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ABSTRACT. In this paper, we investigate suborbital graphs formed by N (FO(N ))—invariant equivalence
relation induced on Q Conditions for being an edge are obtained as a main tool, then necessary and

sufficient conditions for the suborbital graphs to contain a circuit are investigated.

1. Introduction

1.1. The normalizer. I'o(N) = {g €' : ¢ =0 (mod N)} is a well known congruence subgroup of
the classical modular group I'. The normalizer of I'g(N) in PSL(2,R) turns to be a very important
group in the study of moonshine and for this reason has been studied by many authors [5, 6, 16]. It
consists exactly of the matrices
(1.1) ( ae b/ ) ,ade? —becN/h? = e
¢N/n de

where e || % and h is the largest divisor of 24 for which h2|N with understandings that the determinant
e of the matrix is positive, and that r || s means that r|s and (r,7) = 1 (r is called an exact divisor
of 5).We denote the normaliser by N (T'o(N)).

If h = 1, then the group is called Atkin-Lehner Group. Also we denote the set of the elements of
N(To(N)) with determinat 1 by I'c:(N). T'c(N) is a subgroup of N (I'g(N)). So we can easily verify

that .
ho0 ho 0
T'o(N) = <0 1) FO(N/h2> (0 1).
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The standard classification of the elements of PSL(2,R), motivated by their geometric properties
when acting on H := {z € C: Im(z) > 0}, depends on the trace of the corresponding matrices. Let
G be a subgroup of PSL(2,R). Any point in the boundary of H fixed by a parabolic element of G is
called a parabolic point or cusp of G. The set of the parabolic points of G is called the cusp set of
G. Two points 1, x2 in the cusp set of G are called G-inequivalent if there is no g € G such that
gx1 = x2. The number of G-inequivalent cusps of GG, that is, the number of orbits in the action of G
on its cusp set, is called the parabolic class number of G. It can be seen easily that the cusp set of I"
isQ=QuU {oc}. The cusp set of I'y(N) is also Q because they are finite index subgroups of I'.

Since I'g(NV) is a Fuchsian group whose fundamental domain has finite area, the same is true of

N(Io(N)). So it has a signature consisting of the geometric invariants

(g;mla"' 7m7‘;5)

where ¢ is the genus of the compactified quotient space, m1,..., m, are the periods of the elliptic
elements and s is the parabolic class number.

The signature of a discrete Fuchsian group is a very interesting problem in group theory and
arithmetic-algebraic geometry. The signature of N (FO(N )) was determined for square-free N by
Maclachlan in [16]. Clearly, the general statement seems to be very difficult. A necessary and sufficient

condition of transitive action of N (I‘o (N )) on its cusp set was given by Akbag and Singerman in [2].

1.2. Motivation. The modular group acts transitively on Q and in a paper of Jones, Singerman,
Wicks, the suborbital graphs were studied and the most basic one turn out to be the well-known
Farey graph [10].

In a series of papers, suborbital graphs of the normalizer were studied by same idea. All circuits
in the suborbital graph were found when N is a square-free positive integer [3, 13] and when N
satisfies the condition of transitive action [14]. Then, non-transitive cases have been examined to
reach the general statement [7, 9, 11, 12]. An interesting contribution of these studies was that the
action of normalizer offers solutions for some congruence equations deal with the sizes of circuits in
the suborbital graph [8]. In this paper, we continue to examine some new cases. Verification of these
congruences would be interesting because one immediate result is that we come close to obtain the
suborbital graphs of N (FO(N )) for arbitrary-IN. To avoid repetition, we also refer to introduction
part of [8] for the aim of this work.

2. The Action of N(I'((N)) on Q

Every element of the extended set of rationals Q = QU{o0} can be represented as a reduced fraction

T a b
—, with z,y € Z and (z,y) = 1. oo is represented as % = %1. The action of the matrix < J ) on
c

is

ARSI
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a b T ax + by
= = .
c d Y cx + dy

If the determinant of the matrix is 1 and (z,y) = 1, then (az + by, cx + dy) = 1.

Lemma 2.1. [2, Corollary 2| Let N have the prime power decomposition as
a3 . ped.ptr. Then N(FO(N)) acts transitively on Q if and only if o < 7, as < 3 and
a; <1 fori=3,...,r

In this paper, we will take N as 2-3%p?, where p is prime number greater than 3 and p = 1 (mod 4).
From (1.1), h =3 and e = 1,2, p? or 2p?. So we get the elements of N(FO(Q . 32p2)) of the form

a b 2a b
T = 3 ), detTh =1, Th= 30, det Ty =2,
2.3p%c d 2.3p%c 2d

2 b 2 b
4 2 5
Ts = awp S ), det Ty =p?, Ty= P 3 , det Ty = 2p°.
2 2 2 2
2-3p°c dp 2-3p°c 2dp

Hence, by Lemma 2.1 the following result is obvious.

Corollary 2.2. The action of the normalizer N(Io(2 - 32p?)) is not transitive on Q. O

Now, we will find a maximal subset of @ on which the normalizer acts transitively. From this action,

we will investigate some properties of suborbital graphs for NV (F0(2 . 32p2)).

Lemma 2.3. [7, Corollary 2.4] Let d|N. Then the orbit (Z) of a/d with (a,d) =1 under To(N) is

the set {:L"/y €eQ:(N,y)=da= z¥ (mod (d, N/d))} Furthermore the number of orbits <Z> with

d|N under T'o(N) is just ¢(d, N/d), where p(n) is Euler’s totient function, which is the number of

positive integers less than or equal to n that are coprime to n. O
In the view of the above lemma, we can give the following

(i);(i);(i);(i);(ig);( ) (o) (o) ()

(o) (o) () (o ) (o ) (i) )

)G () 0o () (%)
) (o) (57 () () (5)
<2-Cl3p>’<2-623p>"”’<;2?3;>; <2~d§2> <2 32) <2 32)
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where a; # a; (mod 3p),b; # b; (mod p),c; # ¢; (mod 3p) and d; # d; (mod p) and the number of
orbits is 8p + 8.

Proof. According to Lemma 2.3, the possible values of d for the orbit (Z) are

1,2,3,23,3%,2 - 32.p,2p,3p, 2 - 3p,3%p, 2 - 3%p, p?,2p%, 3p%, 2 - 3p2,3%p%,2 - 3%p%. Hence, the number
of non-conjugate classes of these orbits with Euler’s formula are found as follows;

1 for 1,2,32%,2-32,p2,2p%, 3%p%, 2 - 3%p?

2 for 3,2-3,3p%, 2 3p?,

p — 1 for p,2p, 3%p, 2 - 3%p,

2p — 2 for 3p, 2 - 3p.

Theorem 2.5. The set
a1 1 1\ (2 1 5 1 1 1
o) =(1)1(5) v (5) 2 (5)0 (213) 2 (75) () 0 (o) ¥ (o)

1 U 1 U 2 U 1 U 11 U 1 U 1
<2p2> (31)2) <3p2> (2 : 3p2) (2 : 3p2> (32192) (2 : 321?2)’
is an orbit of N (I'g(2-3%p?)) on Q.
2ap? %

1
e N(To(2 - 32p?)) on the orbit .
2. 3p%c 2dp2) (Fo(2- 3%%) <1>

Since det Ty = 2p?, we have 2adp? — bc = 1. So b and ¢ must be odd. If we use Lemma 2.3 for
<1> 2ap? b <1> ( 6ap® + b ) <x>
T4 = = 2 ~ 5
then the following cases are obtained.
1 2ap? + by 1
i) If 3|b and 3{d , then T, = .
(A and 314, then T <1> (21)2(30 + d)) - (2192)

oo 1 1
(i) If 31 b and 3|d, then T} <1> € (2 ) 32p2)‘

Proof. Let’s just look at the action of T, = (

(i) If 31 band 31d , then y = (2-3%p%, 2 3p*(3c + d)) = 2 3p® and (y, 222°) = 3.

Therefore, v = (6ap2 + b) . (3c+ d) (mod 3), that is, x = bd (mod 3). Since b=6k+1,d=6{/+1 or
d = 6¢ £+ 2 for some integers k and ¢, we get =1 (mod 3) or x =2 (mod 3). Asp=1 (mod 4), we

1 1 11
obtain Ty € or .
1 2 - 3p? 2 - 3p?
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1 2 1
Furthermore, by the similar calculations, we get the orbits <3>, <3>, <32> for 11,

1 1 5 1 1 1 9 )
f .
(2) ? (2 . 3)7 (2 . 3> ’ <2 ) 32) or T and <p2)7 (3}72)7 (sz) ) (32]72) for T3 O

Therefore the set Q(Q -32p%) is one on which N (F0(2 . 32p2)) acts transitively. We now consider
the imprimitivity of the action of N (F0(2 . 32p2)) on (@(2 - 3%p?), beginning with a general discussion
of primitivity of permutation groups.

Let (G, ) be a transitive permutation group, consisting of a group G acting on a set ) transitively.
An equivalence relation ~ on Q is called G-invariant if, whenever «, 5 € € satisfy a ~ 3, then
g(a) = g(B) for all g € G. The equivalence classes are called blocks, and the block containing « is
denoted by [a].

We call (G, Q) imprimitive if Q admits some G-invariant equivalence relation different from

(i) the identity relation, o =~ (3 if and only if a = ;

(ii) the wniversal relation, o = (3 for all a, 8 € Q.

Otherwise (G, ) is called primitive. These two relations are supposed to be trivial relations. Clearly,
a primitive group must be transitive, for if not the orbits would form a system of blocks. The converse

is false. Now we give the useful result.

Lemma 2.6. [4, Theorem 1.6.5] Let (G,A) be a transitive permutation group. (G,A) is primitive if
and only if G, the stabilizer of a € A, is a maximal subgroup of G for each a € A. O

From Lemma 2.6, we see that whenever, for some «, G, < H < G, then Q admits some G-invariant
equivalence relation other than the trivial cases. Because of the transitivity, every element of €2 has
the form g(«) for some g € G. Thus one of the non-trivial G-invariant equivalence relation on € is

given as follows:

(2.1) g1(a) = ga2(e) if and only if g2 € g1 H.

The number of blocks is the index |G : H| and the block containing « is just the orbit H(«).
Lemma 2.7. The stabilizer of a point in @(2 - 32p?) is an infinite cyclic group.

Proof. By transitive action, the stabilizers of any two points are conjugate. Hence, it is enough to
consider the stabilizers of oo in N (T'g(2 - 3%p?)). As

1 ae g 1 ae 1
T = = = b
0 2-3p%c de 0 2. 3p’c 0
1 @&
we have ¢ = 0 and e = 1. Also, by determinant, ad = 1. So we get T = 0 i . This shows that

(N(2 : 32p2)>oo - <<(1) %) > . 0
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Now, if we take N(FO(Q . 32p2)), (@(2 - 32p?), (N(2 . 32p2)) and

o0

2a b
No(2-3%p%) = (T (2-32 2>,T - 3
o P) <C p 2 9. 3p% 2d

instead of G, 2, G, and H in Lemma 2.6, respectively, then it is easily seen that
(N(2-3%p?)) < No(2-3%p*) < N([o(2-3%?)).

So N (F0(2 . 32p2)) acts imprimitively on Q(Q -3%p?). In this study, we will investigate the structure

of normalizer by approximating to normalizer with the elements of Ny (2 . 32p2).
Lemma 2.8. [1, Proposition 2] The index of Io(N) in U'c(N) is given by
ITc(N) : To(N)| = h*r,

where
L, if9| N;

3. 4 1, if 22,2426 N;
T=(3)"(5) e = if | and g9 = _
0, otherwise.

0, otherwise,

g

Corollary 2.9. [1, Corollary 2] }N(FO(N)) : FO(N)} = 2Ph2T, where T as in above and p is the number

of prime factors of % O
Theorem 2.10. The blocks arising from the imprimitive action of normalizer is as follows:
0] = 1 U 1 U 1 U 2 U 1 U 5 U 1 U 1
RN 2 3 3 2.3 2-3 32 2.32.)7
o] 1= 1 U 1 U 1 U 2 U 1 U 11 U 1 U 1

T p2 2p2 3p2 3]?2 2. 3p2 92. 3p2 32p2 2. 32p2 :

Proof. Since h = 3,7 = % and p=2 for N =2-3%p? we get
ITe(2-3%p%) : To(2-3%p%)| = 12 and [N (I'o(2-3%p?)) : To(2 - 3%p%)| = 48,

by Lemma 2.8 and Corollary 2.9. Also, since T3 € FC(2 . 32p2) & a+d = 1, we have
‘N() (2 . 32p2) : T (2 . 32p2)‘ = 24. Using the equation

‘ _[N(To(2-3%p%)) : To(2 - 3%p%)|
[N (To(2-3%p%)) : No(2-3%p7)| = [No(2-3%p?) : To(2 - 32p%)]

we obtain [N (To(2-3%p?)) : No(2- 3%p?)| = 2.
Clearly N(FO(Q . 32p2)) =Ny (2 : 32p2) U (221;;2% dfp?) Ny (2 . 32p2). So the number of blocks arising

from the imprimitive action is 2 and these blocks are determined as desired by the relation (2.1). O

b
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3. Suborbital Graphs for N (I'¢(2 - 3%p?))

Let (G,Q) be transitive permutation group. Then G acts on Q2 x Q by g(«,8) = (g(a),9(B)),
(g € G,a, € Q). The orbits of this action are called suborbitals of G. The orbit containing («, [3)
is denoted by O(a, ). From O(a, ) we can form a suborbital graph G(«, ) : its vertices are the
elements of 2, and there is a directed edge from ~y to 0 if (7,0) € O(«a, 8). A directed edge from v to &
is denoted by v — 6. That is, there exists an edge v — § in G(a, B) if and only if there is g € G such
that g(a) = v and g(8) = 6. We can draw this edge as a hyperbolic geodesic in the upper half-plane
H.

If O(a, B) # O(B, ), then G(B,«) is just G(a, ) with arrows reversed and we call G(«, ) and
G(B,a) paired suborbital graphs. If O(«, ) = O(B, ), then G(«, 8) can be considered as an undirected
graph and G(a«, ) is called self paired.

The idea of the suborbital graphs of a permutation group G acting on a set A was introduced by
Sims in [19]. Also, in [6], [15] and [20] it was applied to the finite groups.

We now take N (T'g(2-3%p?)) and Q(2-32p?) instead of G and Q respectively. Since N (To(2-3%p?))
acts transitively on @(2 - 32p?), each suborbital contains a pair (oo, 1%) for some 7% € @(2 - 32p?),
where (u,p?) = 1. We denote the suborbital by O(oo, I%) and the corresponding suborbital graph by
Gy p2-

Definition 3.1. By a directed circuit, we mean that a sequence v1,va,...,v, of different vertices
such that vy — vo — -+ —> vy, —> v1, where m > 3.

If m =3,m =4 and m = 6, then the circuit, directed or not, is called a triangle, a quadrilateral,
and a hexagon, respectively.

If m =2, then we will call the configuration vi — v9 — vy a self paired.
We call a graph a forest if it does not contain any circuits.

x
y
(i) If 2 - 32p?||s, then x = +ur (mod p?),y = +us (mod p?), ry — sz = £p?,

(i) If 3%p?||s, then x = +2ur (mod p?),y = +2us (mod p?), ry — sz = +p?,

(iii) If 2-3p?||s, then x = £3ur (mod p?),y = +3us (mod p?), ry — sz = +3p?,
(iv) If 3p?||s, then x = £6ur (mod p?),y = £6us (mod p?), ry — sz = £3p?,
)
)

Theorem 3.2. There is an edge ; — © in G, 2 if and only if

(v) If 2p?||s, then x = +9ur (mod p?),y = +9us (mod p?), ry — sz = +p?,
(vi) If p?||s, then x = £18ur (mod p?),y = £18us (mod p?), ry — sz = +p°.

be an edge in G, 2. Then (g,i) € O(oo,z%). So there is an element

Proof. Let T — %
b

ae
T = 3] € N(Ty(2 - 32p?)) such that T(co) =~ and T(%) = Z.
(2'3])26 de> ( 0( D )) ( ) s (p2) Yy
a

We now assume that 2 - 3%p?||s. Therefore T must be of the form T = (2 2,2
. p C

b
2) € To(2-3%),
ad — 2bcp? = 1. If 3| b,3 | ¢ and 31{a,31d, then, for i =0, 1,
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a bo\ /1 a (=1)ir
Ty (00) = (5) = L
1(ce) (2 - 32p%c d> 0 2-3%p%cy  (—1)'s
So we get r = (—1)’a and s = (—1)?2 - 32p?cy. Furthermore, for j = 0,1
T(E)— a bo (ﬂ)_ au + bop? _ (=1iz
N2/ T\ 2822 ) \P?) T 2 3%2cutdp? T (—1)iy
As det Ty = 1, we have (au + bop?, 2 - 32p%cou + dp2) = 1. Hence we obtain z = (—1)7(au + bop?) and
y = (—1)7(223p?cou + dp?), that is,

z=(-1)"ur (modp?) and y=(—-1)"Jus (mod p?).

a bo\ (1 w) a au + bop? (=D (=1
223p%cy d 0 p? B 223p%cy  223p2cou + dp? B (—1)'s (=1)y ’

for i,5 = 0,1, we have ry — sz = +p%. This proves (i).

Since

b
Now, let 3p?||s and we take the element T = (2‘?2;20 2§d) , 2ad —bep? = 1. If 31 a,31b, 31c, then for
i=0,1

B 2a P\ /1y e (-
To(o0) = <2~3p20 33d> <5) T 3p2c (—1)is]

which gives that r = (—1)’a and s = (—1)?3p?c. Furthermore, for j = 0,1, we have

T2(£>: 2a % <£): 6au + bp? :(—1)31:10.
p? 2-3p%c 2d) \p*/  6(3p’cu+dp®) (—1)7y

b
g) has determinant 1 and (u,p?) = 1, we obtain

As the matrix <
(6au + bp?, 3(3p°cu + dp2)) =1.
Therefore (Gau + bp?, 6(3p>cu + dp2)) = 1. Thus we get

= (=1 6ur (mod p?) and y=(—1)"" 6us (mod p?).

2a % L w\ [ a 6au + bp? (=) (=)
2.3p% 2d) \0 p?)  \3p2c 6(2p%cu+dp?)) \(=1)is (=1)iy)’

we have ry — sz = £3p?(2ad — bep?) = +3p?, where i = 0, 1. This proves (iv).

Since

If the following conditions hold for T} , then (iii) and (v) are obtained;
e3ta,3tband 31c
e 3| aand 31tb,31crespectively.

Also, if the conditions

e3taand 3]|b,3|cand
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e3|aand 31b,31c
hold for Th, we get (ii) and (vi) respectively.
In the opposite direction, we show only (v) and the plus sign. The others are similar. Suppose that
2p2||s, = Yur (mod p),y = Yus (mod p) and ry — sx = p?. So there exist some integers k and ¢

such that x = 9ur + kp? and y = Yus + £p?. Since ry — sz = p?, we have f — ks =1, or { — % =1.

k
ro3

Therefore we obtain the element 7T = (3
s

) with determinant 1.

Since 2p?||s, T € I'c:(2 - 32p?). Also T(c0) =~ and T(z%) =+ Thus { — Zisanedge in G, jp. [
Theorem 3.3. G, 2 is self-paired if and only if 18u? = —1 (mod p?).

Proof. First we suppose that G, ;2 is self-paired. Then O(oo, %) = O(%, oo). Therefore there is an

P P
b
element T' = ae 3] € N(Io(2 - 3%p?)) such that T(c0) = % and T(%) = oco. As
2.3p%c de P P
ae u
T = — = —

we get 3|a,e = 2 and ¢ = 1. Since 3|a, there exist an integer ag such that a = 3ag. Hence, we obtain

ao = u by above equation. Also, from

p?) ~ 3p2(6cu+de) 0’

( U ) 3aue + bp? 1
p

we have 6¢cu + de = 0. Since e = 2 and ¢ = 1, we determine d = —3u. As det T = 2ad — bep? = 1, we

obtain 6agd — bep? = 1, that is, 18u? = —1 (mod p?).
Now let 18u? = —1 (mod p?). Then there exists k € Z such that 18u? = —1 — kp?. Hence
6u k _
~36u — 2kp? =1. So T = (2.31;2 _%u) € N(To(2 - 3%?)), and T(c0) = %, T(I%) = =1 = 0. Thus
O(oo, 1%) = O(I%, oo). This shows that G,, 2 is self-paired. O

4. Subgraph F,

Since N (I'o(2 - 3%p?)) acts transitively on Q(2 - 3%p?), N (To(2 - 3%p?)) permutes the blocks transi-
tively; so the subgraphs are all isomorphic. Thus it is sufficient to study with only one block. We
denote by F,, 2 the subgraph of G, ,» whose vertices are in the block

o= <pl2> N (21192> - <3zlﬂ> N (31292) N (2 ép?) N <2 -1;172) N <321p2> N <2 - ;2192)’

so that G, ,» consists of two disjoint copies F), 2.

Theorem 4.1. Ny (2 . 32p2) permutes the vertices and the edges of F,, 2 transitively.
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Proof. We show that Ng (2 . 32p2) permutes the vertices of F,, 2. The proof for the edges of F}, 2 is

similar. Let u,w € [oo] are vertices of F, 2. Since N (To(2-3%p?)) acts transitively on Q(2 - 32p?),

ae b

there is an element T = ( yp

€ N(T'o(2-3%p?)) such that T(v) = w. As u,w € [o0], v = L5
- 3p%c de

and v = % Therefore

ae b (i) _ Baex+byp® k.
2-3p%c de) \yp*/  3p*(6cx +dey) Lp*
So e must be 1 or 2. Thus T' € Ny (2 . 32p2). Consequently, the action of Ny (2 . 32p2) on the block [00]

1s transitive.

With similar calculation, it can shown that Ny (2 . 32p2) permutes the edges of F), 2. O

Theorem 4.2. No edges of F,, 2 cross in H.

Proof. We assume that the edges oo — pl

=y 22 cross in H, where all letters are positive
y1p2 y2p? ’

< 2 < . By Theorem 3.2, we obtam T1Yo — oy = —1 or x1ys — xoy1 = —3. If

T1Y2 — xgyl = —3 we obtam y1 = 3 or y; = 6 by the edge conditions (iii) and (iv) in Theorem 3.2.

Slnce <u< x2 , we get 1 < uy; and uys < xo. Therefore

3 = xoy1 — T1Y2 > Tay1 — uy1y2 = y1(x2 — uy2).

Since u, x2,y2 € Z, then xo —uys > 1. Thus we obtain a contradiction y; < 3. By a similar calculation

for x1y2 — x2y1 = —1, it is seen that y; < 1, which is impossible. g
Corollary 4.3. F), 2 has a self paired edge iff 18u? = —1 (mod p?).
Theorem 4.4. F, > contains no triangle.

Proof. Suppose on the contrary that F,, . contains a triangle. Because of transitive action, we can

take this triangle of the form i 0 /“2 — 0 By Theorem 3.2, £ =1 or £ = 3.

Let ¢ = 3. Then, for the edge %% — we have 3u — k = 1 and 3u F 1 = £18u? (mod p?), that
P

is,

327

18> F3u+1=0 (mod p?).
Furthermore, since 1 = —6uk (mod p?) for the third edge,
18u> F6u+1=0 (mod p?)

is obtained. Thus, 3u =0 (mod p?). Therefore we get the contradiction u =0 (mod p?).

For £ =1, the case is similar. Consequently, there is no triangle in F,, 2. 0

Theorem 4.5. F), 2 contains a quadrilateral if and only if 18u? +6u+1=0 (mod p?).
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Proof. Firstly, we assume that the subgraph F), » has the quadrilateral

1 < T2 < T3 < T4 < I1
7 7 7 7 7 7 7 7 2
Yyip Y2p Ysp Yap Yyip
Since Ny (2 . 32p2) permutes the vertices and the edges of F,, > by Theorem 4.1, this quadrilateral can
1 U x k 1
betakeoftheformf—>—2i>—25>—2—>7.
0 p yp tp= 0

Using Theorem 3.2 for the second edge, * = uy+1 and z = —18u? (mod p?) are obtained. Therefore
(4.1) 18u? +uy +1=0 (mod p?).

For the last edge, £ must be 1 or 3.

Now let £ = 1. So from the edge y% = @%,We getx —ky=—-lorax—ky=-3. lfx —ky=—1,
then from x = uy + 1, we have y(u — k) = —2. So y =1 or y = 2. By the edge conditions, we obtain
k=u+2and 18u?+u+1=0 (mod p?) fory =1, and k = u+1 and 18u%*+2u+1 =0 (mod p?) for
y = 2. From here and the last edge, we get u = 0 (mod p?). This contradicts the fact that (u,p?) = 1.

Let x—ky = —3. Then, by Theorem 3.2, y must be 3 or 6. Since z = uy+1, we obtain y(u—k) = —4.
Therefore the contradiction 3|4 or 6|4 is obtained.

Now we suppose that £ = 3. So 1 = —6uk (mod p?) for the edge # — %. From Eq.(4.1),
k= 3u+ § (mod p?). Hence y must be 6 or 18. If y = 18, we get k = 3u + 3, which contradicts
(k,3p?) = 1.

Consequently, we have y = 6 and £ = 3. Hence by Eq.(4.1), 18u% + 6u+ 1 =0 (mod p?).
Similarly, for the quadrilateral ! LA N N La — 1, 18u% — 6u+1 =0 (mod p?) is obtained.

0 p* wyp? p? 0
Conversely, suppose that 12u? + 6u + 1 = 0 (mod p?). Using the edge conditions in Theorem 3.2,

it is easily seen that

1 U 6u=+1 Juxl 1
— — —

p? 6p> 3p?
is a quadrilateral in F,, 2. g
1 19 6 17 1
Example 1. =, =, =, N s a quadrilateral in F o5.

3.25 (1) 54-25 (2 17-25 (3) 4825 (1) 3-25

According to the edge conditions (iv), (i), (vi) and (iii) in Theorem 3.2, we get

(1) 3p?||s, 19= —6-1-1 (mod 25) and ry — sx = —3-25

(2) 18p?||s, 6 = —1-1-19 (mod 25) and ry — sz = —25

(3) p?|ls, 17=-18-6-1 (mod 25) and ry — sz = —25

(4) 2-3p*|s, 1 =3-17-1 (mod 25) and ry — sx = 3 - 25 respectively.

1~ 1 « 7 4 - 1. — 1
Also- 5 — S — S5 —— S —in F d the el tT = 3 No(2-3%p?
800_>25_>6-25 3.25—>0m 1,25, and the elemen <6-25 ) € No( )
sends
1 19 6 17 7 4 1

1
— = — —
25 6-25 3-25 0

1
— — — — to — —
325 54 - 25 17-25 48 - 25 325 0
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which are given in Figure 1.

1 19 6 17 1

7
3.25 54-25 17-25 48-25 25 6-25 3-25

FIGURE 1. The quadrilaterals in F} o5

Furthermore by similar calculations, we obtain the quadrilaterals

—>l—>i—>£—>land 2 — 5 — 1 — 13 —
25  6-25  3-25 0 9-25 14-25 51-25 60-25  9-25
40 239 119 1

169 —n F
169 6.169  3.169 o ™ t4o169;

2w an 1
289 6-289 3-289 0 42,289-

inkFry o5,

%

= = =
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