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Abstract. The Hosoya index, also known as the Z index, of a graph is the total number of matchings

in it. In this paper, we study the Hosoya index of the tree structures. Our aim is to give some results

on Z in terms of Fibonacci numbers in such structures. Also, the asymptotic normality of this index

is given.

1. Introduction

In chemical graph theory and in mathematical chemistry, a molecular graph or chemical graph

is a representation of the structural formula of a chemical compound in terms of graph theory. A

chemical graph is a labeled graph whose vertices correspond to the atoms of the compound and edges

correspond to chemical bonds. Its vertices are labeled with the kinds of the corresponding atoms

and edges are labeled with the types of bonds. For particular purposes any of the labelings may

be ignored. A hydrogen-depleted molecular graph or hydrogen-suppressed molecular graph is the

molecular graph with hydrogen vertices deleted. Molecular graphs can distinguish between structural

isomers, compounds which have the same molecular formula but non-isomorphic graphs- such as

isopentane and neopentane. On the other hand, the molecular graph normally does not contain any

information about the three-dimensional arrangement of the bonds, and therefore cannot distinguish

between conformational isomers (such as cis and trans 2-butene) or stereoisomers (such as D- and

L-glyceraldehyde).
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In some important cases (topological index calculation etc.) the following classical definition is suf-

ficient: molecular graph is connected undirected graph one-to-one corresponded to structural formula

of chemical compound so that vertices of the graph correspond to atoms of the molecule and edges of

the graph correspond to chemical bonds between these atoms. One variant is to represent materials

as infinite Euclidean graphs, in particular, crystals as periodic graphs.

In 1971 the Japanese chemist Haruo Hosoya introduced a molecular-graph based structure descrip-

tor, which he named topological index and denoted by Z. The Hosoya index H(G) of a graph G

is defined as the total number of independent edge subsets, that is, the total number of its match-

ings (see [8]). This topological index, also called the Hosoya Z index [8], has found an extensive use

in quantitative structure-property relationships (QSPRs) and quantitative structure-activity relation-

ships (QSARs) (see [11]-[15] and references therein). In some cases such as in simple linear regressions

based on topological indices the Z index gives better QSPR and QSAR models than most indices [14].

It is also applicable to many different problems, not only in chemistry, but also in mathematics (e.g.

combinatorial theory), chemoinformatics (e.g. coding and identification of molecules) and physics (e.g.

dimer statistics).

Trees are defined as connected graphs without cycles, and their properties are basics of graph theory.

For example, a connected graph is a tree, if and only if the number of edges equals the number of

nodes minus 1. The path graph, star tree, caterpillar tree, lobster tree, d-ary tree and starlike tree

are the most applicable types of tree structures in graph theory. The goal of this paper is to study of

Hosoya index in such structures [6].

2. The main results

Let Fn be the n-th Fibonacci number and hence, F0 = 1, F1 = 1, F2 = 2. Note that in some of

literatures it is assumed that F0 = 0 and F1 = 1 but for convenient, in this paper we assume that

F0 = 1, F1 = 1, F2 = 2 and so on.

Lemma 2.1. ([6, 16]) If G1, G2, . . . , Gk are the connected components of a graph G, then H(G) =∏k
i=1H(Gi).

It is well known that among all n-vertex trees, the path Pn has the maximum Hosoya index and

the star Sn has the minimum Hosoya index [6].

Lemma 2.2. [2] We have H(Sn) = n and H(Pn) = Fn for each n ∈ N.

Lemma 2.3. For each pair of positive integers k, t with the condition k ≥ t we have

Ft−1Fk+1 − FtFk = (−1)t+1Fk−t.
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Proof. By using the recurrence relation of the Fibonacci numbers we have

Ft−1Fk+1 − FtFk = Ft−1(Fk + Fk−1)− (Ft−1 + Ft−2)Fk

= Ft−1Fk−1 − Ft−2Fk

= (Ft−2 + Ft−3)Fk−1 − Ft−2(Fk−1 + Fk−2)

= Ft−3Fk−1 − Ft−2Fk−2.

Thus, by an inductive process we can see that

Ft−1Fk+1 − FtFk = Ft−3Fk−1 − Ft−2Fk−2

= Ft−5Fk−3 − Ft−4Fk−4

...

=

{
F1Fk−t+3 − F2Fk−t+2 t is even

F0Fk−t+2 − F1Fk−t+1 t is odd

=

{
Fk−t+3 − 2Fk−t+2 t is even

Fk−t+2 − Fk−t+1 t is odd

=

{
Fk−t+1 − Fk−t+2 t is even

Fk−t t is odd

=

{
−Fk−t t is even

Fk−t t is odd

□

Theorem 2.4. For each pair of positive integers k, t we have

FtFk ≤ F2Ft+k−2.

Proof. Without lose of generality, assume that k ≥ t. If t = 1, then

FtFk = Fk = Fk−1 + Fk−2 ≤ 2Fk−1 = F2Fk+t−2.
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The case t ∈ {2, 3} is obvious and hence, assume that t ≥ 4. By Lemma 2.3 we obtain

FtFk = Ft−1Fk+1 + (−1)tFk−t

=
(
Ft−2Fk+2 + (−1)t−1F(k−1)−(t−1)

)
+ (−1)tFk−t

= Ft−2Fk+2 + (−1)t−1Fk−t+2 + (−1)tFk−t

= Ft−3Fk+3 + (−1)t−2Fk−t+4 + (−1)t−1Fk−t+2 + (−1)tFk−t

...

= F2Fk+t−2 + (−1)3Fk+t−6 + (−1)4Fk+t−8 + · · ·+ (−1)t−1Fk−t+2 + (−1)tFk−t

= F2Fk+t−2 +
(
− Fk+t−6 + Fk+t−8

)
+
(
− Fk+t−10 + Fk+t−12

)
+ · · ·

≤ F2Fk+t−2.

□

From Theorem 2.4 and by an inductive process, the following result directly follows.

Corollary 2.5. Let d,m, n1, n2, . . . , nd be positive integers such that n1 + n2 + · · · + nd = m. Then

we have
∏d

j=1 Fnj ≤ (F2)
d−1 Fm−2d+2.

Theorem 2.6. Let T be a tree of order n+1, x be a leaf in T such that ux ∈ E(T ) and d = degT−x(u).

Then we have H(T ) = H(T − x) + c(n, d) in which

n− d ≤ c(n, d) ≤ (F2)
d−1 Fn−2d+1.

Forthermore, these bounds are sharp.

Proof. It is straightforward to see that T−x is a tree of order n and each matching (set of independent

edges) in T − x is a matching in T that does not contain the edge ux, and vice versa. Also, each

matching in T which contains the edge xu corresponds to a matching in the forest T − u. Let

T1, T2, . . . , Td be the connected components of T −u other that the component consisting of the vertex

x. Thus, for each j ∈ {1, 2, . . . , d} the graph Tj is a tree and let nj be its order. Hence, we have

n1 + n2 + · · ·+ nd = n− 1. By Lemma 2.2 and for each j ∈ {1, 2, . . . , d} we have

nj = H(Snj ) ≤ H(Tj) ≤ H(Pnj ) = Fnj .
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Now Lemma 2.1 implies that H(T − u) =
∏d

j=1H(Tj) and hence,

n1n2 · · ·nd =

d∏
j=1

H(Snj )

≤ H(T − u)

≤
d∏

j=1

H(Pnj )

=

d∏
j=1

Fnj

Since n1 + n2 + · · ·+ nd = n− 1, from Theorem 2.5 and also by a simple application of calculus, we

obtain

1× · · · × 1× (n− 1− (d− 1)) ≤ n1n2 · · ·nd

≤ H(T − u)

≤
d∏

j=1

Fnj

≤ (F2)
d−1 Fn−2d+1.

To see that the lower bound is sharp, it is enough to consider the star graph Sn+1 in which its central

vertex is u and ux ∈ (Sn+1). Then, we see that

H(Sn+1) = n+ 1

= n+ (n− (n− 1))

= H(Sn+1 − x) +
(
n− degSn+1−x(u)

)
.

To see that the upper bound is sharp, consider the path graph Pn+1 in which x is a leaf adjacent to

the vertex u. In this case and we have d = degPn+1−x(u) = 1 and

H(Pn+1) = Fn+1 = Fn + Fn−1

= H(Pn+1 − x) + 21−1Fn−2+1.

This completes the proof. □

We explain the following evolution process for random trees of order n, which turns out to be

appropriate when studying the Hosoya index of trees. Every tree of order n can be obtained uniquely

by attaching n-th node to one of the n − 1 nodes in a tree of order n − 1. It is one of particular

interests in applications to assume the random tree model and to speak about a random tree with

n nodes, which means that all trees of order n are considered to appear equally likely. Equivalently,

one may describe random trees via the following tree evolution process, which generates random trees

of arbitrary order n. At step 1 the process starts with the root. At step i the i-th node is attached
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to a previous node v of the already grown tree T of order i − 1 with probability pi(v) = 1
i−1 . For

applicability of our own results and specially for some connections with the chemical relevance, see

[12].

Let Hn be the Hosoya index of a random tree of order n and Fn be the sigma-field generated by the

first n stages of these trees [1, 13]. Let Un be a randomly chosen node belonging to a tree of order n.

Theorem 2.7. For n ≥ 1, the average value of the Hosoya index is given by

E(Hn) =

n−1∑
j=1

1

j

j∑
i=1

c(i, di).

Proof. From Theorem 2.6,

(2.1) Hn = Hn−1 + c(n− 1, dUn−1).

Then

E(Hn|Fn−1) = Hn−1 +E(c(n− 1, dUn−1)|Fn−1)

= Hn−1 +
1

n− 1

n−1∑
i=1

c(i, di).(2.2)

The recurrence equation (2.2) leads to

E(Hn) =

n−1∑
j=1

1

j

j∑
i=1

c(i, di),

and proof is completed. □

Corollary 2.8. Since the sum of all degrees is equal to twice the number of edges:

1

4
(n− 6)(n− 1) + 2Hn−1 ≤ E(Hn) ≤

n−1∑
j=1

1

j

j∑
i=1

(F2)
di−1 Fn−2di+1,

where Hn =
∑n

j=1
1
j is the nth harmonic number.

Theorem 2.9. For n ≥ 1,

Var(Hn) = n+O(log n).

Proof. Let Z1 = 0 and for n ≥ 2,

Zn := Hn −Hn−1 −
1

n− 1

n−1∑
i=1

c(i, di).

Then E(Zn|Fn−1) = 0. From (2.1),

E((Hn −Hn−1)
2|Fn−1) = E(c(n− 1, dUn−1)

2) =
1

n− 1

n−1∑
i=1

c2(i, di)(2.3)
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and also

E((Hn −Hn−1)
2|Fn−1) = E

(Zn +
1

n− 1

n−1∑
i=1

c(i, di))

)2

|Fn−1


= E(Z2

n|Fn−1) +

(
1

n− 1

n−1∑
i=1

c(i, di)

)2

.(2.4)

Now, from (2.3) and (2.4),

E(Z2
n) =

1

n− 1

n−1∑
i=1

c2(i, di)−
(

1

n− 1

n−1∑
i=1

c(i, di)

)2

, n ≥ 2.(2.5)

By definition of Zn, we have

Var(Hn) = E(Hn −E(Hn))
2

=
n∑

i=1

E(Z2
i )

= n+O(log n),

since for any b ≤ i ̸= j ≤ n, E(ZiZj) = 0 [1]. □

Corollary 2.10. By Theorem 2.9, the process {Hn −E(Hn),Fn}n≥1 is a martingale [1], since

E(Hn −E(Hn)|Fn−1) = E(Hn|Fn−1)−E(Hn).

We use the notations
D−→ and

P−→ to denote convergence in distribution and in probability, respec-

tively. The standard random N(µ, σ2) appear in the last theorem for the normal distributed with

mean µ and variance σ2, respectively. These random variable appear in the results as limiting random

variable.

Theorem 2.11. As n → ∞,

1

n

n∑
i=1

Hi −E(Hi)

i

P−→ 0.
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Proof. By Chebyshev’s inequality, for any ε > 0 [1],

P
(∣∣∣ 1

n

n∑
i=1

Hi −E(Hi)

i

∣∣∣ > ε
)

≤ 1

n2ε
E

(
n∑

i=1

Hi −E(Hi)

i

)2

≤ 1

n2ε
E
( n∑

i=1

1

i

i∑
j=1

Zj

)2
=

1

n2ε
E
( n∑

i=1

(Hn −Hi−1)Zi

)2
=

1

n2ε

n∑
i=1

(Hn −Hi−1)
2E(Z2

i )

≤ 1

n2ε
(Hn −miniHi−1)

2
n∑

i=1

E(Z2
i )

=
1

nε
log(n) +O

(
log2(n

)
.

□

Theorem 2.12. As n → ∞,

Z∗
n =

Hn −E(Hn)√
n

D→N(0, 1).

Proof. Suppose

Xn,i =
Zi√
n
, i = 1, 2, . . . , n, n ≥ 1.

By [7, Corollary 3.1], it is sufficient to show that for any ε > 0,

lim
n→∞

P
(∣∣∣ n∑

i=1

E(X2
n,i|Fi−1)

∣∣∣ > ε
)
= 0(2.6)

and

lim
n→∞

P
(∣∣∣ n∑

i=1

E(X2
n,iI(|Xn,i| > ε)|Fi−1) > ε

)
= 0.(2.7)

First,

n∑
i=1

E(X2
n,i|Fi−1) =

1

n

n−1∑
j=1

(
Hj −E(Hj)

j

)

+
1

n

n−1∑
j=1

(
E(Hj)

j
−
(
1

j

j∑
i=1

c(i, di)

)2
)
.

Thus (2.6) follows by Theorem 2.11. Let dv be the out-degree of node v in a tree Tn of order n. With

the same method and this fact that [13]

lim
n→∞

P

(
1√
n

max
v∈V (Tn)

dv > ε

)
= 0,

we can prove (2.7) and proof is completed. □
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3. Conclusion

In this paper, we studied the Hosoya index of the trees. Some results on this index in terms of

Fibonacci numbers in such structures are given. The lower and upper bound for average value and

variance of this index are obtained. Also, the asymptotic normality of this index is given.
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