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Abstract. The degree resistance distance of a graphG is defined asDR(G) =
∑

i<j(d(vi)+d(vj))R(vi, vj),

where d(vi) is the degree of the vertex vi, and R(vi, vj) is the resistance distance between the vertices

vi and vj . Here we characterize the extremal graphs with respect to degree resistance distance among

trees with given diameter, number of pendent vertices, independence number, covering number, and

maximum degree, respectively.

1. Introduction

The graphs considered in this paper are simple and undirected. Let G = (V (G), E(G)) be a graph

with vertex set V (G) = {v1, v2, . . . , vn} and edge set E(G) = {e1, e2, . . . , em}. The distance d(vi, vj)

between the vertices vi and vj of the graph G is the length of the shortest path between vi and vj .

If S ⊆ V (G), let G − S be the subgraph of G obtained by deleting the vertices of S and the edges

incident with them. Similarly, for E ⊆ E(G), we denote by G − E the subgraph of G obtained by

deleting the edges of E. Let Pk = v1v2 · · · vk(k ≥ 2) be a path of G with distinct vertices v1, v2, . . . , vk

and assume that dG(v1) ≥ 3, dG(v2) = · · · = dG(vk−1) = 2, then Pk is called a pendent path of G

if dG(vk) = 1, and Pk is called a internal path of G if dG(vk) ≥ 3. Other undefined notations and

terminology from graph theory can be found in [3].
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The sum of the distances between all pairs of vertices in a graph G is the Wiener index, namely,

W (G) =
∑

i<j d(vi, vj). It is introduced in 1947 [29] and is one of the most thoroughly studied distance

based graph invariants [6, 7, 13, 20, 24]. A modified version of the Wiener index is the degree distance

defined as

D(G) =
∑
i<j

(d(vi) + d(vj))d(vi, vj)

where d(vi) = dG(vi) is the degree of the vertex vi of the graph G, For more information on degree

distances of graphs, see [1, 26, 27, 9, 18, 22].

In 1993, Klein and Randić [21] introduced a distance function named resistance distance on a

graph. They viewed a graph G as an electrical network such that each edge of G is assumed to

be a unit resistor, then take the resistance distance between vertices vi and vj to be the effective

resistance between them, denoted by R(vi, vj). The Kirchhoff indexKf(G) of G is defined asKf(G) =∑
i<j R(vi, vj). The index has been extensively studied in mathematical, physical and chemical aspects

(see [2, 15, 31, 12, 33, 34]).

In analogy with the degree distance of a graph, the degree resistance distance (DR-index) of a graph

G was first proposed by Gutman, Feng and Yu [14] as

DR(G) =
∑
i<j

(d(vi) + d(vj))R(vi, vj)

Palacios [25] called this graph invariant as the additive degree-Kirchhoff index. It was systematically

studied in [19, 10]. Tu and Su [28] characterized the unicyclic graphs with maximum degree resistance

distance, Chen et al.[5] characterized n-vertex unicyclic graphs with given girth having maximum and

second maximum DR-index, Yang and Klein gave the formula for the degree resistance distances of

the subdivisions and triangulations of graphs [32], In [14] some properties of DR-index were presented

and the unicyclic graphs with the minimum and the second minimum DR-index were also completely

characterized. The extremal graphs on degree resistance distance of cacti are determined by Liu and

Du et al. [23, 10].

If G is a tree, then R(u, v) = d(u, v) for any two vertices u and v [21]. Consequently, the degree

distances and degree resistance distances are equal as well [8], i,e.

DR(G) = D(G) = 4W (G)− n(n− 1) = 4Kf(G)− n(n− 1).(1.1)

According to (1.1), if a result holds for DR-index of trees, then it is true for degree distance of trees.

Further, the extremal graphs corresponding to the indices DR(G), D(G),W (G) and Kf(G) of a tree

G are the same.

Motivated from [16, 30, 11, 17], we study some mathematical properties of DR(G) for a graph G.

In this paper, we characterize the extremal graphs with respect to degree resistance distance among

trees with given diameter, number of pendent vertices, independence number, covering number, and

maximum degree, respectively.
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2. Preliminaries and some lemmas

Let RG(u, v) denote the resistance distance between u and v in a graph G. It is known that

RG(u, v) = RG(v, u) and RG(u, v) ≥ 0 with equality if and only if u = v.

For a vertex v in G, we define the following two functions

Kfv(G) =
∑
u∈G

RG(u, v), Dv(G) =
∑
u∈G

dG(u)RG(u, v).

For the sake of conciseness, we write u ∈ G instead of u ∈ V (G). By the definition of DR(G), we also

have

DR(G) =
∑
v∈G

(dG(v)
∑
u∈G

RG(u, v)).

Lemma 2.1. [21] Let G be a graph, x be a cut vertex of G and let u, v be vertices belonging to different

components which arise upon deletion of x. ThenRG(u, v) = RG(u, x) +RG(x, v).

Lemma 2.2. [14] Let G be a connected graph with a cut-vertex v such that G1 and G2 are two

connected subgraphs of G having v as the only common vertex and V (G1) ∪ V (G2) = V (G). Let

n1 = |V (G1)|, n2 = |V (G2)|, m1 = |E(G1)|,m2 = |E(G2)|. Then

DR(G) = DR(G1) +DR(G2) + 2m2Kfv(G1) + 2m1Kfv(G2) + (n1 − 1)Dv(G2) + (n2 − 1)Dv(G1).

Let v be a vertex of degree p+1 in a graph G, such that vv1, vv2, . . . , vvp are pendent edges incident

with v, and u is the neighbor of v distinct from v1, v2, . . . , vp. We form a graph G′ = σ(G, v) by deleting

the edges vv1, vv2, · · · , vvp and adding new edges uv1, uv2, . . . , uvp. We say that G′ is a σ-transform

of the graph G (see Figure 1).

Figure 1. The graphs G and G′

Lemma 2.3. [14] Let G′ = σ(G, v) be a σ-transform of the graph G, dG(u) ≥ 1. Then DR(G) ≥
DR(G

′). Equality holds if and only if G is a star with v as its center.

Lemma 2.4. Suppose that G is a connected graph with a cut vertex u and dG(u) ≥ 3. Let the

paths P = u1u2 · · ·uk and Q = v1v2 · · · vt (k ≥ t) be the connected components of G − u, and let

G′ = G− vt−1vt + ukvt (as shown in Fig.2). Then DR(G) < DR(G
′).
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Figure 2. The graphs G and G′

Proof. For the sake of brevity, for any two vertices u, v of G (or G′), we let d(v) = dG(v) (or

d′(v) = dG′(v)) and R(u, v) = RG(u, v) (or R′(u, v) = RG′(u, v)). Let A = {vt, vt−1, uk}, B =

{vt−1, . . . v1, u, u1, . . . uk−1}, H = V (G) \ (A ∪ B). In the transformation from G to G′, for any pair

of vertices x, y satisfying x, y ∈ B ∪ H, the term
∑

x,y(d(x) + d(y))R(x, y) does not change, and

V (G) = V (G′). Then

D1 =
∑

x,y∈B∪H
[(d′(x) + d′(y))R′(x, y)− (d(x) + d(y))R(x, y)] = 0

D2 =
∑
x,y∈A

[(d′(x) + d′(y))R′(x, y)− (d(x) + d(y))R(x, y)]

= [2(k + t) + 3 + 3(t− 1 + k)]− [3 + 2(t+ k) + 3(k + t− 1)] = 0

Note that R′(uk, y) = R(uk, y), R
′(vt−1, y) = R(vt−1, y) and R′(vt, y) = t+ k+ 1−R(vt, y) for y ∈ B,

let dG(u) = d, then

D3 =
∑

x∈A,y∈B
[(d′(x) + d′(y))R′(x, y)− (d(x) + d(y))R(x, y)]

= (
∑

x∈A,y∈B−u

+
∑

x∈A,y=u

)[(d′(x) + d′(y))R′(x, y)− (d(x) + d(y))R(x, y)]

=
∑

y∈B−u

[4R(uk, y) + 3R(vt−1, y) + 3(t+ k + 1−R(vt, y))

−(3R(uk, y) + 4R(vt−1, y) + 3R(vt, y))] + (2 + d)(k − t+ 1)

=
∑

y∈B−u

(R(uk, y)−R(vt−1, y)− 6R(vt, y)) + 3(t+ k + 1)(t+ k − 3) + (2 + d)(k − t+ 1)

= 4(t− k − 1) + (2 + d)(k − t+ 1) > 0.

Since d′(y) = d(y) for y ∈ H, by lemma 2.1, we have

D4 =
∑

x∈A,y∈H
[(d′(x) + d′(y))R′(x, y)− (d(x) + d(y))R(x, y)]

=
∑
y∈H

[(1 + d(y))(k + 1 +R(u, y)) + (1 + d(y))(t− 1 +R(u, y)) + (2 + d(y))(k +R(u, y))

−(1 + d(y))(t+R(u, y))− (2 + d(y))(t− 1 +R(u, y))− (1 + d(y))(k +R(u, y))]

=
∑
y∈H

(k − t+ 1)(2 + d(y)) > 0.

http://dx.doi.org/10.22108/toc.2018.108656.1538

http://dx.doi.org/10.22108/toc.2018.108656.1538


Trans. Comb. 7 no. 4 (2018) 11-24 F. He and X. Jiang 15

Therefor, by the definition of DR(G), we get

DR(G
′)−DR(G) = D1 +D2 +D3 +D4 > 0.

This completes the proof. □

Let G be a tree, and v be a vertex of G such that NG(v) = {v1, v2, . . . vs−1, u1}. It is obvious that

G − v has s (s ≥ 3) connected components, denoted by T1, T2, . . . Ts. Let there exists a connected

component Ti(i = 1, . . . s) such that Ti is a path, without loss of generality, say Ts = Pk. Now

we construct a new graph G′ obtained from G by removing the edges vv2, vv3, . . . vvs−1 and adding

new edges v1v2, v1v3, . . . v1vs−1, as shown in Figure 3. We call the process from G to G′ a graph

transformation.

Figure 3. The graphs G and G′

Lemma 2.5. Let G and G′ be the trees depicted in figure 3. If dG(v, uk) < max{dG(v1, x) : x ∈ V (T1)}
or |V (T1)| > k + 1, then DR(G

′) < DR(G).

Proof. Let G1 = G − T1 − Ts, G2 = G − T2 − · · · − Tk−1. It is easy to see that that G1 and G2 are

two connected subgraphs of G and G′ having v and v1 as the only common vertex, respectively. Let

n1 = |V (G1)|, n2 = |V (G2)|, m1 = |E(G1)|, m2 = |E(G2)|. Using Lemma 2.2, we have

DR(G) = DR(G1) +DR(G2) + 2m2Kfv(G1) + 2m1Kfv(G2) + (n2 − 1)Dv(G1) + (n1 − 1)Dv(G2)

DR(G
′) = DR(G1) +DR(G2) + 2m2Kfv1(G1) + 2m1Kfv1(G2) + (n2 − 1)Dv1(G1) + (n1 − 1)Dv1(G2)

By the definition of Kfv(G) and Dv(G), we know that Kfv(G2) = Kfv1(G2), Dv(G2) = Dv1(G2). Let

H = V (T1) \ {v1}, |H| = h, therefore

DR(G)−DR(G
′) = 2m2(Kfv(G1)−Kfv1(G1)) + (n2 − 1)(Dv(G1)−Dv1(G1))

= 2m2[(
∑
x∈H

(R(x, v1) + 1) + 1 +
k(k + 1)

2
)− (

∑
x∈H

R(x, v1) +
(k + 2)(k + 1)

2
)]

+(n2 − 1)[(
∑
x∈H

d(x)(R(x, v1) + 1) + d(v1) + k2)− (
∑
x∈H

d(x)R(x, v1) + (k + 1)2)]

= 2m2(h− k) + (n2 − 1)(
∑
x∈H

d(x) + d(v1)− 2k − 1)

Note that
∑

x∈H d(x) = 2(h− 1), m2 = n2 − 1, thus

DR(G)−DR(G
′) = m2(4h− 4k + d(v1)− 3)
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Since dG(v, uk) < max{dG(v1, x) : x ∈ V (T1)}, there exists a vertex z ∈ V (T1) such that dG(v, uk) <

dG(v1, z). Thus h ≥ k + 1. Similarly, if |V (T1)| > k + 1, then h ≥ k + 1. It follows that

DR(G)−DR(G
′) ≥ m2(d(v1) + 1) > 0.

This completes the proof. □

Let G be a connected graph and P = u0u1 · · ·uk−1uk be an internal path of G. Suppose that

G− {u1, u2, . . . uk−1} = G1 ∪G2 with u0 ∈ G1 and uk ∈ G2 . We construct a new graph G′ obtained

from G by contracting the path P and attaching the path P to the common vertex u0 of G1 and G2,

as shown in Fig.4. We call the procedure of constructing G′ from G the A-transformation of G.

Figure 4. The graphs G and G′

Lemma 2.6. Assume that G and G′ be two connected graphs, and G is an A-transformation of G.

Then DR(G) > DR(G
′) (see Fig.4).

Proof. Let A = {u0, u1, . . . uk−1, uk}, B = V (G1)\u0 and C = V (G2)\uk. In the transformation from

G to G′, the term
∑

i,j(dG(i)+dG(j))RG(i, j) does not change for any i, j ∈ A, or i, j ∈ B, or i, j ∈ C.

Since R(i, j) > R′(i, j), d(i) = d′(i), d(j) = d′(j) for i ∈ B, j ∈ C, and R(i, j) = R′(i, j), d(i) =

d′(i), d(j) = d′(j) for i ∈ A \ {u0, uk}, j ∈ B, then

D1 =
∑

i∈B,j∈C
[(d(i) + d(j))R(i, j)− (d′(i) + d′(j))R′(i, j)] > 0

D2 = (
∑

i∈A,j∈B
+

∑
i∈A,j∈C

)[(d(i) + d(j))R(i, j)− (d′(i) + d′(j))R′(i, j)]

=
∑
j∈B

k(d(uk)− 1) +
∑

i∈A\{u0,uk},j∈C

(2 + d(j))(k − 2i) +
∑
j∈C

[k(d(u0) + d(j))− (d(uk)− 1)R(uk, j)]

+
∑
j∈C

[(d(uk) + d(j))R(uk, j)− (1 + d(j))(k +R(uk, j))]

= |B|k(d(uk)− 1) + (
∑

i∈A\{u0,uk}

(k − 2i))(
∑
j∈C

(2 + d(j))) +
∑
j∈C

k(d(u0)− 1)

= |B|k(d(uk)− 1) + |C|k(d(u0)− 1) > 0.

Therefore, DR(G)−DR(G
′) = D1 +D2 > 0, the result follows. □

Lemma 2.7. [10] Let u be a vertex of G such that there are p pendent vertices u1, u2, . . . , up at-

tached to u. Let v be another vertex of G such that there are q pendent vertices v1, v2, . . . , v attached
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to v. Let G1 = G − {vv1, vv2, . . . , vvq} + {uv1, uv2, . . . , uvq} and G2 = G − {uu1, uu2, . . . , uup} +

{vu1, vu2, . . . , vup}. Then either DR(G) > DR(G1) or DR(G) > DR(G2).

As usual, let Pn and Sn denote the path and star on n vertices. By direct calculation:

DR(Sn) = (n− 1)(3n− 4), DR(Pn) =
1

3
n(n− 1)(2n− 1).

Let Tn be a tree of order n. In view of Lemma 2.3, Lemma 2.4 and Lemma 2.6, the following corollary

immediately implies.

Corollary 2.8. Among trees of order n, the path Pn has greatest and the star Sn has smallest degree

resistance distance. i.e. 3n2 − 7n+ 4 ≤ DR(Tn) ≤ 1
3n(n− 1)(2n+ 1).

A spider is a tree with at most one vertex of degree more than 2, and this vertex is called the hub

of the spider (if no vertex of degree more than two, then any vertex can be the hub). A leg of a spider

is a path from the hub to a leaf.

Lemma 2.9. Let TPn,k be a spider with k legs, and each leg is isomorphic to Pn, then

DR(TPn,k) =
1

3
k(n− 1)(2n− 1)[3(n− 1)(k − 1) + n].

Proof. First of all, it is claimed that DR(TPn,k) = kDR(Pn) + 2mk(k1)Kfv(Pn) + k(k − 1)(n −
1)Dv(Pn), where m = n− 1 is the number of edges in Pn .

By induction on k. If k = 2, by Lemma 2.2, calculation shows that DR(TPn,2) = 2DR(Pn) +

4mKfv(Pn) + 2(n− 1)Dv(Pn), the result holds.

We assume that the equality holds for k − 1. By Lemma 2.2 and the induction hypothesis, we get

DR(TPn,k) = DR(TPn,k−1) +DR(Pn) + 2m(k − 1)Kfv(Pn) + 2mKfv(TPn,k−1)

+(k − 1)(n− 1)Dv(Pn) + (n− 1)Dv(TPn,k−1)

= (k − 1)DR(Pn) + 2m(k − 1)(k − 2)Kfv(Pn) + (k − 1)(k − 2)(n− 1)Dv(Pn) +DR(Pn)

+4m(k − 1)Kfv(Pn) + 2(n− 1)(k − 1)Dv(Pn)

= kDR(Pn) + 2mk(k − 1)Kfv(Pn) + k(k − 1)(n− 1)Dv(Pn)

Since Kfv(Pn) =
n(n−1)

2 and Dv(Pn) = (n− 1)2, applying Corollary 2.8, we have

DR(TPn,k) =
1

3
k(n− 1)(2n− 1)[3(n− 1)(k − 1) + n].

□

3. Degree resistance distance of trees with given parameters

Let Tn,d denote the set of all n-vertex trees of diameter d, and Dn,d be the n-vertex tree obtained

by attaching the center of the star Sn−d to the vertex vl (l = ⌊d2⌋ + 1 or ⌈d2⌉ + 1) of a path on d + 1

vertices, as shown in Fig. 5.
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Theorem 3.1. Among the graphs in Tn,d, the tree Dn,d is the unique graph with the minimum degree

resistance distance.

Figure 5. The graphs Dn,d and An,m

Proof. Let T be a tree in Tn,d with minimum degree resistance distance. Choose a longest path P

in T , say P = v1v2 · · · vdvd+1. It can be confirmed that T is formed by attaching n − d − 1 pendant

edges to the vertices v2, v3, . . . vd. If not so, there exists at least one pendant edge uw such that the

vertices u,w are distinguished from v2, v3, . . . vd. let v be the neighbor of u different from w in T ,

T ′ = T − uw + vw. Note that T ′ ∈ Tn,d, applying Lemma 2.3, we can get DR(T
′) < DR(T ). It is a

contradiction.

Furthermore, we can verify that the n − d − 1 pendant edges are all attached to the vertex vl,

that is, the tree T is Dn,d, where l = ⌊d2⌋ + 1 or l = ⌈d2⌉ + 1. If not so, we can choose a vertex

vj(j ̸= ⌊d2⌋ + 1, ⌈d2⌉ + 1) in V (P ) such that d(vj) ≥ 3 and the path connecting vj and v1 or vd+1 is

a pendant path. Without loss of generality, let the path between vj and v1 be a pendant path and

d(vj , v1) < d(vj+1, vd+1). We construct a tree T ′′ by deleting the pendant edges of vj (except vjv1 if

j = 2) and adding those edges to the vertex vj+1, obviously, T
′′ ∈ Tn,d. By lemma 2.5, it implies that

DR(T
′′) < DR(T ). This is a contradiction. □

Applying Lemma 2.2 and Corollary 2.8, by calculation we obtain DR(Dn,d) as follows:

(a) DR(Dn,d) =
1
3 [9n

2 + (3d2 − 6d− 21)n− (d3 + 3d2 − 10d) + 12], if d is even

(b) DR(Dn,d) =
1
3 [9n

2 + (3d2 − 6d− 18)n− (d3 + 3d2 − 7d) + 9], if d is odd.

Furthermore, according to Lemma 2.4 and Theorem 3.1, we have the following orders:

DR(Sn) = DR(Dn,2) < DR(Dn,3) < · · · < DR(Dn,n−1) = DR(Pn).(3.1)

Assume that P(n, k) is the set of all n-vertex trees with k (2 ≤ k ≤ n − 1) leaves. Let Hn,k be a

spider with n vertices and k legs, and the lengths of n− 1− kr legs among them are r+ 1, the others

are r, where r = ⌊n−1
k ⌋. It is clear that Hn,k ∈ P(n, k), we get the following result.

Theorem 3.2. Among the graphs in P(n, k), the tree Hn,k has smallest degree resistance distance.

Proof. Let T be a tree in P(n, k) with minimum degree resistance distance. If k = 2 or n − 1, the

result follows immediately. Therefore, we suppose that 3 ≤ k ≤ n− 2.

http://dx.doi.org/10.22108/toc.2018.108656.1538
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First of all, we can confirm that T is a spider, that is, T is a tree with at most one vertex of

degree more than 2. Otherwise, suppose that there exists two vertices u, v in T such that d(u) ≥ 3

and d(v) ≥ 3. Choose a vertex from u, v such that the length of one of its pendent paths is as small

as possible. Without loss of generality, let u be the vertex, and Pu = ux1 · · ·x be the pendent path.

Denote by y the neighbor of u in T lying on the path connecting u and v (y = v if u and v are adjacent).

Obviously, dT (u, x) < max{dT (y, w) : w ∈ Tv}, where Tv is the component of T − y including the

vertex v. According to Lemma 2.5, we can obtain a tree T ′ ∈ P(n, k) such that DR(T
′) < DR(T ), a

contradiction.

Secondly, we can claim that T ∼= Hn,k. Otherwise, in view of Lemma 2.4, it follows that DR(T ) <

DR(Hn,k), it is a contradiction.

This completes the proof. □

Proposition 3.3. DR(Hn,k) =
kr
3 (2r+1)(3rk−2r+1)+ n−kr−1

2 (5kr2−6r2+3kr+4rn−8r+4n−4),

where r = ⌊n−1
k ⌋.

Proof. Let A be the set of pendent vertices with length of legs r + 1 in Hn,k, H
′ = Hn,k − A. By

Lemma 2.9, then

DR(Hn,k) = (
∑

i,j∈H′

+
∑
i,j∈A

+
∑

i∈A,j∈H′

)(d(i) + d(j))R(i, j)

= DR(TPr+1,k
) + 2(r + 1)(n− kr − 1)(n− kr − 2) +

(n− kr − 1)
∑
j∈H′

(1 + d(j))R(i0, j)(i0 ∈ A)

=
kr

3
(2r + 1)(3rk − 2r + 1) +

n− kr − 1

2
(5kr2 − 6r2 + 3kr + 4rn− 8r + 4n− 4)

□

According to Lemma 2.2 and Lemma 2.4, we get the following orders:

DR(Sn) = DR(Hn,n−1) < DR(Hn,n−2) < · · · < DR(Hn,2) = DR(Pn).(3.2)

Given a graph G, a subset S of V (G) is called an independent set of G if no pair of vertices of S is

adjacent. The independence number α(G) of G is the number of vertices in the largest independent

set of G. Recall that if T is a tree of order n, then ⌊n2 ⌋ ≤ α(T ) ≤ n− 1 [4].

LetQn,α be the set of n-vertex trees with independent number α. Denote by In,α the spider obtained

from the star Sα+1 by attaching to n−α− 1 of its pendent vertices a new pendent vertex. Obviously,

In,α ∈ Qn,α.

Theorem 3.4. Among the graphs in Qn,α, the tree In,α has smallest degree resistance distance.

Proof. Let T ∈ Qn,α, and S be a largest independent set of T with |S| = α. Let q be the number of

pendent vertices in T , therefore T ∈ P(n, q). By Proposition 3.3, we have

DR(T ) ≥ DR(Hn,q)(3.3)
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For the tree T , one can easily see that q ≤ α. If q = α, considering the fact that ⌊n2 ⌋ ≤ α ≤ n − 1,

then Hn,α
∼= In,α. If q < α, applying Eq. (3.2), then we get

DR(Hn,q) > DR(Hn,q+1) > · · · > DR(Hn,α) = DR(In,α)(3.4)

According to (3.3) and (3.4), it follows that DR(T ) ≥ DR(In,α). This completes the proof. □

Corollary 3.5. If T ∈ Qn,α, then DR(T ) ≥ 4n2 − α2 + 4α − 13n + 9 with equality if and only if

T ∼= In,α.

Proof. Since ⌊n2 ⌋ ≤ α ≤ n− 1, then r = ⌊n−1
α ⌋ = 1. According to Theorem 3.4, we have

DR(In,α) = DR(Hn,α) = 4n2 − α2 + 4α− 13n+ 9.

By Corollary 3.5, the result follows. □

By using Lemma 2.3, we have the following conclusion.

Corollary 3.6. For ⌊n2 ⌋ ≤ α ≤ n− 1, DR(In,α) < DR(In,α+1).

A covering of a graph G is a vertex subset K ⊆ V (G) such that each edge of G has at least one

end in the set K. The number of vertices in a minimum covering of a graph G is called the covering

number of G. Let Kn,m be the set of all n-vertex trees with covering number m, An,m the tree obtained

from the star Sn−m+1 by attaching m − 1 pendent edges to the pendent vertices v1, v2, . . . , vm−1 of

Sn−m+1, as shown in Fig.5. It is easy to see that An,m ∈ Kn,m, where 1 ≤ m ≤ ⌊n2 ⌋.

Theorem 3.7. [4] For a bipartite graph G, the sum of the independence number and the covering

number of G is equal to the number of vertices of G.

Theorem 3.8. Among the graphs in Kn,m, the tree An,m has smallest degree resistance distance.

Proof. Let T ′ ∈ Kn,m, and K be a minimum covering set of T ′ with |K| = m. From Theorem 3.8, it

follows that the the independence number of T ′ is equal to n −m, then T ′ ∈ Qn,n−m. By Corollary

3.5, we have

DR(T
′) ≥ DR(In,n−m).

By the definition of An,m, In,n−m, we get An,m
∼= In,n−m, thus DR(T

′) ≥ DR(An,m). The result

follows. □

In view of Corollary 3.6 and Corollary 3.9, we have the following result.

Corollary 3.9. If T ∈ Kn,m, then DR(T ) ≥ 3n2 −m2 + 2nm− 4m− 9n+ 9 with equality if and only

if T ∼= An,m.

A subset M of E(G) is called a matching of G if no two edges in M are adjacent in G. The matching

number of a graph G is the maximum cardinality of a matching of G. Denote by Mn,p the set of all

n-vertex trees with matching number p.
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Theorem 3.10. [4] In any bipartite graph, the number of edges in a maximum matching is equal to

the number of vertices in a minimum covering.

According to Corollary 3.9 and Corollary 3.11, we obtain the following corollary.

Corollary 3.11. Among the graphs in Mn,p, the tree An,p is the unique graph with minimum degree

resistance distance.

Let the path Pn = v1v2 · · · vn, T (a, n, b) be the tree obtained from Pn by attaching a and b pendent

vertices to the end vertices v1 and vn, respectively. It is clear that the graph T(a,2,b) is the double star

S(a, b). We denote by Nn,∆ the set of all n-vertex trees with maximum degree ∆.

Theorem 3.12. If T ∈ Nn,∆, and ∆ ≥ n
2 , then DR(T ) ≥ 3n2 − 4∆2 +4n∆− 11n+8 with equality if

and only if T ∼= T(∆−1,2,n−∆−1).

Proof. Let T ′ be the graph with minimum degree resistance distance inNn,∆. Let v ∈ T ′ and d(v) = ∆.

Considering that ∆ ≥ n
2 , T

′ must satisfy the following three conditions:

(i) By Lemma 2.3 and Lemma 2.4, T ′ contains no pendent path with length greater than 1.

(ii) By Lemma 2.7, All pendent edges of T ′ are incident to v and another common vertex.

(iii) By Lemma 2.6, T ′ contains no internal path with length greater than 1.

Therefore T ′ ∼= T(∆−1,2,n−∆−1). By calculation, we get DR(T
′) = 3n2 − 4∆2 + 4n∆− 11n+ 8. □

Theorem 3.13. If T ∈ Nn,∆, then DR(T ) ≤ 1
3(n−∆)(2n∆+2n2−4∆2+15∆−3n−11)+(∆−1)(3∆−4)

with equality if and only if T ∼= T (∆− 1, n−∆, 1).

Proof. Choose T ′ in Nn,∆, such that its degree resistance distance is as large as possible, and let

v0 ∈ T ′ with dT ′(v0) = ∆. In view of Lemma 2.3 and 2.6, any path with end vertex v0 in T ′ is a

pendent path, that is, dT ′(x) ≤ 2 for any x ∈ V (T ′) \ v0. According to Lemma 2.4, there are ∆ − 1

pendent vertices attached to v0, thus T ′ ∼= T(∆−1,n−∆,1). By direct calculation DR(T
′), we get the

value, and the result follows. □

Theorem 3.14. Let T be a n-vertex tree with two vertices of maximum degree ∆, then DR(T ) ≥
DR(T(∆−1,n−2∆+2,∆−1)) with equality if and only if T ∼= T(∆−1,n−2∆+2,∆−1).

Proof. Assume that Nn,2∆ is the set of all n-vertex trees with two vertices of maximum degree ∆. Let

T ′ ∈ Nn,2∆ be the tree with maximum degree resistance distance, and let dT ′(v) = dT ′(u) = ∆. It can

be confirmed that dT ′(x) ≤ 2 for any x ∈ V (T ′) \ {v, u}, that is, all paths are pendent paths except

that between u and v. Otherwise, Let H ⊆ V (T ′) \ {v, u} be the set of vertices of T ′ with degree at

least three. There exists a vertex y in H such that y is the end vertex of a pendent path, according

to Lemma 2.6, we can get a tree T ′′ with DR(T
′′) > DR(T

′), a contradiction.

On the other hand, we show that all pendent paths in T ′ are pendent edges. Otherwise, choose

a shortest pendent path (except pendent edge), without loss of generality, say vv1v2 · · · vt. Move the

other pendent paths with the end vertex v from v to v1, by Lemma 2.5, we get a tree in Nn,2∆ such
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that the degree resistance distance of the tree is greater than that of T ′, it is contradictory to the

choice of T ′. Thus, T ′ ∼= T(∆−1,n−2∆+2,∆−1). □

Remark 1: With regard to the problem to determine the trees with maximum degree resistance

distance for the given parameters such as number of pendent vertices or independence number, our

approach may need to be modified, it would be interesting to continue studying the extremal graphs.

Remark 2: According to (1.1), for the given parameters mentioned above, the extremal graphs

corresponding to degree distance, Wiener index and Kirchhoff index among trees are the same as that

of DR-index.

References

[1] P. Ali, S. Mukwembi and S. Munyira, Degree distance and vertex–connectivity, Discrete Appl. Math., 161 (2013)

2802–2811.

[2] C. Arauz, The Kirchhoff indexes of some composite networks, Discrete Appl. Math., 160 (2012) 1429–1440.

[3] B. Bollobas, Modern Graph Theory, Springer-Verlag, 1998.

[4] J. A. Bondy and U. S. R. Murty, Graph Theory with Applications, American Elsevier Publishing Co., Inc., New

York, 1976.

[5] S. B Chen, Q. Chen, X. Cai and Z. Guo, Maximal Degree Resistance Distance of Unicyclic Graphs, MATCH

Commun. Math. Comput. Chem., 75 (2016) 157–168.

[6] A. A. Dobrynin, R. Entringer and I. Gutman, Wiener index of trees: theory and applications, Acta Appl. Math.,

66 (2001) 211–249.

[7] A. A. Dobrynin, I. Gutman, S. Klavzar and P. Zigert, Wiener index of hexagonal systems, Acta Appl. Math., 72

(2002) 247–294.

[8] A. A. Dobrynin and A. A. Kochetova, Degree distance of a graph: a degree analogue of the Wiener index, J. Chem.

Inf. Comput. Sci., 34 (1994) 1082–1086.

[9] P. Dankelmann, I. Gutman, S. Mukwembi and H. C. Swart, On the degree distance of a graph, Discrete Appl. Math.,

157 (2009) 2773–2777.

[10] J. F. Du, G. F. Su, J. H. Tu and I. Gutman, The degree resistance distance of cacti, Discrete Appl. Math., 188

(2015) 16–24.

[11] Z. B. Du and B. Zhou, The Estrada index of trees, Linear Algebra Appl., 435 (2011) 2462–2467.

[12] L. Feng, G. Yu, K. Xu and Z. Jiang, A note on the Kirchhoff index of bicyclic graphs, Ars Comb., 114 (2014) 33–40.

[13] I. Gutman, J. Rada and O. Araujo, The Wiener index of starlike trees and a related partial order, MATCH Commun.

Math. Comput. Chem., 42 (2000) 145–154.

[14] I. Gutman, L. Feng and G. Yu, On the degree resistance distance of unicyclic graphs, Trans. Comb., 1 no. 2 (2012)

27–40.

[15] Q. Guo, H. Deng and D. Chen, The extremal Kirchhoff index of a class of unicyclic graphs, MATCH Commun.

Math. Comput. Chem., 61 (2009) 713–722.

[16] F. Huang, X. l. Li and S. j. Wang, On Maximum Laplacian Estrada Indices of Trees with Some Given Parameters,

MATCH Commun. Math. Comput. Chem., 74 (2015) 419–429.

[17] F. Huang, X. l. Li and S. j. Wang, On maximum Estrada indices of bipartite graphs with some given parameters,

Linear Algebra Appl., 465 (2015) 283–295.

http://dx.doi.org/10.22108/toc.2018.108656.1538

http://dx.doi.org/10.22108/toc.2018.108656.1538


Trans. Comb. 7 no. 4 (2018) 11-24 F. He and X. Jiang 23

[18] A. Ilic, S. Klavzar and D. Stevanovic, Calculating the degree distance of partial hamming graphs, MATCH Commun.

Math. Comput. Chem., 63 (2010) 411–424.

[19] A. Ilic, A Note on the Additive Degree Kirchhoff Index, MATCH Commun. Math. Comput. Chem., 75 (2016)

223–226.

[20] D. J. Klein, Resistance-distance sum rules, Croat. Chem. Acta., 75 (2002) 633–649.

[21] D. J. Klein and M. Randic, Resistance distance, J. Math. Chem., 12 (1993) 81–95.

[22] S. C. Li, Y. B. Song and H. H. Zhang, On the degree distance of unicyclic graphs with given matching number,

Graphs Combin., 31 (2015) 2261–2274.

[23] J. B. Liu et al. On degree resistance distance of cacti, Discrete Appl. Math., 203 (2016) 217–225.

[24] M. H. Liu and B. L. Liu, A Survey on Recent Results of Variable Wiener Index, MATCH Commun. Math. Comput.

Chem., 69 (2013) 491–520.

[25] J. L. Palacios, Upper and lower bounds for the additive degreeCKirchhoff index, MATCH Commun. Math. Comput.

Chem., 70 (2013) 651–655.

[26] I. Tomescu, Properties of connected graphs having minimum degree distance, Discrete Math., 309 (2009) 2745–2748.

[27] I. Tomescu, Ordering connected graphs having small degree distances, Discrete Appl. Math., 158 (2010) 1714–1717.

[28] J. H. Tu, J. f. Du and G. f. Su, The unicyclic graphs with maximum degree resistance distance, Appl. Math. Comput.,

268 (2015) 859–864.

[29] H. Wiener, Structural determination of paraffin boiling points, J. Am. Chem. Soc., 69 (1947) 17–20.

[30] W. H. Wang, Estrada Indices of the Trees with a Perfect Matching, MATCH Commun. Math. Comput. Chem., 75

(2016) 373–383.

[31] Y. Yang, X. Jiang, Unicyclic graphs with extremal Kirchhoff index, MATCH Commun. Math. Comput. Chem., 60

(2008) 107–120.

[32] Y. Yang, D.J. Klein, Resistance distance-based graph invariants of subdivisions and triangulations of graphs, Discrete

Appl. Math., 181 (2015) 260–274.

[33] B. Zhou, N. Trinajstic, On resistance-distance and kirchhoff index, J. Math. Chem., 46 (2009) 283–289.

[34] H. Zhang, X. Jiang, Y. Yang, Bicyclic graphs with extremal Kirchhoff index, MATCH Commun. Math. Comput.

Chem., 61 (2009) 697–712.

Fangguo He

College of Mathematics and Physics, Huanggang Normal University, Huanggang, China

Email: hfg0118@126.com

Xinnong Jiang

College of Life Science and Techonolgy, Huazhong University of Science and Technology, Wuhan, China

Email: jiangxn88@hust.edu.cn

http://dx.doi.org/10.22108/toc.2018.108656.1538

http://dx.doi.org/10.22108/toc.2018.108656.1538

	1. Introduction
	2. Preliminaries and some lemmas
	3. Degree resistance distance of trees with given parameters
	References

