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A SIMPLE APPROACH TO ORDER THE MULTIPLICATIVE ZAGREB
INDICES OF CONNECTED GRAPHS

MEHDI ELIASI

Communicated by Bijan Taeri

ABSTRACT. The first (IT;) and the second (IlI2) multiplicative Zagreb indices of a connected graph
G, with vertex set V(G) and edge set E(G), are defined as I (G) = [[,cv(q) d,? and TI1(G) =
I1.. cB(G) dud,, respectively, where d, denotes the degree of the vertex u. In this paper we present a
simple approach to order these indices for connected graphs on the same number of vertices. Moreover,
as an application of this simple approach, we extend the known ordering of the first and the second

multiplicative Zagreb indices for some classes of connected graphs.

1. Introduction

Let G = (V(G), E(G)) be a simple graph (i.e. G does not have loops or multiple edges). Zagreb
indices were first introduced in [6], and they are among oldest and most used molecular structure-
descriptors [8]. The first Zagreb index is defined as the sum of the squares of the degrees of the
vertices:

Mi(G) = ) d)’
ueV(G)
The second Zagreb index is defined as the sum of the product of the degrees of adjacent vertices
My(G) = > dudy.
weE(G)

We encourage the reader to consult [Tl [4) 111 15l 14} 16] for historical background, computational
techniques, and mathematical properties of Zagreb indices. A detailed bibliography on recent research
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of Zagreb indices is found in [2, [12].
Following an earlier idea of Narumi and Katayama [10], recently Gutman [3] introduced the multi-

plicative version of the Zagreb indices. In particular he put forward

=G = [] &
ueV(G)

M =MG) = [ dude.
uweE(G)

In [3, 5], Gutman determined that among all trees with n > 5 vertices, the extremal trees with respect
to these multiplicative Zagreb indices are path P, and and star S,. Also Gutman and Ghorbani

[5] have obtained some properties of Narumi-Katayama index, defined as: NK(G) = H d, for a
ueV(G)
graph G.

In [I3] Xu and Hua introduced some graph transformations which increase or decrease these two
indices. As an application, they obtained a unified approach to characterize extremal (maximal and
minimal) trees, unicyclic graphs and bicyclic graphs with respect to multiplicative Zagreb indices,
respectively. In this paper by theory of majorization we obtain and extend their results and obtain
ordering of the first and second multiplicative Zagreb indices for some class of connected graphs. Our

idea and pictures are from [7] and this paper was very helpful for us.

2. Preliminaries results

Throughout this paper we only consider finite, undirected and simple graphs. A tree is a connected
acyclic graph. The path of order n is denoted by P,, and the cycle of order n is denoted by C,. A
pendent vertex or leaf of a graph is a vertex of degree 1. Let T,, U, and B, be the class of trees of
order n, the class of connected unicyclic graphs of order n, and the class of connected bicyclic graphs

of order n, respectively. Also for a graph G, denoted by A(G) the maximum degree of G.

Let x1 > a0 > ... >z, and y1 > yo > ... > y,, be two non-increasing sequences of real numbers.
If they satisfy the conditions
k k i k
in < Zyi, for1 <k <n-—1and an = Zyn, then we say that x = (z1,29,...,2,) is
i=1 i=1 i=1 i=1
majorized by y = (y1,¥2,...,yn) and write z < y. Furthermore, by z < y we mean that x < y and

x #£y.

We recall that if I C R is an interval and f : I — R is a real-value function such that f" (t)y>0
on I, then f is convex on I. If f” (t) > 0, then f is strictly convex on I. Similarly, if f"(t) <0
f"(t) < 0) on I, then f is concave (strictly concave) on I.

A real-value function ¢ defined on a set A C R" is said to be Schur-convex on A if

l.:(xla"'7‘r7Z>7 y:(yla7yn)€Aand$jy :>¢($)S¢(y)
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If, in addition, ¢(x) < ¢(y) where x < y, then ¢ is said to be strictly Schur-convex on A. Similarly, ¢
is said to be Schur-concave on A if

z,y € Aand x Xy = ¢(x) = d(y),

and ¢ is strictly Schur-concave on A if strict inequality ¢(z) > ¢(y) holds when z < y.

The following result has been established in [9]

Lemma 2.1. [See [9]] Let I C R be an interval and let ¢p(x1,...,x,) = > oy g(x;), where g: I — R.
Then if g is strictly convex on I, then ¢ is strictly Schur-convex on I™. Similarly if g is strictly concave

on I, then ¢ is strictly Schur-concave on I™.

Corollary 2.2. Let G and G be two connected graphs with degree sequences x = (x1,x2,...,x,) and

y=(y1,Y2,---,Yn), respectively. If x <y, then
(i) I (G) > Ty (G), with the equality holds if an only if x = y.

(i1) IIa(G) < II2(@G), with the equality holds if an only if © =y.

Proof: (i) Observe that for t > 0, (2Int)" = —# < 0. So on interval (0, +00), the function 2Int is
n n n n

strictly concave. If x < y, then by Lemma Z 2Inxz; > Z 2Iny; and thus lnl_[:ni2 > lnHyl-Q.
i=1 i=1 i=1 i=1

n
Since e’ is a strictly increasing function, so lnl_[gri2 > lnHyf, and hence I1;(G) > Hl(é). Now

i=1 i=1
n n n n

suppose that # < y and IT; (G) = II; (G). Then H z? = H y?, and thus Z 2Inx; > Z 2Iny;. Hence
i=1 i=1 i=1 i=1

by Lemma 2.1} we have z = y.

(i7) Note that for ¢t > 0, (tInt)" = 2 > 0. So on interval (0,400), the function ¢Int is strictly
n n n n
convex. If x <y, then by Lemma Z z;Inx; < Z y; Iny; and thus lnHmixi < lnH y;¥* . Since
i=1 i=1 i=1 i=1
n

n n
el is a strictly increasing function, so Hxﬁl < Hyiyi. It is easy to see that IIx(G) = H:Uﬁl and
i=1 i=1 i=1

3 s

y;¥", and hence II3(G) < TI3(G). Now suppose that < y and II3(G) = II2(G). Then

n n
y?*, and thus Z rilnx; < Z y; Iny;. Hence by Lemma we have z = y.
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3. Main Results
3.1. Trees.
Theorem 3.1. [5] Let T € T, \ {Pn, Sn} be a tree with n vertices. Then

(3.1) 1 (Sy) <y (T) < i (P),

(3.2) I5(Sn) > Ha(T) > a(Pn).
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Proof: (3.1)) Since the degree sequence (2,...,2,1,1) is minimal in the class 7, ( i.e., in the order

<) and the degree sequence (n — 1,1,...,1) is maximal in the class 7,, we obtain the result by part
(i) of Corollary [2.2]
The proof of claim is similar and we omit the details.

Let Ty = Sy, 15, ..., T3 be the trees on n vertices as shown in Fig. 1. Then we have

Theorem 3.2. Let T € 7T, \ {Tl,TQ, c. ,T@,Tlg} and n > 13. Then Hl(Tl) < Hl(Tg) < Hl(Tg) <
HI(T(;) < HI(T4) = HI(T5) < Hl(Tlg) < I (T)

Fig. 1. The trees Ty, ..., T13. The picture taken from [7]
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Proof: By an elementary computation, we have IT1(T1) = (n — 1)2, T[1(T%) = 4(n — 2)2, T[1(T3) =
9(n—3)% 1 (Ty) = 16(n—3)% = 1 (T5), H1(Ts) = 16(n—4)%, 1 (T%) = 36(n—4)? = 11 (Tg) = 111 (Ty),
1 (Typ) = 64(n — 4)? = Ty (T11) = 111 (T12) and II;(Ty3) = 25(n — 5)2. So we only need to show that
if T € T\ {T1, Ts,. .., Tis}, then II (T) > I, (T13).

Clearly, T; is the unique tree with A =n — 1, T3 is the unique tree with A =n — 2, T3, Ty, T5 are
all trees with A =n — 3, Tg,...,Ti2 are all trees with A = n — 4. Since T' € T, \ {T1,T»,...,Ti3},
then A(T) <n —5.

Let (a) = (d1,ds,...,d,) be the degree sequence of T'. Since the degree sequence of T3 is (b) =
(n—>5,5,1,...,1), it is easy to see that (a) < (b), because T73 is the unique tree with (b) as its degree
sequence. Thus, I1;(T13) < II1(T") follows from Corollary

Theorem 3.3. Let T € 7; \ {Tl,Tg, R ,TG,Tlg} and n > 23. Then HQ(Tl) > HQ(TQ) > HQ(Tg) >
HQ(T4) = HQ(T5) > HQ(TG) > H2<T7> = HQ(T8> = HQ(TQ) > HQ(Tlo) = HQ(TH) = H2<T12) >
HQ(TlS) > HQ(T).

Proof: By an elementary computation, we have Ilo(Ty) = n", Ta(T2) = 4(n — 2)"2, Tly(T3
27(n — 3)"3, My (Ty) = 16(n — 3)"~3 = Ha(Ts), Ha(Ts) = 256(n — 4)" 4, Tx(T7) = 108(n — 4)"~* =
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o (Tg) = o (Ty), Ha(T1o) = 64(n —4)" 4 =TIy (T11) = Ha(Ti2) and Io(Ty3) = 3125(n —5)" 5. So we
only need to show that if T' € 7, \ {T1,Ts, ..., T3}, then IIo(T) > Ia(T13).

Clearly, T is the unique tree with A =n — 1, T5 is the unique tree with A =n — 2, T3,7Ty,T5 are
all trees with A =n — 3, Tg,...,Th2 are all trees with A = n — 4. Since T' € T, \ {11, T2, ..., Tis},
then A(T) <n —5.

Let a = (di,dy,...,d,) be the degree sequence of T. Since the degree sequence of T3 is b =
(n—5,5,1,...,1), it is easy to see that a < b, because T13 is the unique tree with b as its degree
sequence. Thus, I1o(T73) > I5(T') follows from Corollary

3.2. Unicyclic graphs. Let Uy, Us,...,Uig be the unicyclic graphs as shown in Fig. 2. Then we

PAS S

o
»ABA#
T YA

Fig. 2. The unicyclic graphs Uy, ..., Ujg. The picture taken from [7]

have the next result.

o
A
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Theorem 3.4. Let G € U, \ {Ul,UQ,.. .,Ulg} and n > 13. Then Hl(Ul) < Hl(UQ) < Hl(U5) <
Hl(Ug) = Hl(U4) < HI(UG) < Hl(U7) = Hl(Us) = Hl(Ug) = HI(UIO) = Hl(UH) = Hl(Ulg) < Hl(G).

Proof: By an elementary computation, we have I1; (Uy) = 16(n —1)2, II; (Us) = 36(n —2)?, I1;(Us) =

64(n — 2)% = II1(Uy), H1(Us) = 64(n — 3)%, 11 (Us) = 81(n — 3)?, II1(U;) = 144(n — 3)? = II1(Ug) =

I, (Ug) = 114 (Uyg) = I3 (U1) = 1 (Uza), and Iy (Uy3) = 256(n—3)2 = 1 (U14) = U1 (Uys) = 1 (Use)-
So we only need to prove that if G € Uy, \ {U1,Us,...,Uss}, then II;(G) > II; (Ur2).
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It is easy to check that Uj is the unique unicyclic graph with A =n — 1, Us, Us, Uy are all unicyclic
graphs with A = n — 2, and Us, Us,...,Uss are all unicyclic graphs with A =n —3. If G € U, \
{U1,Us,...,Uis}, then A(G) < n — 4. Suppose that degree sequence of G is (a) = (d1,ds,...,dy).
Since G € U,, then G has only exactly one cycle. This implies that n —4 > dy > do > d3 > 2. Let
(b) = (n—4,5,2,1,...,1). Then (a) = (b). By Corollary 2.2 we can conclude that

I (G) > (n —4)% x 52 x 22 = 200(n — 4)? > 144(n — 3)? = I1; (U12).

This completes the proof.

Theorem 3.5. Let G € U, \ {U1,Us,...,Uig} and n > 22. Then y(Uy) > Ia(Us) > Iy(Us) =
o (Us) > a(Us) > Ma(Us) > Ila(Ur) = Ilp(Us) = IIp(Ug) = Ia(Urg) = Ia(Ur1) = Ia(Ur2) >
Iy (Uiz) = Ha(Ura) = a(Urs) = Ia(Uie) > a(G).

Proof: By an elementary computation, we have II3(U;) = 16(n — 1)"~ 1, TI(Us) = 108(n — 2)" 2,
2(Us) = 64(n — 2)"2 = My(Uy), Ma(Us) = 1024(n — 3)"73, Ty(Ug) = 729(n — 3)" 73, Ty (Uy) =
432(n — 3)"73 = Ty (Us) = lx(Ug) = My (Urg) = Ha(U1) = Mo (Ur2), and My(Up3) = 256(n — 3)"3 =
3 (Us) = Ha(Uys) = Ha(Use)-

Next we only need to show that if G € U, \ {U1,Us, ..., Uss}, then Ilo(G) > Ta(Uis).

It is easy to check that Uj is the unique unicyclic graph with A =n — 1, Us, Us, Uy are all unicyclic
graphs with A = n — 2, and Us,Us,...,Uss are all unicyclic graphs with A =n —3. If G € U, \
{U1,Us,...,Usg}, then A(G) < n — 4. Suppose that degree sequence of G is a = (dy,ds,...,d,).
Since G € U,, then G has only exactly one cycle. This implies that n —4 > dy > do > d3 > 2. Let
b=(n—4,52/1,...,1). Then a <b. By Corollary we can conclude that

y(G) < (n—4)"* x 5% x 22 = 12500(n — 4)"* < 256(n — 3)" 3 = 11, (Uss).

This completes the proof.

3.3. Bicyclic graphs. Let Bi, Bs, ..., Bi1 be the bicyclic graphs as shown in Fig. 3. Then we have

the next result.

Theorem 3.6. Let G € B, \ {B1,B2,...,Bs} and n > 12. Then II1(B1) < II;(Bs) < II;(B2) <
Hl(B4) =11 (B5) < I (G)
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Fig. 3. The bicyclic graphs Bj,..., By1.The picture taken from [7]

Proof: By an elementary computation, we have IIy(B;) = 144(n — 1)2, TI;(By) = 256(n — 1)2,
1 (Bs) = 256(n — 2)%, II1(By) = 324(n — 2)? = I1(Bs), I1(Bg) = 576(n — 2)? = I1(B;) =
I;(Bs) = H;(Bg) and II;(Bip) = 1024(n — 2)? = II3(B11). So we only need to prove that if
G € By \ {Bi,Bs, ..., B}, then I (G) > I11(Bs)

It is easy to check that Bi, B are all bicyclic graphs with A =n — 1, Bs,..., By; are all bicyclic
graphs with A =n —2. If G € B, \ {B1,Bs,...,B11}, then A(G) = n — 3. Suppose the degree
sequence of G is (a) = (dy,ds,ds,...,d,). Since G € B, then n —3 > d; > dy > d3 > dy > 2. Let
(b) =(n—3,5,2,2,1,...,1). Then (a) < (b). By Corollary 2.2] we can conclude that

I (G) > (n—3)% x 25 x 4 x 4 = 400(n — 3)? > 324(n — 1)? = I11(Bs).
This completes the proof.

Theorem 3.7. Let G € B, \ {B1,Bg,... ,Bll} and n > 21. Then HQ(Bl) > HQ(BQ) > HQ(Bg) >
HQ(B4) = HQ(BE,) > ]._.[2(_86) = ]._.[2(_87) = HQ(BB) = HQ(BQ) > HQ(Bl) = HQ(Bl) > HQ(G).

Proof: By an elementary computation, we have IIy(B1) = 432(n — 1)" L, TIy(Bs) = 256(n — 1)" 1,
[2(Bs) = 4096(n — 2)"~2, a(By) = 2916(n — 2)" 2 = l(Bs), Ia(Bg) = 1728(n —2)" "2 = 1y (B;) =
I2(Bs) = Il3(By) and Iy(B1g) = 1024(n — 2)"~2 = II5(Bj1). So we only need to prove that if
G € B, \ {B1,Bs, ..., Bi1}, then II,(G) > IIy(Bs)

It is easy to check that Bi, Bs are all bicyclic graphs with A =n — 1, Bs,..., B11 are all bicyclic
graphs with A =n —2. If G € B, \ {B1,Bs,...,B11}, then A(G) = n — 3. Suppose the degree
sequence of G is a = (dy,d2,ds,...,d,). Since G € By, then n —3 > dy > dy > d3 > dy > 2. Let
b=(n-3,52,2,1,...,1). Then a < (b). By Corollary we can conclude that

I (G) < (n —3)"3 x 5° x 22 x 22 = 50000(n — 3)" 3 < 1024(n — 2)" "2 = Iy (By1).
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This completes the proof.

Theorem 3.8. Let H be class of connected bicyclic graphs with (3,3,2,...,2) as theirs degree sequence.
If G € By, \ {H}, then for each H € H we have I (H) > II;1(G) and a(H) < II2(G).

Proof: The claim follows since the degree sequence (3,3,2,...,2) is minimal in the class of B,,.
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