2)/(y2,y1) is an oriented edge or vice versa.

Let M(G1) and M(G2) be the adjacency matrices of mixed graphs G; and Gy respectively. One
can note that M (G x G2) = M(G1) ® M(G2), the Kronecker product of M(G;) and M(G2). And
hence Ej (G x G2) = Epn(Gh)En(G2).

Theorem 2.8 ([10)). If (m,n) = 1, then the direct product of the unitary Cayley graphs X, and X,

s isomorphic to Xpn.

3. Main Results

In this section we obtain the eigenvalues of a mixed unitary Cayley graph M,, and also we compute
the energy of M, when n = 27p{*, ... , Pp¥m, where p;’s are distinct primes with p; = 1(mod 4) for

1 <1 <k, a;’s are odd positive integer and m is a perfect square with (2p1,...,pg, m) = 1.

Theorem 3.1. If n has even number of prime factors of the form 4k + 3, then the eigenvalues of the
mized unitary Cayley graph M, are the Gauss sums G(r,x,), r =0,1,...,(n—1), where x, = (@)
n

is the Dirichlet character mod n.

Proof. The adjacency matrix of M, with respect to the natural order of the vertices 0,1,...,(n —1)

18



GGG ) )
GGG ) )
“"” () &) &) -0 -
=) () () -5 - G

Since n has even number of prime factors of the form 4k 4+ 3 and for an odd prime p,

(3.2)

-1
we have <> = 1. So,
n
n—a

(

n

)

1
-1

if p = 1(mod 4),
if p = 3(mod 4),

-1

n

—a

n

a

n

a

n

)= @-=0)

Hence the adjacency matrix of M, is circulant. Consequently the eigenvalues are given by

A

m
where x, = (—) is the Dirichlet character mod n.
n

3

—_

m
(—)w””, r=0,1,...,n—1,
n
m=0
- m
7) wrm, W= 627rz/n7
n
m=1
G T7Xf)7

g

Theorem 3.2. Ifn has odd number of prime factors of the form 4k + 3, then the eigenvalues of the

n—1

mized unitary Cayley graph My, are A, 0 <1 <n —1, where A\, = Z <E> wr+bm/2,
n

Proof. The adjacency matrix of M,, with respect to the natural order of the vertices 0, 1, .

m=0

cy(n—=1)

is same as (3.1). Since n has odd number of prime factors of the form 4k + 3, using (3.2), we have
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)=
()= ()= () 0= ()

Thus one can easily see that the adjacency matrix of M, is a skew circulant. Hence its eigenvalues
n—1

are given by \, = Z (T) w2 e — 0 10— 1. O
n

m=0

Theorem 3.3. Let m and n be positive integers having even number of prime factors of the form
4k+38 and let (m,n) = 1. Then the direct product of the mized unitary Cayley graphs M, and M, is

isomorphic to My,

Proof. Set (i, j) = kij, where k;; = i(mod m) and k;; = j(mod n), for all (i, j) € V(M,, x M,). Since
(m,n) =1, by the Chinese Remainder theorem, it follows that the map (¢, j) — k;; is an isomorphism
from Z, X Zy,, onto Z,,. By Theorem 2.8, it follows that the underlying graph X,, x X,, of M,,, x M,
is isomorphic to X, the underlying graph of M,,,. We shall now show that ((i1,j1), (i2,72)) is an
oriented edge in M, x M, if and only if (k;, j,, ki,j,) is an oriented edge in M.

Let (ki j = (i1, 1), Kigjo = (42, j2)) be an oriented edge in M,, x M,. Then <12 — Zl) <‘]2 _‘]1> =
m

n
[ [
—1 <= ( 122 Zl]l) < 1272 ll]l) = —1, as m and n are positive integers having even number
m n
b
of prime factors of the form 4k + 3 and (2) = <>, for a = b(mod c¢). Similarly one can show that
c c

(i1,71)(i2, j2) is an unoriented edge in M, x M, if and only if k;, j, ki,;, is an unoriented edge in My,,,.

This completes the proof. O

Theorem 3.4. If p is a prime and p = 1(mod 4), then the energy of M, is
En(Mp) = (p— 1)v/p-
Proof. By Theorem 3.1. the eigenvalues of M,, are
A = G(T,Xf), 0<r<p-1,

where f is the quadratic character mod p.

Hence the energy of M, is given by

p—1
En(Mp) = Y |M]
r=0

p—1
= > lG(rx,)l
r=0

p—1
= Z IX; (MIG(1,xy)| (by Theorem 2.3)
r=1

= |G, x,)lo(p)-
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Now consider,

IG(L,x,)? = G(1,x,)G(Lx;)

p
— 1 Xf Z >—<f 727sz/p

m=1

p
= Z G(m,x,)e —2mim/P (L Theorem 2.3)
=1

P p .
_ Z Z( > 27rijm/pef27rim/p

1j=1

>

3

p
E WU where w = €27/

m=1

[
-1

.
Il
i

- 2o

P
1,since » w™UH =0, if j > 1
1 m=1

I/
"=

3
Il

Thus

Ey(My) = |G(1x,)lép) =vp (p—1).

Theorem 3.5. If p is a prime and p = 1(mod 4) then

2 ¢(p*) if « is even,
VP o) if a is odd.
Proof. If o is even, then Mpa = Xpa. Since the energy of X,a is 2 ¢(p®), En(Mpe) =2 ¢(p®). Now

(0%
suppose that « is odd, then <aa) = <a> = <a> and also <p+ a) = (a>. Hence the adjacency

En(Mpe) = {

p p p p p

matrix of Mpe is of the form A ® M,,, where A is square matrix of order p*~! with all its entries as
1. Thus Ep(Mpe) = p* 1 Ep(M,) = \f o(p%). O
Theorem 3.6. Let n = 2/p", ... pi*m, where p;’s are distinct primes with p; = 1(mod 4)

for 1 <i <k, a;’s are odd positive integer and m is a perfect square. If (2p1,...,px, m) = 1, then

En (M) = 25 (p1, pa, . .., pi)20(n), where 1 is the number of distinct prime factors of m.

Proof. The proof follows from Theorem 3.3 and Theorem 3.5 and the fact that the energy of X; =

2°¢(t), where s is the number of distinct prime factors of ¢. O
Acknowledgments

The authors are thankful to the referee for some useful suggestions. The first author is thankful to

the University Grants Commission, Government of India, for the financial support under the Grant



Trans. Comb. 5 no. 2 (2016) 1-9 Chandrashekar Adiga and B. R. Rakshith 9

F.510/2/SAP-DRS/2011. The second author is thankful to UGC, New Delhi, for CSIR-UGC-JRF,

under which this work has been done.

REFERENCES

[1] C. Adiga, R. Balakrishnan and W. So, The skew energy of a digraph, Linear Algebra Appl., 432 (2010) 1825-1835.

[2] T. M. Apostol, Introduction to analytic number theory, Undergraduate Texts in Mathematics, Springer-Verlag, New
York-Heidelberg, 1976.

[3] R. B. Bapat, J. W. Grossman and D. M. Kulakarni, Generalized matrix tree theorem for mixed graphs, Linear and
Multilinear Algebra, 46 (1999) 299-312.

[4] R. B. Bapat, J. W. Grossman and D. M. Kulakarni, Edge version of the matrix tree theorem for trees, Linear and
Multilinear Algebra, 47 (2000) 217-229.

[5] P. J. Davis, Circulant Matrices, A Wiley-Interscience Publication, Pure and Applied Mathematics, John Wiley
Sons, New York-Chichester-Brisbane, 1979.

6] W. Klotz and T. Sander, Some properties of unitary Cayley graphs, FElectron. J. Combin., 14 (2007) 1-12.

7] F. Yizheng, On spectra integral variations of mixed graph, Linear Algebra Appl., 374 (2003) 307-316.

8] I. Gutman, The energy of a graph, Ber. Math. Statist. sekt. Forsch. Graz, 103 (1978) 1-22.

9] L. S. Melnikov and V. G. Vizing, The edge chromatic number of a directed/mixed multigraph, J. Graph Theory,
31 (1999) 267-273.

[10] H. N. Ramaswamy and C. R. Veena, On the energy of unitary Cayley graphs, Electron. J. Combin., 16 (2009) 1-8.

[11] X. D. Zhang and J. S. Li, The Laplacian spectrum of a mixed graph, Linear Algebra Appl., 353 (2002) 11-20.

[
[
[
[

Chandrashekar Adiga
Department of Studies in Mathematics, University of Mysore, Manasagangotri, Mysuru-570 006, India

Email: c_adiga@hotmail.com

B. R. Rakshith
Department of Studies in Mathematics, University of Mysore, Manasagangotri, Mysuru-570 006, India

Email: ranmsc08@yahoo.co.in



	1. Introduction
	2. Preliminaries
	3. Main Results
	Acknowledgments
	References

