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BOUNDS FOR METRIC DIMENSION AND DEFENSIVE k-ALLIANCE OF
GRAPHS UNDER DELETED LEXICOGRAPHIC PRODUCT

KINKAR CHANDRA DAS AND MOSTAFA TAVAKOLI*

Communicated by Bijan Taeri

ABSTRACT. Metric dimension and defensive k-alliance number are two distance-based graph invari-
ants which have applications in robot navigation, quantitative analysis of secondary RNA structures,
national defense and fault-tolerant computing. In this paper, some bounds for metric dimension and
defensive k-alliance of deleted lexicographic product of graphs are presented. We also show that the

bounds are sharp.

1. Introduction

Throughout this paper all graphs considered are assumed to be finite, simple, undirected and
connected. Suppose that G is such a graph. The distance dg(u,v) between two vertices u and v in
G is defined as the length of a shortest path that connects vertices u and v, and the diameter of G is
the largest shortest-path distance between any two vertices in G. For a nonempty set A C V(G), and
a vertex v € V(G), Na(v) denotes the set of neighbors of v in A, i.e., Na(v) = {u € Aluwv € E(G)},
and A denotes as usual the complement of A in V(G), i.e., A = V(G)\A. The degree of a vertex v
in G is denoted by degg(v) and dg denotes the minimum degree of all vertices in G.

The lexicographic product of graphs is one of the oldest and most investigated graph opera-
tions that introduced by Felix Hausdorff in 1914 [6]. Feigenbaum and Schéffer [3] proved that the
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complexity of testing whether an arbitrary graph can be written nontrivially as the composition of
two smaller graphs is the same, to within polynomial factors, as the complexity of testing whether
two graphs are isomorphic.

Frelih and Miklavi¢ [4] proposed another lexicographic-like product that is called the deleted
lexicographic product. To define, we assume that G and H are graphs and |V (H)| = n. The
deleted lexicographic product G[H| —nG of graphs G and H is a graph with vertex set V(G) x V(H)
and u = (g, h) is adjacent with v = (¢/, ') whenever (g = ¢’ and h is adjacent with h') or (h # A’/
and ¢ is adjacent with ¢’), see Figure 1. One can use this product to form some known graphs like

ladder and octahedron graphs.

FIGURE 1. The deleted lexicographic product of C5 and Ps.

A graph invariant is a number which is invariant under graph isomorphisms. However, they are
not usually preserved under graph homomorphisms.

Let G = (V(G), E(G)) be a simple connected graph of order n. Given a set of vertices S =
{v1, vo,..., vy} of G, the k-metric representation of a vertex v € V(G) with respect to S is the
vector 1, (v|S) = (di, da, ..., dp), where d; = min{dg(v, v;), k}, i € {1,2,..., m}. We say that
S is a k-resolving set for G if for every pair of distinct vertices u, v € V, ri(u|S) # ri(v]S). A
k-resolving set S for G with minimum cardinality is called a k-basis of GG, and its cardinality is the
k-metric dimension of G, denoted by dimy(G). If k is greater than or equal to diameter of G, then
S is a called a resolving set, r;(v]S) is a called a metric representation and denoted by r(v|S),
and dimg(G) is called the metric dimension and denoted by dim(G). The metric dimension was
first introduced by Slater in 1975 [14]. He introduced the metric representation of a vertex v € V(Q)
with respect to S as the vector r(v|S) = (d(;(v, v1), da(v, v2), ..., dg(v, vk)) and defined concepts
of resolving set and metric dimension based on this vector, see [2, 11] for more information.

About twenty years later, Khuller et al. [8] have considered the application of the metric dimension
of a connected graph in robot navigation. After that, many studies were done on this invariant. Since,
the problem of finding a resolving set is an NP-hard problem, then mathematicians tend to use graph
products to obtain a resolving set of big graphs in terms of invariants of their factors. For example,

this matter was studied over the Cartesian product of graphs in [1], over the lexicographic product
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of graphs in [12] and over the hierarchical product of graphs in [15]. In this paper, we investigate
these sets over deleted lexicographic product of graphs.

A set D¢ of vertices in a graph G is a dominating set if every vertex in V(G) \ D is adjacent
to at least one vertex in D. The domination number (G) is the number of vertices in smallest
dominating set of G. The dominating sets in graphs are natural models for facility location problems
in operational research [5, 16, 10].

A nonempty set A C V(G) is a defensive k-alliance in G, k € {—dq,...,dq}, if for every v € A,
INa(v)] > |Nj(v)| + k. Following Kristiansen et al. [9], defensive (—1)-alliance and defensive 0-
alliance are called defensive alliance and strong defensive alliance, respectively. The defensive
k-alliance number of G, denoted by a ai(G), is defined as the minimum cardinality of a defensive
k-alliance in G. If G does not contain defensive k-alliance set, then we set aix(G) = co. One can
use references [7, 9, 13] to study applications of alliances in quantitative analysis of secondary RNA
structures, national defense and fault-tolerant computing. The mathematical properties of alliances
in graphs were first studied by Kristiansen, Hedetniemi and Hedetniemi [9]. Also, defensive alliances
of Cartesian product was investigated in [17]. In this paper, we study alliances in deleted lexicographic
product of graphs. One of the advantages of our result is that defensive alliances of big graphs can
be investigated using the small graphs forming them.

As usual, P,, C,, and K, denote, respectively, the path, the cycle, and the complete graph on n
vertices, and the ladder graph L,, on 2n vertices. Our other notations are standard and taken mainly

from the standard books of graph theory.

2. Main Results

In this section, our main results are presented. We start by a simple lemma that will be used later.

Lemma 2.1. Let G and H be two graphs with |V (G)| > 2, |[V(H)| =n > 2 and W = G[H] — nG.
Then

(1) degw ((g.1)) = degn(n) + (JV(H)| - 1) dega(g).
(2) If H = Ko, then W is connected if and only if G is connected and nonbipartite.
(3) If H has at least three vertices, then

1 if (g =g hi € E(H)) or (gg’ € B(G),h # h’),
dw((g, h), (g, h’)) =42 if (g =g hi ¢ E(H)) or (gg’ € E(G),h = h’),
da(9,9') if (gg’ ¢ E(G) and g # g’)-
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(4) If H has exactly two vertices, then

1 if (g:g’,hh’GE(H)) (gg € EG ),h#h’),
dc(9,9") if (g#g h="n 2|dc(g,g))
dw ((9,h). (g, 1)) = or (97 g0 # .21 dc(g.9)).
dalg,9') +1 if (g#g’,h#h’ﬂ | dc(g,g’))
or (g#g h="n 2Tdc(g,9’))

Proof. The Part (1) is a direct consequence of definition and Part (2) is a result in [4]. To prove
(3), we assume that (g,h) and (¢’,h') are two vertices in W. If (g =g, hh € E(H)) or (gg’ €
EG),h 1 ), then by definition of the deleted lexicographic product, (g, h) and (¢, h') are adjacent.
If g = ¢, hh' ¢ E(H), then (g,h)(¢",h")(¢',}') is a path of length 2, where g¢” € E(G) and
h # " # I/. Again by definition of the deleted lexicographic product, there is not a path of length
1 between (g, h) and (¢’, h'); therefore dy ((g, h),(q', h’)) = 2. Similarly, if g¢’ € E(G),h = I/, then
dyw ((g, h), (g’,h’)) = 2. Now suppose g¢' ¢ E(G), g # ¢’ and f is a mapping from W to G such
that f((g,h)) = g. The fact that if (g,h)(¢’,h') € E(W) then (gg’ € E(G) and h # h’) or (g =dq
and hh' € E’(H)), implies that f is a weak homomorphism and so dy/ ((g, h), (g’,h’)) > da(g,9).

Thus it is enough to prove dW<(g, h), (¢, h’)) < dg(g,9'). To do this, let guivs - - - v4g" be a shortest
(g9,¢")-path in G. Then (g, h)(v1, h")(ve, h) -+ (ve, ") (g', 1) is a path of length dg (g, ¢') in W, where
h # h" # I/; therefore dyy, <(g, h),(d, h’)) <dg(g,9).

By a similar argument a Part (3), one can prove the Part (4). O

Recall that a subset X of vertices of a graph G is called an independent set for G if no two
distinct vertices of X are adjacent. The size of a largest independent set is called the independence
number of G and denoted by a(G).

Theorem 2.2. Let G be a graph with m > 2 vertices, H be a graph with n vertices, S be a 2—basis
of H and W = G[H] —nG. Then

( )d1m2 (n+ Y]+ \Y’|) (m—v(G)) + (01 + 02)7(G)
dim(W) < { if d1m2( )> 1,
mdimy(H) + o1 (m - a(G)) + oam otherwise,

where o1 = 1 if there exists h € V(H) such that ro(h|S) = (1, 1,..., 1), and o1 = 0 otherwise;
o9 = 1 if there exists h € V(H) such that ro(h|S) = (2, 2,..., 2), and 02 = 0 otherwise; and

Yy = {heV(H) | ro(h]S) = (2,2,...,2) or (heSandm(M(V(H)\S)):(2, 2,...,2))},
Y = {heV(H) | ro(h]S) = (1, 1,..., 1) or (hESandrg(hKV(H)\S)) —(1,1,... 1))}.
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Proof. We first assume that dimp(H) > 5. Then we should provide a resolving set for W' of size
(27((?) — m) dimg(H) + (n +1|Y|+ ]Y’\) <m — ’y(G)) + (01 + UQ)"V(G). To do this, let

S = {(g, h) | g€ Dg, heSorra(hlS)=(22...,2) orra(hlS) = (1, 1,...,1)}

W{(g.h) | g€ V(G)\Da,he Y UY U(VH)\ )},

where D¢ is a smallest dominating set for G, and S is a 2-basis of H.
We now prove that S’ is a resolving set for W. Take two distinct vertices (g1, h1) and (g2, h2) in
V(W)\ S, because (g, h) € S’ is the unique vertex of W for which dy ((g, h), (g, h)) = 0. We now

consider the following three cases:
Case 1.: dg(g1, g2) > 2. If g1 € D¢ (g1 € V(G) \ Dc;>, then there exists h € S (h €
YUY U (V(H)\ 5)) such that hhy € E(H). Thus dw((gl, hi), (g1, h)) —1<2<
dw (92, h2), (g1, 1)) and so (g1, h)IS") #7((g2, 2)]S").
Case 2.: dg(g1, g2) = 1. By the structure of §’, it is clear that T((gl, h1)|5”) + r((gg, h2)|S’>
when ¢1, g2 € Dg or g1, g2 € V(G) \ Dg. So, suppose that g1 € Dg and g2 € V(G) \ Dg.

Since m > 2, then there exists g € V(G) such that gg1 € E(G) or gg2 € E(G). If g is adja-
cent to either g or go, but not both, then it is trivial that r((gl, hl)]S’> # r((gg, hg)]S’).

Otherwise, ¢ is adjacent to both vertices g1 and go. Therefore, dw<(91, hi), (g, h2)> =
1 <2 =dw ((92, h2), (9, h2)) when g € Dg, and dW((gh h1), (g, hl)) =2>1=
dw ( (g2, h2), (g 1)) when g € V(G)\ Da.

Case 3.: g1 = g2. If g € D¢, then it is clear that 7’((91, hl)]5’> =+ 7’((92, hg)]S’) because
ro(h1]S) # ra(heo|S), where ro(h1|S) # (1, 1,..., 1) # ra(ha|S). Otherwise, g1 € V(G) \ Dg.
Then hy, ha € S\ (Y UY'). So, dW<(g1, h1), (9, h1)) =2#1=dw ((gz, ha), (g, hl)) where
g € D¢ and gg1 € E(G). Consequently, 7“((917 h1)|S’> # 7‘((92, h2)|8’).

Therefore, we have r((gl, hl)]S’) # r((gg, hg)]S’) in each case, and so S’ is a resolving set for W.

Next we suppose that dims(H) < § and provide a resolving set for W of size
mdimy(H) + o1 (m - a(G)) + oam.
To do this, we set
S" = {(g, h) | g€ V(G), heSormhlS) =(22,..., 2)}
U{(g. 1) | g€ VIG)\ X, rafhlS) = (1, 1., 1)},

where S is a 2-basis of H and X is an independent set of largest size for G. A repeated argument

for S” implies that S” is a resolving set for W, which completes our proof. O
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Theorem 2.3. Let G be a bipartite graph with m > 2 vertices, H be a graph with n vertices, S be a
2-basis of H and W = G[H| — nG. Then

dim(W) < (24(G) = m) dima(H) + (n+ Y1) (m = @) +01(G) if dims(H) > 3,

mdimg(H) + mo otherwise,

where o = 1 if there exists h € V(H) such that ro(h|S) = (2, 2,...,2) and 0 = 0 otherwise, and
Y = {h e V(H) | r2(h|S) = (2, 2,...,2) or (h cs andm(h\(V(H)\S)) —(2,2,..., 2))}.

Proof. We first assume that dimg(H) > Z. Let

0|3

s = {(g.n) | g€ Da, heSornnls)=22....2}u{.h) | g€ V(G)\De,

heYUu (V(H)\S)},

where D¢ is a smallest dominating set for G, and S is a 2-basis of H.
We prove that S’ is a resolving set for W. Take two distinct vertices (g1, h1) and (g2, h2) in
V(W) \ S’. We now consider the following three cases:

(1) dg(g1, g2) > 2. This case can be proved by a similar argument as Case 1 in the proof of
Theorem 2.2.

(2) dg(g1, g2) = 1. Since G is a bipartite graph with more than two vertices, there exist g € V(G)
such that g is adjacent to either g; or go, but not both. Without loss of generality, we can
assume that gg1 € E(G). Let g € Dg (g € V(G) \ Dg). Then dw((91, h1), (g, h)> =

1<2< dW<(gQ, h2),(g,h)), where h € V(H)\ S and r(h|S) # (2, 2,...,2) (h €S or

ro(h|S) = (2, 2,..., 2)) Therefore, r((gl, hl)]5'> # 7’((92, hg)\S’).
(3) g1 = g2. This case can be proved by a similar argument as Case 3 in the proof of Theorem

2.2.

Therefore, r((gl, hl)\S’> # r((gg, hg)]S’) in each case and so S’ is a resolving set for W. Now
suppose that dimy(H) < 5 and

$"={(g, 1) | geV(G), heSorn(hs)=(22,...2)},

where S is a 2-basis of H. Repeating the above argument for S” implies that S” is a resolving set

for W, which completes our proof. O
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FIGURE 2. The black vertices are elements of S’ in P3[K3] — 3Ps.

It is not difficult to check that the inequality of Theorem 2.3 is sharp. To see this, we assume that
G = Py, and H = K,,. By inserting v(P,) = | 2| and dimy(K,) =n—1, [Y|=0and ¢ =0 in

Theorem 2.3, we have

dim(Pm[Kn] - an) < (27(Pm) - m) dima (K;) + (n + yyy) <m - ’y(Pm)) + oy(P)

= (2 {m;QJ —m)(n—1)+(n+0)<m— Vn;rQJ)Jro

Thus dim(P;[K3] —3P;) < 4. The black vertices in Figure 2 show the elements of S” in P3[K3] — 3Ps.
On the other hand, the exact value of dim(P3[K3] —3P3) is equal to 4 which shows that the inequality
of Theorem 2.3 is sharp.

Theorem 2.4. Let G and H be two graphs with |V(G)| > 1 and |V(H)| =n > 1. Then

ak(G[H} — nG) < nay(G),

kﬂsH"

n—1

where p = [

Proof. Let W = G[H| — nG. If G does not contain defensive p-alliance set, where p = [k_‘sH—‘,

n—1
then by the definition, we have a,(G) = co. Hence ay, (W) < 00 = nap(G). Otherwise, let A be a

smallest defensive p-alliance set in G, where p = {kn_ff w Then a,(G) = |A| > 0. By the definition

of defensive p-alliance set, we have ‘Nf(gi) > ’Ng(gi) + p for any vertex g; € V(G). Thus we have
k—dy
(21) NS0 - [¥§00| 20 = | 2200
Set
A= AxV(H).

DOI: http://dx.doi.org/10.22108/toc.2019.115674.1622


http://dx.doi.org/10.22108/toc.2019.115674.1622

38 Trans. Comb. 9 no. 1 (2020) 31-39 K. Chandra Das and M. Tavakoli

We now prove that A’ is a defensive alliance set in W. To do this, we suppose that (g;, h;) is a vertex
in W, where g; € A and hj € V(H). Then

N (gir hy)| = | NS (0)| (= 1) + degun (hy)

and ‘NV-Y(gi, hj)‘ - ‘Ng(gi) (n—1).

From these results with (2.1), we have

N (gis )| = N5 (g h)| = (0= 1)(|NG(90)| = [V5(9)) + degn(hy)
> (n—1) [’“n__‘sﬂwgzk.

Therefore, A" is a defensive k-alliance set in WW. Thus we have
ak (W) < 14| = AV (H)| = nay(G).

This completes the proof of the theorem. U

i
0"7@
0/_0
FiGURE 3. The 3-cube Q3 with a strong defensive alliance.

The n-cube @, (n > 1) is the graph whose vertex set is the set of all n—tuples of Os and 1s, where
two n—tuples are adjacent if they differ in precisely one coordinate. Consider Q)3 that is shown in
Figure 3. This graph is isomorphic to Cy4[Ps] — 2Cy. It is not so difficult to check that ag(Q3) = 4.
On the other hand, by Theorem 2.4, ap(Q3) = ao(Cy[P2] — 2C4) < 4. It shows that the inequality
of Theorem 2.4 is sharp. In Figure 3, the elements of a strong defensive alliance in Cy[P,] — 2Cy are
colored black.
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