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ABSTRACT. This paper investigates properties of the reduced zero-divisor graph of a poset. We show that
a vertex is an annihilator prime ideal if and only if it is adjacent to all other annihilator prime ideals and
there are always two annihilator prime ideals which are not adjacent to a non-annihilator prime ideal. We
also classify all posets whose reduced zero-divisor graph is planar or toroidal and the number of distinct

annihilator prime ideals is four or seven.

1. Introduction

Let @ be a non-empty subset of a poset P. If there exists y € Q) such that y < z for every z € Q,
then y is called the least element of (). The least element of P, if exists, is usually denoted by O.

Let P be a poset with least element 0. An element = € P is called a zero-divisor of P if there exists
y € P* := P\ {0} such that the set L(z,y) :={z € P |z <z and z < y} = {0}. We denote the set of
zero-divisors of P by Z(P) and write Z(P)* := Z(P) \ {0}. Given x € P, the annihilator of x in P is
defined to be the set ann(x) := {y € P | L(z,y) = {0}}. Given z,y € P, set x ~ y if ann(z)=ann(y).
Clearly, ~ is an equivalence relation in P. Let [z] denote the equivalence class of © € P. Observe
that [z] C Z(P)*, [y] = P\ Z(P) and [0] = {0} , for all x € Z(P)* and y € P\ Z(P). The reduced
zero-divisor graph of P denoted by I'gp(P) is the graph with all equivalence classes of the elements of
Z(P)* as vertex set and two vertices [z] and [y] are adjacent if and only if L(z,y) = {0}. This graph

has been studied extensively in [3].
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In this paper, we demonstrate how this graph helps in identifying annihilator prime ideals that satisfy
the ascending chain condition for its proper annihilator ideals. We also classify all posets with planar or

toroidal reduced zero-divisor graph and number of annihilator prime ideals is four or seven.

2. Prerequisites

In this section, we put together some well-known concepts, most of which can be found in [2, 4, 5, 6].

We begin by recalling some of the basic terminologies from the theory of graphs. Needless to mention
that all graphs considered here are simple graphs, that is, without loops or multiple edges. Let G be a
graph and z,y € V(G), the vertex set of G. Then, z and y are said to be adjacent if x # y and there is
an edge x —y between z and y. A walk between x and y is a sequence of adjacent vertices, often written
asxr—x1—To—---— Ty, —y. A walk between x and y is called path if the vertices in it are all distinct. If
in a path x —x1 —x9—---—x, —y, ¢ and y are adjacent in G, then the walk xt —x1 —29—--—x, —y—=
is called a cycle. The number of edges in a walk (counting repeats), path or a cycle, is called its length.
The distance between x and y, denoted by d(z,y), is the number of edges in a shortest path between z
and y. The length of the shortest cycle in a graph G is called girth of G and denoted by girth(G). The
largest distance among all distances between pairs of the vertices of a graph G is called the diameter
of G and is denoted by diam(G). A graph G is called connected if for any vertices x and y of G there
is a path between z and y. Otherwise, G is called disconnected. The neighborhood of a vertex x in a
graph G, denoted by nbd(x), is defined to be the set of all vertices adjacent to x while the degree of z
in G, denoted by deg(x), is defined to be the number of vertices adjacent to z. The minimum degree of
G will be denoted by §(G). If deg(z) = 1, then x is said to be an end vertex in G. A graph G is said
to be complete if there is an edge between every pair of distinct vertices in G. We denote the complete
graph with n vertices by K,,. Given a graph G, let U be a nonempty subset of V(G). Then the induced
subgraph of G on U is defined to be the graph G[U] in which the vertex set is U and the edge set consists
precisely of those edges in G whose endpoints lie in U.

A chord of a cycle in a graph is an edge of the graph which does not lie in the edge set of the cycle
but whose endpoints lie in the vertex set of the cycle. A chordless cycle of a graph is a cycle without any
chord. A cycle of a graph, embedded on a surface, is called contractible with respect to the embedding
if it can be contracted continuously on the surface to a point. A cycle of a toroidal graph is said to be
flat if it is contractible in every torus embedding of the graph. Given a cycle C of a graph G, we write
G — C to denote the graph obtained from G by deleting the vertices of C' and the edges of the graph
incident to the vertices of C.

The genus of a graph G, denoted by 7(G), is the smallest non-negative integer n such that the graph
can be embedded on the surface obtained by attaching n handles to a sphere. Graphs having genus zero

are called planar graphs, while those having genus one are called toroidal graphs.

Proposition 2.1. [9, Corollary 6-14] If G is a connected graph with p number of vertices and q number
of edges, p > 3, then, v(G) > & =5+ 1. Furthermore, equality holds if and only if a triangular embedding
can be found for G.
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Theorem 2.2. [9, Theorem 6-38] v(K,) = [%], n > 3.

A subdivision of an edge x — y in a graph is a path x — 21y — 9 — --- — x,, — y obtained by inserting
some new vertices x1,Ts, ..., T, into the edge x — y. A subdivision of a graph G is the result of some
subdivisions of the edges of G. Furthermore, every graph can be considered as a subdivision of itself.
A remarkably simple characterization of planar graphs was given by Kuratowski in 1930. Kuratowski’s
Theorem [2, Page 153] says that a graph is planar if and only if it contains no subdivision of K33 or Ks.

As a consequence of Kuratowski’s Theorem, one has the following result.

Theorem 2.3. [8, Theorem 2.1] If a cycle C' of a toroidal graph G is such that G — C' is nonplanar,
then C s flat in G. Further, if flat C is chordless and G — C' is connected, then C is a flat face in any
torus embedding of G.

Next we turn to partially ordered sets. A non-empty set is said to be a partially ordered set (in short,
a poset) if it is equipped with a partial order, that is, a reflexive, anti-symmetric and transitive binary
relation. It is customary to denote a partial order by ‘<’.

By an ideal of P we mean a non-empty subset I of P such that y € I whenever y < x for some x € I.
We say that the ideal I is proper if I # P. For x € P, ann(z) is an ideal of P. Note that z ¢ ann(x)
for all x € P*. A proper ideal p of P is called a prime ideal of P if for every x,y € P, L(z,y) C p
implies that either x € p or y € p. A prime ideal p of P is said to be an annihilator prime ideal if there
exists € P such that p = ann(x). Two annihilator prime ideals ann(z) and ann(y) are distinct if and
only if L(z,y) = {0} (see [7, Lemma 2.3]). We write Ann(P) to denote the set of all annihilator prime
ideals of P. There is a natural injective map from Ann(P) to the vertex set of I'p(P) given by p — [y]
where p = ann(y). As a result, we will slightly abuse terminology and refer to [y] as an annihilator prime
ideal. We denote the set of all annihilator prime ideals which are adjacent to a vertex [z] in I'g(P) by
anbd([z]) (the annihilator neighborhood of [z] in T'g(P)) and the set of all the vertices of I'p(P) which
are adjacent to m number of annihilator prime ideals by V.

Let P be a poset. We say that P is a poset with ACC for annihilators if the ascending chain condition
holds for its annihilator ideals, that is, if there is no infinite strictly ascending chain in the set A :=
{ann(z) | x € P>} under set inclusion. Equivalently, P is a poset with ACC for annihilators if and only
if every non-empty subset of 21 has a maximal element. Thus, if P is a poset with ACC for annihilators,
then 20 has a maximal element and every element of %[ is contained in a maximal element of 2. We
denote the set of all maximal elements of 2 by Max ().

Throughout the paper by a poset P we mean a non-trivial poset with least element 0, Z(P)* # () and
with ACC for annihilators.

3. properties of the reduced zero-divisor graph

In this section, we study some properties of the reduced graph of the zero-divisor graph of a poset.

We begin with the following lemma.
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Lemma 3.1. Let P be a poset. If z,y € P with x <y, then for every z € P, we have L(z,z) C L(y, z)

and so ann(y) C ann(x).
Proof. This is straightforward (see also [1, Lemma 3.2, part (d)]). O

Theorem 3.2. Let P be a poset with |Ann(P)| = n, where n € N. Let [p],[q] € V(Tg(P)). Then the
following assertions hold:

(1) [p] € Va—1, if and only if ann(p) € Ann(P).

(2) [p] € Vi,1 <i<n—2if and only if ann(p) is not an annihilator prime ideal.

(3) |anbd([p]) N anbd([g])] < m — 4 and |anbd([p]) U anbd([¢])| = n if and only if [p| and [q] are

adjacent and both ann(p) and ann(q) are not annihilator prime ideals.

Proof. Let Ann(P) = {[v1], [va], ..., [vn]}-

(a) Suppose ann(p) € Ann(P). Then by [3, Proposition 11, part(a)], we have, [p] € V,,_1. Conversely,
suppose [p] € V,,—1. Suppose [p] is not an annihilator prime ideal. Without any lost of generality, we can
assume that anbd([p]) = {[v1], [va],...,[vn-1]}. Now, L(p,v,) # {0}, implies that there exists y € P*
such that y < p and y < v,,. Therefore, ann(p) C ann(y) and ann(v,) C ann(y). By [3, Proposition 9],
we have ann(v,) € Max(2) and so ann(y) = ann(v,). Thus, since [p] is not an annihilator prime ideal,
we have ann(p) C ann(v,). This further implies that there exists z € P*, such that z € ann(v,), but
z ¢ ann(p). Hence, L(z,p) # {0} and therefore there exists w € P>, such that w < p and w < z. Thus,
v, € ann(z) C ann(w) and v; € ann(p) C ann(w), for all i € {1,2,...,n — 1}. Now, by [3, Proposition
9], we have, ann(w) C ann(v;), for some j. Since, v; is an element of ann(w) for every i € {1,2,...,n},
we have, L(vj,v;) = {0} and thus v; = 0, which is a contradiction to the fact that v; € Z(P)*.

(b) Follows from part (a), [3, Proposition 12] and [3, Proposition 11, part(c)].

(¢) Suppose |anbd([p]) N anbd([¢])| < n — 4 and |anbd([p]) U anbd([g])| = n. By part (a), we have
both [p] and [¢] are not annihilator prime ideals. Suppose [p] and [g] are not adjacent. Then, there exists
z € P* such that z < p and z < g. Thus, ann(p) C ann(z), ann(q) C ann(z) and z € Z(P)*. Hence,
[z] € V. Which is a contradiction to part (a) and part (b).

Conversely, suppose [p] and [¢] are adjacent and ann(p), ann(g) are not annihilator prime ideals.
Suppose [p] is not adjacent to [v;]. Let w € L(p,v;) and w # 0. Then w < p and w < v;. Thus
ann(p) C ann(w) and ann(v;) C ann(w). Now, by [3, Proposition 9], we have ann(w) = ann(v;) and so
q € ann(p) C ann(v;). Therefore p or ¢ € ann(v;) for all i € {1,2,...,n}. Thus Janbd([p]) Uanbd([¢])| =
n. Now, by part (b) we have, [p],[¢] € Vi,1 < i < n — 2, that is |anbd([p])], |anbd([g])] < n — 2.
Since, n = |anbd([p]) U anbd([q])| = |anbd([p])| + |anbd([¢])| — |anbd([p]) N anbd([¢])|, implies that
lanbd([p]) Nanbd([g])] < n — 4. O

As an immediate consequence we have the following result.

Corollary 3.3. Let P be a poset with |Ann(P)| = n, where n € N. Let [p],[q] € V(I'g(P)). Then the

following assertions hold:

(1) If anbd([p]) = anbd([g]), then [p] = [q].

http://dx.doi.org/10.22108/toc.2018.55164.1417


http://dx.doi.org/10.22108/toc.2018.55164.1417

Trans. Comb. 7 no. 2 (2018) 47-54 D. Nongsiang and P. K. Saikia 51

(2) |anbd([p])| =1 if and only if [p] is an end vertes.
(3) If |anbd([p])| = 2, then deg([p]) = 2 or 3.

Proof. 1If [p] is an annihilator prime ideal, then [g] is also an annihilator prime ideal. Since any two
annihilator prime ideals are adjacent, we have [p] = [¢]. If [p] is not an annihilator prime ideal, then [q]
is also not an annihilator prime ideal. Then, by Theorem 3.2, part (c), any vertices which is adjacent to
[p] is also adjacent to [g] and vice versa. Hence using [3, Proposition 4], the assertion (a) follows.

Part (b) and (c) follow from Theorem 3.2. O

Proposition 3.4. Let P be a poset with |Ann(P)| < oo and Ann(P) C V(I'g(P)). Then, for any
[x] € Ann(P), we have deg([z]) > §(Tg(P)).

Proof. Suppose to the contrary that deg([z]) = 6(I'g(P)), for some [z] € Ann(P). Suppose there exists
[v] € V(I'g(P)) \ Ann(P), such that [z] and [v] are not adjacent. Let V' be the set of all vertices which
are adjacent to [v] and are not annihilator prime ideal. By Theorem 3.2, we have |anbd([z])| =n — 1
and |anbd([v])] < n — 2. Now, for any [z] € V, by Theorem 3.2, we have |anbd([v]) U anbd([z])] = n
and thus it follows that L(z,z) = {0}. Therefore deg([z]) > n — 1 + |V] and deg([v]) < n — 2+ |V]|,
which is a contradiction. Thus, we can assume that L(v,z) = {0} for any [v] € V(I'g(P)) \ Ann(P).
Let m = |V(I'g(P)) \ Ann(P)|. Then deg([z]) = n — 1 + m and deg([v]) < n — 2 + m, which is again a

contradiction. This completes the proof. O

We denote the induced subgraph of I' g (P) by the set V;,_a by I'g(P)[Vy,—2], where n = |Ann(P)|. From
now onwards, in this paper, if [Ann(P)| = n, then we denote the elements of Ann(P) by vy, va, ..., vy.
In view of Corollary 3.3, we denote a vertex, which is not an annihilator prime ideal, not an end vertex

and adjacent to annihilator prime ideal v;,, viy, ..., Vi, BY Vii o, im-

Lemma 3.5. Suppose x,y € V,,_2, x is not adjacent to v;, and v, and y is not adjacent to vi, and v;,.

Then x and y are adjacent if and only if i1,i9 & {i3,i4}.
Proof. Follows directly from Theorem 3.2. O

Proposition 3.6. Let P be a poset with ACC for annihilators and |Ann(P)| = n.
Then girth(I'g(P)[Va—2]) € {3,4,5,6,00}.

Proof. Suppose girth(I'g(P)[V,,—2]) & {3,4,5,00}. Let 1 —x9 — -+ — xy, — 21 be a cycle in I'g(P)[V,,—2]
of length greater than or equal to 6. Since x; is adjacent to x2 and z,,, and also x2 and z,, are not
adjacent, we can assume that x; is not adjacent to v; and va, x2 is not adjacent to v,—1 and v, and thus
T, is not adjacent to v, and vj, where j & {1,2,n — 1}. Suppose x3 is not adjacent to v, and vs. Now,
x3 is adjacent to x9 and not adjacent to 1 and z,, and so r,s € {n —1,n}, r € {1,2} and s € {n,j}. It
follows that » = 1 and s = j. Using a similar argument, we can show that z4 is not adjacent to vy and
v,. Now, using the fact that x5 is adjacent to x4 and not adjacent to x1, o and x3, we see that x5 is
not adjacent to v1 and v,_1. It follows that any annihilator prime ideal is adjacent to at least one of x5

or Tp,. Thus, by Theorem 3.2, we have x5 and x,, are adjacent. This completes the proof. O
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Proposition 3.7. Let P be a poset with ACC for annihilators and |Ann(P)| = n. If Tg(P)[Va—2] is
connected, then diam(I'g(P)[V,,—2]) < 4.

Proof. Let x,y € Vy,_2. Suppose & = x1 — 3 — -+ — Ty, = y Is a shortest path in I'g(P)[V;,—2] of length
greater than or equal to 5. Then, we can assume that x; is not adjacent to v; and vy, 2 is not adjacent
to vp—1 and vy,. Then z3 is not adjacent to vy and vj, where j ¢ {1,2,n —1,n}, x4 is not adjacent to vy
and v, and x5 is not adjacent to v1 and v,—1. Now, x¢ is adjacent to x;, where i € {1,2,3,4}, which is
a contradiction. Thus d(z,y) < 4 and hence diam(I'g(P)[V,—2]) < 4. O

Proposition 3.8. Let P be a poset with ACC for annihilators and |Ann(P)| = n. IfTg(P)[V,—2] has a 3
or 5-cycle, then T g(P)[Vy—2] is connected. Moreover, if girth(I' g(P)[V,—2]) = 3, then diam(I'g(P)[Vy—2])
3.

Proof. Let x1 —x9 —x3 —x1 be a 3-cycle. Then, by a similar argument as in the proof of Proposition 3.6,
we can show that, if 1 is not adjacent to v; and vg, x2 is not adjacent to v,_1 and v,, then x3 is not
adjacent to v; and vj, where 4,5 & {1,2,n — 1,n}. Then any vertex y € V(I'g(P)[Vh—2]) \ {z1, 22, z3}
will be adjacent to one of the x;. It follows that I'p(P)[V,,—2] is connected and diam(I'g(P)[V,—2]) < 3.
In a similar way we can show that if I'p(P)[V,,—2] has a 5-cycle, then any vertex which is not in the given

cycle is adjacent to one of the vertex in the cycle. Thus it follows that I'g(P)[V;,—2] is connected. [

4. Genus of the reduced zero-divisor graphs

Consider a poset P with |[Ann(P)| > 4 and an embedding of the graph G induced by the set V/(I'g(P))\
V, where V = {[z] | deg([z]) < 2}. It is obvious that any end vertex can be put on the surface without
disturbing the genus of G. Also if deg([v]) = 2, then by Corollary 3.3, we have [v] € V5 and thus can
be put on the surface along the edge form by the two annihilator prime ideals, in which [v] is adjacent.
Thus any vertex [v] with deg([v]) = 2 can be put on the surface without disturbing the genus of G.
Thus the genera of G and I'g(P) are same. Therefore, from now onward, all poset with |[Ann(P)| > 4,

consider in this section are without vertex of degree less than or equal to 2.

Theorem 4.1. Let P be a poset. Then U'g(P) is planar if and only if one of the following conditions
holds:

(1) |Ann(P)| =2 or 3.

(2) |Ann(P)| =4 and V(I'g(P)) = Ann(P).

Proof. Suppose |Ann(P)| = 2. Then by [3, Proposition 18], we have |V (I'g(P))| = 2 and hence I'g(P)
is planar.

Suppose |Ann(P)| = 3. Then by [3, Proposition 18], we have |V (I'g(P))| < 2/Am(P)l — 2 — ¢,
Therefore, in view of Theorem 3.2 and Corollary 3.3, three vertices are annihilator prime ideals and are
adjacent to each other and the rest are end vertices. Thus I'g(P) is planar.

Suppose |Ann(P)| =4 and V(I'g(P) = Ann(P). Thus |V(I'g(P))| = 4 and I'g(P) is planar.

Conversely, Suppose |Ann(P)| > 5, then by Theorem 3.2, K3 is a subgraph of I'p(P) and hence I'g(P)

is not planar.
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Suppose |[Ann(P)| = 4 and there exists [v] € Va with deg([v]) = 3. Then, there exists a vertex [w]
which is not an annihilator prime ideal and adjacent to [v]. By Theorem 3.2, [w] € V5 and the induced
subgraph of I'g(P) by the set Ann(P)U {[v], [w]} is a subdivision of K5. Thus by Kuratowski’s theorem,
I'g(P) is not planar. O

Proposition 4.2. Let P be a poset with |Ann(P)| = 4. If Ann(P) C V(I'g(P)), then I'g(P) is toroidal.

Proof. In view of Theorem 3.2, without any lost of generality, we can assume that

V(I'g(P)) = Ann(P) U {v1,2,v34, 1,3, V2.4, V1,4,V2,3 }.

FIGURE 1. Embedding of the reduced zero-divisor graph I'g(P) on a torus.

By Theorem 4.1, I'g(P) is not planar. Now the graph can be embed on a torus as shown in figure 1.
Therefore I'g(P) is toroidal. O

Proposition 4.3. Let P be a poset, |Ann(P)| =7 and there exists [v] € I'g(P) such that |anbd(v)| = 4
or 5. Then T'g(P) is not toroidal.

Proof. Let G be the induced subgraph of I'g(P) by the set Ann(P) U {[v]}. For the graph G, m > 25
and n = 8, where m and n denote the number of edges and vertices, respectively. Therefore, v(G) >

% — 5 +1>1. Hence I'g(P) is not toroidal. O

Proposition 4.4. Let P be a poset, |[Ann(P)| = 7. If |V3| > 14, then T'g(P) is not toroidal.

Proof. Suppose I'g(P) is toroidal. Let v; j, € V3. Then by Theorem 2.3, each of the cycle (v, v; jx, Vi),
(vi, vij.k> ;) and (vj,v; 4k, v) are flat faces in any torus embedding of I'g(P). Hence the number of faces
is greater than or equal to 3k, where k = |V3|. Now, by Euler’s formula, we have, 7+k —21 -3k +7r =0,
which implies r = 14 + 2k < 3k, a contradiction. Hence I'g(P) is not toroidal. O

Theorem 4.5. Let P be a poset with |[Ann(P)| = 7. Suppose V4 = V5 = 0 and |V3| < 14. Then,
Lg(P) is toroidal if and only if distinct vertices of V3 get attached to distinct faces of an embedding of

K7 forming triplets of vertices.
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Proof. Suppose I'g(P) is toroidal. Observe that the induced subgraph of I'g(P) by the set Ann(P)
is isomorphic to K7. Let [v] € V3. Let H be the induced graph on {v} U Ann(P). Then H is
toroidal and has 8 vertices and 24 edges. Now, by Euler’s formula, H has 24 — 8 = 16 faces. With-
out any lost of generality, we can assume that [v] = vj23. By Theorem 2.3, each of the three cycles
([v],v1,v2), ([v], v2,v3), ([v], v1,v3) are flat faces in any torus embedding of H. Now, K7 has 14 faces and
if (v1,v2,v3) is not a face in the embedding of K7, then the number of faces in H becomes 14 + 3 = 17,
a contradiction. Hence (v1, v2,v3) is a face. Hence all the vertices of V3 get attached to distinct faces of

an embedding of K7 forming triplets of vertices. The converse is trivial. O
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