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SOME SUBGROUPS OF F; AND EXPLICIT FACTORS OF z?'? —1 € F[]

MANJIT SINGH

Communicated by Dianhua Wu

ABSTRACT. Let S; denote the group of all square elements in the multiplicative group Fy of a finite
field F, of odd characteristic containing g elements. Let Oy be the set of all odd order elements of Fy.
Then O, turns up as a subgroup of S;. In this paper, we show that O, = (4) if ¢ = 2¢+1 and, Oy = (t)

if g = 4t+1, where ¢ and ¢ are odd primes. Further, we determine the coefficients of irreducible factors

of 22"t — 1 using generators of these special subgroups of Fy.

1. Introduction

Factoring polynomials over finite fields plays an important role in algebraic coding theory for
the error-free transmission of information and cryptology for the secure transmission of informa-
tion. Specifically, cyclic codes of length m over finite fields are in one-to-one correspondence with the
monic divisors of ™ — 1 over finite fields. Hereto, the availability of explicit factors of 2" — 1 over
finite fields, especially irreducible polynomials over finite fields is useful for analyzing the structure
and inner-relationship of codewords of a code and other areas of electrical engineering where linear
feedback shift registers (LFSR) are used (see [1, 6, 8]).

Blake, Gao and Mullin [2] explicitly determined all the irreducible factors of 22" 4+ 1 over F,
where p is a prime with p = 3 (mod 4). Chen, Li and Tuerhong [4] gave the explicit factorization
of 22"P" — 1 over F,, where p is an odd prime with ¢ = 1 (mod p). In [3], Brochero Martinez,
Giraldo Vergara and de Oliveira generalized the results in [4] by giving the explicit factorization of
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™ — 1 over F,, where every prime factor of m divides ¢ — 1. Meyn [9] obtained the irreducible factors
of cyclotomic polynomials ®,x(z) over F, when ¢ = 3 (mod 4). Fitzgerald and Yucas [5] obtained
the explicit factorization of ®yrs(x) when ¢ = £1 (mod 3). In [15], Wang and Wang obtained the
explicit factorization of ®qrs(x) for ¢ = £2 (mod 5). When ¢ and r are distinct odd primes, Stein [12]
computed the factors of ®,(z) from the traces of the roots of ®,(z) over prime field F,. Assuming
that the explicit factors of ®,(x) are known, Tuxanidy and Wang [13] obtained the irreducible factors
of ®on,.(x) over Fy, where r > 1 is an arbitrary odd integer.

In this paper, we investigate the polynomial 22"¢ — 1 and study two subgroups of Fg. Further, we
determine the coefficients of irreducible factors of 22" —1 over I, by using these two special subgroups
of Fy, where ¢ = 2t +1 or ¢ = 4¢+1 with odd primes ¢ and ¢. This paper also contributes an interesting
result, that is, ¢ € Fy such that the order of ¢ is ¢ for every odd primes ¢q and ¢ such that ¢ = 4¢ + 1.

The paper is organized as follows: The necessary notation and some known results concerning the
cyclotomic polynomials over finite fields are provided in Section 2. In Section 3, assuming d is an odd
divisor of g —1, the explicit factorization of 22"% —1 over [F, is reformulated in two different cases when
g =1 (mod 4) in Theorem 3.2 and, when ¢ = 3 (mod 4) in Theorem 3.6. In Section 4, we record few
results concerning subgroups and their generators of the multiplicative group Fy. Using these results,
the coefficients of irreducible factors of z2"t — 1 over F, are obtained effortlessly when ¢ and ¢ are
primes with ¢ = 2t + 1 or ¢ = 4t + 1. In order to illustrate our results, the explicit factorization of
2213 1 € Faygr[z], 27 — 1 € Foz[z], 2237 — 1 € Fryg[x] and 22”13 — 1 € Fs3]x] are obtained.

2. Cyclotomic factorization of z2"¢ — 1 over finite fields

For any integer n > 1, a well-known cyclotomic decomposition of z" — 1 is as follows:

2" —1=]]®x); ulx)= [[ @-&),
kin ged(i,k)=1
0<i<k

where @ (x) is the kth cyclotomic polynomial and ¢ is a primitive kth root of unity in some extension
field of IF,. The degree of ®(x) is ¢(k), where ¢(k) is the Euler Totient function. Let e be the least
positive integer such that ¢ = 1 (mod n). Then, in Fylz], ®,(z) splits into the product of ¢(n)/e
monic irreducible polynomials of degree e. In particular, ®,(z) is irreducible over F, if and only if
e = ¢(n). Note that ®,(x) is irreducible over F,, then ®,,(x) is also irreducible over F, for every m|n
(see [8, 10]).

Lemma 2.1. (see [14, Theorem 10.7] and [8, Theorem 3.75]) Let | > 2 be an integer and a € F}, such
that the order of a is k > 2. Then the binomial z* — a € F,[x] is irreducible over F, if and only if the
following conditions are satisfied:

(i) Every prime factor of | divides k, but does not divide (¢ — 1)/k;

(ii) If 4|1, then 4|(¢ — 1).
Lemma 2.2. (see [14, Theorem 10.15]) Let f(x) be any irreducible polynomial over Fy of degree | > 1.
Suppose that f(0) # 0 and f(x) is of order e which is equal to the order of any root of f(x). Let k
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be a positive integer, then the polynomial f(z*) is irreducible over Fy if and only if the following three
conditions are satisfied:
(i) Every prime divisor of k divides e;
(ii) ged(k, T4) = 1;
(iii) If 4|k, then 4|(¢' —1).

Lemma 2.3. Suppose that t is an odd prime such that ged(2t,q) = 1. Then in Fylz] the following

properties of cyclotomic polynomials hold:

() Bala) = T2

(i) ®orsr(x) = Poi(x?) for integers k> 1 and r > 0.
Dy (22"

(i) ®Pont(z) = —=———= for all integer n > k > 1.
Por (22"77)

Proof. First and second part are given in [8, Exercise 2.57]. The third part is an immediate consequence
of the parts (i) and (ii). O

Throughout in this paper, let F, be a finite field of ¢ elements with ¢ = 2°¢ + 1 for some integers
s > 1 and t is odd. Let aqr be a primitive 2%th root of unity of IFZ, where 0 < k < s. The following

result is immediate from the above description of decomposable cyclotomic polynomials.

Lemma 2.4. If n is a positive integer and d is an odd integer, then a factorization of z2"¢ — 1 into

the product of decomposable cyclotomic polynomials over Fy is given by:

n
(z?—1) H Do (29) for 1<n<s
and _ | _

(% —1) Hq)zk H@gs (x¥9) for n>s>1,

where ®or(x?) for 1 <k < s and ®os (22 ?) for 0 <r < n — s can be expressed as follows:

Do (z4) = H (xd—agffl) and ®gs (2*'4) = H (22" — a2i7h).

1<i<2k—1 1<4<2s—1

3. Factorization of z2"¢ — 1 over F,, when ¢ =1 (mod 2d)

In this section, we reformulate the factorization of #2"?—1 into irreducible factors over F, recursively
when d is an odd divisor of ¢ — 1. In order to determine the complete factorization of z2"? — 1 over
Fy, in view of Lemma 2.4, one needs to split the decomposable cyclotomic polynomials ®,x (z?) for
1<k <sand Pys (J:QTd) for 1 <7 < n — s into irreducible factors over F,,.

Lemma 3.1. Let d be an odd integer such that ¢ =1 (mod de), where 1 < k < s. Also, let v be a

primitive dth root of unity in F;. Then, for any integer r > 0, the complete factorization of @y (2")
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s given by:
Oy (27%) = Do (2”) H (* — agi‘lvj),
1<i<2k—1
1<j<d-1
where
2k+r—1
H (:c—agf;}) if k+r<s
Oy (2) = gt
H ($2kis+7‘ —ah if k+r>s.
i=1

Proof. For any integer » > 0 and 1 < k < s, observe that

1<i<2k—1 1<i<k—1

Let v be a primitive dth root of unity in Fy. Then

d—1
d d(2i—1) 2i—1_3
z __a2k = I]Xa:__QQZ Vj)
Jj=0
and hence
2rd v 2i—1_j
oo (2”h) = [ @ —adi'y)
1<i<2k—1
0<j<d-1
2r 2r 2i—1_j
= (@) [[ @ -a2i).
1<i<k—1
1<j<d-1
This completes the proof. O

Theorem 3.2. Let d be any odd integer and ¢ = 1 (mod 2d). Then, for any integer n > 1, the
factorization of 2" — 1 over F, is given by:

d—1 gk—1
((m -7 1] - 0432_17])) if n<s
ond 7=0 15%%
_ <k<n
gzt 1= d—1 ok=1 gs—1
((w - ] G-a2i) [ @ - agi‘lvj)) if n>s
j=0 i=1 i=1
1<k<s 1<r<n-—s

Further, if n > s > 2, the factorization x>"% — 1 over F, has 2°71(n — s + 2)d irreducible factors,
however if ¢ = 3 (mod 4), all nonlinear factors in the factorization are reducible over F, except
binomials 2% + 7 for all 0 < j < d —1.
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Proof. The desired factorization of 22"¢ — 1 over F, follows immediately from Lemma 2.4 and Lemma
3.1. Further, when n > s > 2, the irreducibility of its nonlinear factors follows immediately from
Lemma 2.1. For ¢ =3 (mod 4), i.e. s =1, the factorization of z2"4 — 1 over [, reduces to

d—1

=T (@) T @ +a0)
7=0 1<r<n-—1
Again by Lemma 2.1, factors 2+ 'yj are reducible over F, for every r > 2 and 0 < j <d — 1. O

To determine all irreducible factors of #2°? — 1 over F, in the case ¢ = 3 (mod 4), we need to recall
the following notation and results of [11].
Let Q =¢%>=2% +1,u >3 and 2{v. Let By be a primitive 2¥th root of unity in ¢, Note that
Bar 1= agr When Bor € FFy.
(i) A quadratic character x on (Bau) C Fy, is defined as

1 fo<k<u
(ii) A trace is a mapping T : Fg — F, defined as T(z) = x + 2 for all € Fg. Further, for any
integer r > 1, we define the rth trace T, : Fg — F, such that T, (z) = T(z").

Lemma 3.3. [11, Lemma 2.6] For a fized k, where 3 < k < u, the cyclotomic polynomial ®qr(x) =

227 4+ 1 can be expressed into irreducible factors over Iy as follows:

Cpu(z) = [ Tz +x(Br)-
1<i<2k-3
Lemma 3.4. [11, Theorem 3.3] If ¢ =3 (mod 4) and 3 < k < u. Then there are 2872 distinct traces
T( gz—l) such that the first 2573 traces are given by the following linear recursive sequence
Tai—1(Byx) = T(Bar) T(Bgits) — X (Bor)T(B3 )

and the rest of 2873 are —T(ﬁg,ﬁfl). The initial terms of the sequence are T(B4) = 0 and T(Bor) =
(T(Boyr-1) + 2x(Bo))EHV/2 for 3 <k < u.

Theorem 3.5. Assume that ¢ = 3 (mod 4) and d is an odd integer with ¢ = 1 (mod d). Then

Oy (z?) = H (x2 + ’yj) and for 3 < k < u, the irreducible factorization of decomposable cyclotomic
0<j<d—-1
polynomial Oy (z?) over Fy is given by:

Do () = Boe(x) [ (@ £V T(BL )z + x(Bor)v™).

1<i<2k=3
1<j<d-1

Further, for any integer r > 1 and 3 < k < u, the factorization of decomposable cyclotomic polynomial
Do (22°?) over Fy is given by:

T T r+1 . i— T .
By (¥ ) = (@) [ @7 AT + x(Ba ™).

1<i<2k—3
1<j<d-1
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2'd) s a product of 2“2 irreducible trinomials over

Furthermore, the decomposable polynomial Pou(x:
Fy, while the decomposable polynomial ®yr <$2Td), where 2 < k < u —1, is a product of 2872 reducible

trinomzials over Fy.

Proof. Since q is odd prime power, so ¢> =1 (mod 4), i.e., @ =1 (mod 4). Replacing ¢ by Q and aqy

by By in the result of Lemma 3.1, we obtain the factorization of ®,(z¢) over F such as

‘I)2k($d):q)2k($) H (z ﬁzz ! )

1<i<2k—1
1<j<d~1

In particular, ®o(z%) = 2941 = (z + 1) H (z +17) and ®y(z%) = 22941 = (2? + 1) H (2% +49).
1<j<d-1 1<j<d-1
From Lemma 2.3(iii), for each 3 < k < u, we express @y (2?) as follows:

(DQk: (l‘d) = @2}9—2 ($4d)

_ 4 2i—1
- H (1’ — Mok— 27)
1<i<2k—3
0<j<d-1

= I @@=+ 87 E? + 5).
1<i<2k—3
0=j<d1

For any fixed 0 < j < d—1, using the permutation i — 2¥73 —i+1 on the set of integers 1 < i < 283,

we obtain
2k73 2k73
[T +8500) = [ =821
i=1 i=1

Since 2571|(¢ + 1), so that ﬁ;ﬂ )= _ 1 and hence B2q (2i-1) BQleH It follows that

9k—3 ok—3

2q(2i—1) 5
]2 - 527 = [[@ -84 0q9).
=1 =1

Also, since d is odd, the above expression can be written in the following form:

2k—3 2k—3
2q(2 1
[T @*-82259) = J] -8 ")
0<i<d-1 0<i=d—1
2k—3
21—1 2 1 1
= Il @-a )@+ ).
=1
0<j<d-1

Thus, in view of the above discussion, a factorization of ®y (%) over Fg is given by:

Ou(at) = ] @-8) @+ B )@ = BT V) @+ BV,

1<i<2k—3
0<j<d—1
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The following observation is useful to shift the above factorization of @, (2¢) over the field F,. Note
that QZ 1yi and — QZ 117 are non-conjugate elements in Fg \F, for any 1 < < 2%=3. Therefore, the
mlmmal polynomial of + 2’ Lyiis x iT(BQl 171)11 + (52’ 143)a+1 in T [x]. Note that T(8, 2im1lydy =

’Y]T(ﬂ2Z ') and (BQZ ! )q+1 = ~2 X(ﬁm 1) = 4% x(Byr). Tt follows that
(I)Qk(xd) = H ($ i'YJT(BZZ 1)1‘+’72jX(ﬁ2k)).
1<i<2k—3
0<j<d-1

For any integer 7 > 1, using the transformation  — 2", we have

Op(a?h) = ] @7 E£AITEE + X (B )vY)

1<i<2k—3
0<j<d-1

T r+1 - . r .

= u(a®) [] ¥ £ATBE 2 + x(Ba)rY).
1<i<2k—3
1<j<d-1

By Lemma 2.2, every trinomial 22" + J’]I‘( 2122 4 X (Bor )y is reducible over F, for 2 < k < u—1

and irreducible over I, for k = u. O

In the following theorem, we determine the factorization of 22°? — 1 over F,, when ¢ = 3 (mod 4)
and ¢ =1 (mod d).

Theorem 3.6. If ¢ = 3 (mod 4) and d|(q — 1), then x>"? — 1 can be expressed into a product of
d(2“72(n — u+2) + 1) irreducible factors over Fy, as follows:

o1 = @ -1 [ @y I @ TEE e )

1<j<d—-1 2<k<u—1
1<i<2k—2
1<j<d—1
r+1 -
H (an jT( 22 1)332 _72])'
0<r<n—u
1<4<2u—3
1<j<d-1

Proof. By substituting s = 1 in Lemma 2.4, the factorization of z2"¢ — 1 over F, can be reduced to

1= (2= D)D) [ @22

1<r<n—1

Now, we recall u = max{r € Z: 2"|(Q — 1)} and reset the above factorization of z2"? — 1 as follows:

u—1 n
x2nd 1 = (:EQd _ 1) H (I)Qk(l’d) H (I)gr(:L‘d
= r=u

— u—1 n—u
H < z+~7) (2% 4+ H Do (%) H <I)2u(x2Td)>.
7=0 k=3 r=0
The result, therefore, follows from Theorem 3.5. O
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4. Main results

In this section, we introduce a direct method to obtain the coefficients of irreducible factors of
®oni(x) and hence of 22"t — 1 over F, when ¢ and ¢ are odd primes such that either ¢ = 2t + 1 or
q =4t + 1. First, we define S; = {a® : a € F;} and Oy = {a € F} : |a| is odd}, where |a| denotes the
order of a € Fj. Note that S3 = O3 = {1}, O5 = {1} € {1,4} = S5, St = O7r = {1,2,4}.

Theorem 4.1. For any odd prime power q, S, and O, are subgroups of Fy such that Oy C S;. Further,
if ¢ = 2%t + 1 for some integer s > 1 and t is an odd integer, then O, has t distinct elements and the
set Sy \ O, contains (2571 — 1)t elements of S,. Deduce, Oy = S, if and only if ¢ =3 (mod 4).

Proof. Let ¢ = 2°t+1 with integer s > 1 and t is odd. Since S; contains (¢ —1)/2 distinct elements of
[y, so the order of Sy, i.e., [Sy| = 2571¢. Now let a € O, with |a| =, then [ is odd. By the converse
of Lagrange’s theorem, |(¢ — 1). Since [ is odd, so /|t and hence a € S;. It follows that O, C S, and
|0,y = max{l : |a| = and a € O,} = t. Therefore, S, \ O, contains (27! — 1)t elements. Also, note
that ¢ =3 (mod 4), i.e., s =1 if and only if S;\ O, = 0, i.e., all square elements are of odd order and
hence O, = §,. UJ

Theorem 4.2. Let q and t be odd primes such that ¢ =2t +1. Then S; = Oy = (4).

Proof. Since q¢ = 2t + 1, where ¢ and ¢ are odd primes, so ¢ = 3 (mod 4). Thus, by Theorem 4.1,
Sy = Oy. Since ¢ > 5, so 4 € F. Clearly, 4 € Oy. Since Oy is cyclic group of prime order ¢, so any

element of O, except 1, works as a generator and hence Oy = (4). O

Lemma 4.3. [7, Corollary 7.10] If p is an odd prime, then

(;) RN

Theorem 4.4. Let g and t be odd primes such that ¢ = 4t+1. Thent,\/t € Sy. Further, the following
holds:

(i) Og = (t).
(i) Sq = (4) and Oy = (16) for ¢ > 13.

Proof. Let ¢ = 4t + 1, where ¢ and ¢ are primes. Since 4,—1 € §; and 4t = —1 € [y, so that t € S,
and hence vt € F}. From Lemma 4.3, it follows that 2 ¢ S, as ¢ = 5 (mod 8). Since 2Vt = /=1 or
2/t = —v/—1 with 2 and ++/—1 do not belong to Sy, so that Vit e S, because the product of a square

and non-square element always a non-square element in Fp.

(i) In this item, we shall show that ¢ is an element of O, of the order ¢, that is |t| = ¢, where [{|
denotes the order of t in IF;. Since t € Sy, so [t| =t or 2¢. On contrary, we assume [¢| = 2¢. This
yields that t' = —1 (mod ¢). Using the fact 4 = —1 (mod ¢) and applying the arithmetic in
[F,, we have tt-1/2 9= (mod ¢). This implies 2 € S; or —2 € S;, a contradiction.
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(ii) Recall 2 ¢ S,;. Therefore the order of 2 is 4¢. Using exponent rule, it follows that 4| = |22 =

2t
———— =2t and [4’| = ——— =1.
ged(2, 4t) and [47] ged(2, 2t)

This completes the proof. O

Corollary 4.5. Let g and t be odd primes such that ¢ =4t +1. Then t € F} such that the order of t

15 t.

Remark 4.6. Since t € O, = (16), so t = 16" for some unique integer 1 < i <t — 1. Thus Vit =4
and hence \/t € S,y For example taking q = 53, then t = 13 = 165 and V=163 =15 € Os3.

In the following two theorems, we obtain the factorization of 22"t — 1 into irreducible factors over
F, when either ¢ =2t +1 or ¢ = 4t + 1.

Theorem 4.7. Let q and t be odd primes such that ¢ = 2t + 1, then

-1 = [ @x4) J[ *-4TEE e +4)

0<j<t—1 2<k<u—1
1<i<2k-2
0<j<t—1

[T @ £4m(pe )2 —4%).

0<r<n—u

1<i<ou—3

0<j<t—1

Proof. The proof follows immediately by using Theorem 3.4, Theorem 3.6 and Theorem 4.2. (|

Theorem 4.8. Let g and t be odd primes such that ¢ = 4t +1. Then the factorization of 22"t —1 into

the product of 2nt irreducible polynomials over Fy is given by:

t—1

2 —1=1] ((x +16)(z £ vV=1-16") [] * £v-1- 16j)>.
§=0 1<r<n—2
Proof. The proof follows immediately from Theorem 3.2 and Theorem 4.4. U

Example 4.1. Let ¢ =347 =2-173+4+ 1. Then s =1, t =173 and u = 3. Now o = —1, T(B4) =0
and T(Bs) = v/—2 = (—2)% = 107. By Theorem /.2, 4 is a primitive 173th root of unity in F4,. It
follows that '™ — 1 = Hjl-fo(x —49) and 213 +1 = H]lfo(a? +47). Also 2346 + 1 = 1_[31-120(1’2 + 47).
Further, forn > 3, by Theorem 4.7, the factorization of x®" 1™ —1 into 173(2n — 1) irreducible factors

over Fsq7 is given by:

2o = ] <(x )2 +4%) ] @2 £ 4710727 — 421')>.
0<j<172 0<r<n—3
Example 4.2. Let q=23=2-11+4+1. Then s =1,t =11 and u =4. InF3;, o = —1, T(B4) =0,
T(Bs) = V2 =26 = —5 and T(Big) = vV—5—2 = (=7)° = 4, T3(B16) = 7. By Theorem /.2, 4 is a
primitive 11th oot of unity in Fy,. It follows that x'1 —1 = Hjl.ozo(x —47) and 211 +1 = H]lio(:n—i—ﬂ).
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Also 22241 = H}go(:z:2—|—4j). Further, by Theorem 4.7, the factorization of x3°2 —1 into 143 irreducible

factors over Fao3 is given as:

#7-1 = ] ((;1: +4) [ @ —-4TEE e+ 4%)

0<5<10 2<k<3
1<i<2k—2

IT (a2 & 4T85 o — 49) (o & 47T ) - 49) )

1<4<2

= @ -1 J] <(x2 + 47 - 5x 4 4%)
0<j<10
ne{4,7}

(2? £ ¥ nx — 4% (2 £ P na® — 42j)>.

704

Furthermore, using recursive approach, the factorization of x™* — 1 into 187 irreducible factors over

Fa3 s given by
2704 1 (%2 — 1) H (2 + 4zt — 423')).
0<5<10
ne{4,7}
Example 4.3. Let ¢ =149=4-37+1. Then s =2, t =37. By Theorem 4.4, ag =/ —1 = /148 =
237 = 2-16° = —44. Using Theorem 4.8, the factorization of x2" 37 — 1 over Fi49 can be written
into a product of 74n irreducible factors as follows:

36

xQn'37—1—H<(xi16j)(xj:44-16j) 11 (xzri44-16j)>.

7=0 1<r<n—-2

Example 4.4. Let q =53 =4-13+1. Then s =2,t = 13. By Theorem j.4, ay = v/—1 =+/52 =
213 = 2-16% = 30. Using Theorem /.8, the factorization of 2" '3 — 1 over Fs3 can be written into
a product of 26n irreducible factors as follows:

12

21 =] <(:c +167)(x £30-16/) J[ (=* £30- 16j)>~
=0 1<r<n—-2
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