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IOTA ENERGY ORDERINGS OF BICYCLIC SIGNED DIGRAPHS

XIUWEN YANG AND LIGONG WANG*

ABSTRACT. The concept of energy of a signed digraph is extended to iota energy of a signed digraph.
The energy of a signed digraph S is defined by E(S) = Y7 _, |Re(zx)|, where Re(zy) is the real part
of eigenvalue z and zi is the eigenvalue of the adjacency matrix of S with n vertices, k = 1,2,...,n.
Then the iota energy of S is defined by E(S) = >"7_, |Im(2x)|, where Im(z) is the imaginary part of
eigenvalue zx. In this paper, we consider a special graph class for bicyclic signed digraphs S,, with n
vertices which have two vertex-disjoint signed directed even cycles. We give two iota energy orderings
of bicyclic signed digraphs, one is including two positive or two negative directed even cycles, the other

is including one positive and one negative directed even cycles.

1. Introduction

Graph energy was defined as the sum of the absolute values of all eigenvalues of the adjacency
matrix of a graph. In 1978, Gutman [12] first introduced the concept of energy of a graph. Since then,
more and more scholars pay attention to graph energy. At present, the studies about other energies
of graphs mainly include (signless) Laplacian energy [27, 5], matching energy [15, 24], distance energy
[8, 19], etc. More research results can be found in the papers [6, 13] and two good books [14, 23].
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In 2010, Adiga et al. [1] extended the energy of a graph to skew energy of an oriented graph. Thus
the skew energy was defined as the sum of the absolute values of all eigenvalues of the skew adjacency
matrix of an oriented graph. In 2017, Guo et al. [16] determined all connected 5-regular oriented
graphs with maximum skew-energy. In 2018, Deng et al. [7] found all tournaments achieving the
minimum skew energy. In 2019, Wang and Fang [29] established an upper bound for skew energy of
an oriented graph. More results on the skew energy of an oriented graph were refered to the survey
”Skew energy of oriented graphs” by Li and Lian on page 191-236 of [14].

In 2008, Penia and Rada [26] extended graph energy to digraph energy which was defined as the
sum of the absolute values of the real parts of its eigenvalues of the adjacency matrix of a digraph.
Moreover, Bhat [2] studied the spectra of weighted digraphs and obtained some upper bound for the
energy of weighted digraphs. Xi and Wang [31] considered the signless Laplacian energy of digraphs
and derived some lower and upper bounds for the signless Laplacian energy of digraphs. The references
[20, 25, 32] were also described some results concerning digraph energy. For more results, please saw
the survey ”Energy of digraphs” by Rada on page 237-276 of [14].

In 2014, the notion of energy of a sigraph was extended to sidigraph by Pirzada and Bhat [28]. The
authors also studied the energy of sigraphs in [4] and they characterized the unicyclic sigraphs with
minimal energy. Another results about the energy of sigraphs can be found in [3, 30]. They found
the maximal energy among all n-vertices connected bicyclic sigraphs with at most one odd cycle is
Pt For the energy of sidigraph, the minimal and maximal energy of bicyclic sidigraphs were found
by Khan and Farooq [21]. The maximal energy of all bicyclic sidigraphs was found and few classes of
non-cospectral equienergetic bicyclic sidigraphs were constructed by Hafeez et al. [17]. The ordering
of bicyclic sidigraphs in S,, by energy with two positive or negative directed even cycles (resp., one
positive directed even cycle and one negative directed even cycle) was characterized by Yang and
Wang [33].

In addition, the concept of iota energy of a digraph was introduced by Khan et al. [22]. Thus the
iota energy of a digraph was defined as the sum of the absolute values of the imaginary parts of its
eigenvalues of the adjacency matrix of a digraph. In 2019, Farooq et al. [11] extended the notion of
iota energy to a sidigraph. They found minimal and maximal values of the iota energy over the set
of unicyclic sidigraphs and discussed the increasing property of iota energy over specific subclasses
of the set S, . Farooq et al. [9] found sidigraphs with extremal iota energy among vertex-disjoint
bicyclic sidigraphs of fixed order. Another more results of iota energy are studied in [10, 18, 32]. In
this paper, we characterize two orderings of bicyclic sidigraphs in &, with iota energy and determine
extremal iota energy in S, by the two orderings.

The organizational structure of this paper is as follows: In Section 2, we introduce some basic
concepts about sidigraphs and the energy of sidigraphs. We also give some results about linear
combinations of trigonometric functions can be used in our main results. In Section 3, we have the
two iota energy orderings of bicyclic sidigraphs, one is the whole ordering including two positive or two

negative directed even cycles, and the other is the ordering including one positive and one negative
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directed even cycles (except C5 ). We also find the extremal iota energy of bicyclic sidigraphs in S,

by their two orderings.

2. Preliminaries

A digraph D = (V, A) is defined to be a vertex set V and an arc set A. A sidigraph S = (D, 0)
is defined to be an underlying digraph D = (V,.A) and a signed function o : A — {1,—1}. An arc
from a vertex u to a vertex v is denoted to be wv. A positive (negative) arc of S is defined to be an
arc with +1 (—1) sign and the product of signs of its arcs is called to be the sign of a sidigraph. A
sidigraph is called to be positive (negative) if the sign of the sidigraph is positive (negative).

A directed path P, is defined to be a vertex set {v;|i = 1,2,...,n} and a signed arc set {v;v;41|i =
1,2,...,n —1}. A directed cycle C,, is defined to be a vertex set {v;|i = 1,2,...,n} and a signed
arc set {vvit1li = 1,2,....,n — 1} U {v,v1}. A sidigraph is called to be cycle-balanced (non cycle-
balanced) if each directed cycles of the sidigraph is positive (negative). And the positive (negative)
directed cycle is denoted to be C;f (C;

), where n is the number of vertices of the directed cycle. A

sidigraph is connected if its underlying graph is connected. A unicyclic sidigraph is defined to be a
connected sidigraph containing a unique singed directed cycle and a bicyclic sidigraph is defined to be
a connected sidigraph containing exactly two singed directed cycles.
A adjacency matrix A(S) = (aij)nxn of a sidigraph S with V = {vi,v2,...,v,} is given by
o(vi,vj), ifviv; € A,
aij =
0, otherwise.
Let ¢s(x) = det(z1, — A(S)) be the characteristic polynomial of S and 21, 22, . . ., 2, be the eigenvalues
of A(S).
In [28], the energy of sidigraph was defined as the sum of the absolute values of the real parts of its
eigenvalues of the adjacency matrix of a sidigraph, then

n

E(S) = Re(zr)],

k=1
where Re(zy) is the real part of eigenvalue z;. And the energy for a positive (negative) directed cycle

Cr(C;) is

n
n—1 -1

Z\COS%—W\ Z 2k+1 \

Furthermore, some results of energy of sidigraphs can be found in [26]:
E(C) < B(CY), E(C,) < E(Cy).

where C;F (C7) and Cf (C;) are two positive (negative) directed cycles and 2 < r < s.
In [28], we also have the formulae to calculate energy of a positive (negative) directed cycle C,
(C,), where n > 2.

http://dx.doi.org/10.22108/toc.2021.126881.1805


http://dx.doi.org/10.22108/toc.2021.126881.1805

190 Trans. Comb. 10 no. 3 (2021) 187-200 X. Yang and L. Wang

2cot 7, if n =0 (mod 4),
(2.1) B(Cy) =1{2csct, if n=2 (mod 4),

csc 5, if n=1 (mod 2).

p

2csc T, if n =0 (mod 4),
(2.2) E(Cy) =42cot X, if n=2 (mod 4),

csc 5, if n =1 (mod 2).

Because the adjacency matrix A(S) of a sigraph is not a symmetric matrix, so the eigenvalues of
S may be have the real part and the imaginary part. In 2019, Farooq et al. [11] considered the
iota energy of sidigraph which defined as the sum of the absolute values of the imaginary parts of its

eigenvalues of the adjacency matrix of a sidigraph, then
n
Ec(S) =) [m(z)],
k=1

where Im(zy) is the imaginary part of eigenvalue z. Similarly to energy, we have

n—1

n—1
2 2 1
E(C) = Isin 2T pcp) = 3 fsin BEEDT)
k=0 k=0

And in [22], we have
E.(CY) < Ee(CY), Ec(Cr) < B(Cy).

We also have the formulae in [11] to calculate iota energy of a positive (negative) directed cycle C;-
(C,,), where n > 2.

2cot 7, if n =0 (mod 2),

(2.3) E(C)) =
cot 5, if n=1 (mod 2).
3 2csc T, if n=0 (mod 2),

(2.4) E(Cy) =

cot 7=, ifn=1 (mod 2).

2n?

A sidigraph S = (D, o) is strongly connected if it has a directed path from u to v and a directed
path from v to u (Vu,v € V). A strong component of a sidigraph S is the maximal strongly connected
subsidigraph of S. And the iota energy of a sidigraph S is equal to the sum of the iota energy of
every strong components of a sidigraph S. Thoughout this paper, we consider a special graph class
for bicyclic signed digraphs S,, with n vertices (n > 4) which have two vertex-disjoint signed directed

even cycles. Let (), and C,, be two vertex-disjoint signed directed even cycles, where ri,ry are all
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even numbers and 2 < ry,79 < n — 2. Moreover, C,, and C,, are the strong components of S € S,

obviously,
EC(S) = EC(CTl) + EC(Crz)'

We also need some lemmas about linear combinations of trigonometric functions to prove our main

results.

Lemma 2.1. [10] The function f(x) = 2cot I + 2cot =— is increasing on [2, 5] and decreasing on

[5,n — 2], where n > 4.
Lemma 2.2. [32] The function f(r) = 2csc T + 2csc - is decreasing on (2, 5], where n > 4.
Lemma 2.3. [32] The function f(r) = 2csc T + 2cot " is decreasing on [2,n — 2|, where n > 4.

Lemma 2.4. The function f(x) = Zycsc*T is decreasing on [2,n — 2], where n > 4.

Proof. Let g(t) = t*csc?t, where t = T, then ¢ € [-75, 5]. We have ¢/(t) = 2tcsc®t — 2t% cos tesc®t =

2tcsc3t(sint —t cost). In order to prove g(t) is increasing on [, 7], we should prove sint—tcost > 0.
Let h(t) = sint — tcost. In order to prove h(t) > 0, we should prove h(t)min := min{h(t)

[-T5, 5]} > 0. We have h/(t) = cost — cost +tsint = tsint > 0. So h(t) is increasing on [T, Z]. Tt

n—

implies h(t) > h(t)min = h(;"5) — 0 (n — o0). Hence f(z) is decreasing on [2,n — 2]. O

3. Iota energy orderings of bicyclic signed digraphs

In this section, we characterize two iota energy orderings of bicyclic sidigraphs, one is including
two positive or two negative directed even cycles, the other is including one positive and one negative
directed even cycles. In order to find the two orderings, we need consider two cases: n is an even
number or n is an odd number. Firstly, we consider the iota energy of bicyclic sidigraphs with two

positive or two negative directed even cycles.

Lemma 3.1. Let C}, and C\_,, (C,. and C,_,,) be verter-disjoint positive (negative) directed even
cycles, where n and m are all even numbers, n >4 and 2 < m <n — 2. Then we have

(i) If 5 is an even number, then

Ee(Cy) + Ee(C

) > Eo(Cy) + E(CrLy) > -+ > Ee(C3) + Ee(Cy)
> EC(CE) + EC(Cg) > > EC(CI) + EC(C;—4) > EC(CQJF) + EC(C;—2)-

(3.1)

(ii) If 5 is an odd number, then

(3 2) E. (C ) + Ec (On 2) > Ee (04 ) (01:74) > > EC(CE_]_) + EC(CZ_H)

> EC(C%F_I) +EC(C‘§+1) > o> B (C) + E(C ) > E.(C) + E.(C ).
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Proof. 1f 2 <m < 5, then § <n —m < n — 2, and m,n —m are all even numbers. And vice versa,
so we only consider the former.
Firstly, by Eq.(2.3) and Eq.(2.4), we have

E.(CH)+ E.(C_,,)) = 2cot T 4 ocot " ,

m n—m

E.(C,,)+ E.(C,_,,) =2csc T+ 2csc
m

n—m

Next, by Lemma 2.2, we see that 2csc .. [2,5]. And by
Lemma 2.1, we see that 2cot - 2,5]. Soif § is an even
number, we have

E(C7) 4 ECy ) > BoCF) + EelC ) > - > ECF) + Bl C).
EC(CJ%F) + EC(CJ%F) > > E(CF) + E.(CF ) > E(CF) + E.(CF ).
Obviously,
2 2 2 2
2CSC£ +2CSC£ > 200‘5—7T +200t—7r,
n n n n
so the ordering of (3.1) holds, the proof of (3.2) is similar. O

Lemma 3.2. If the bicyclic signed digraphs S,, with n vertices (n > 22) which have two vertez-disjoint
signed directed even cycles, then we have

(i) If n is an even number and 5 is an odd number, then

E(Ch_y) + E(C,_y) > E(Cy) + E.(CF,) > E.(C}_,) + E.(CL,).

2 2 2 2
(ii) If n is an even number and % is an even number, then

EoCra_ )+ EelCrs

(iii) If n is an even number, then

E(C{) + Eo(CFg) > E(Cy) + E.(C,,_) > E(C]) + E.(CF).

Proof. (i) By (2.3) and (2.4), in order to prove
Eu(Co) + BelCra) > BCF) + BACLy) > BACL) + B(CL),

2 2 2

we should prove

2csc + 2csc > 2cot > 2cot + 2 cot
n—2 n—2 n—2 n—2 n—
Since
1 - cos2n 5 - QCOSZL -1 .
sin %5 cos -5~ sin T €08 Ty sin ST cos

So (i) is proved.
(ii) By (2.3) and (2.4), in order to prove

B(Cra_,)+ ElCrs

w2 yy) > BelCF) + E(Cyg) > Be(Cua ) + Bel(Cls

5 +1)7
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we should prove

2T 2

2csc

2 2
—|—2csc—7r > 2 cot T > 2cot +2C0t£.
n—4 n n—2 n—4 n

By Lemma 2.2, f(x) = 2csc T + 2csc ;" is decreasing on [2, 5|, where n > 4. Then

2 2

2 2
2 csc 4—i—2(:s(:—7r>2(:sc 2+QCSC il .

n— n n— n—2
By Lemma 2.1, f(x) = 2cot 7 + 2cot "~ is increasing on [2, 5], where n > 4. Then

2

2 2 2
2 cot T —|—2cot—7r < 2cot + 2cot il .
n—4 n n—2 n—2

And by (i), (ii) is proved.
(iii) By (2.3) and (2.4), in order to prove

Ee(Cq) + Ee(Coi_g) > Ee(Cy) + Ee(C,_y) > Ec(Cf) + Ee(C,_y),

we should prove

s e

QCot%—i—Qcot 6>2cscg+2csc 4>2C0t%+260t

n— n— n—4’

Obviously,
T

2cscg+2(:sc 4>2cot%+2cot 7T4.

n— n—
In order to prove
T

2cot%+2cot 6>2cscg+2csc

n— n—4’
we should prove

2 csc 7r4—2cot il <2\/§—2.

n— n—=6
Let f(z) = 2csc ;o3 — 2cot 7, then
) — 9 ™ s ™ T 2 T
fz) ((x—4)2COS:E—4CSC:E—4 (33—6)2CSC:E—6)

27

By Lemma 2.4, we have 75csc”7 is decreasing on [2,n — 2], where n > 4. Since x — 4 > x — 6, then

T cos——esc?——— < — " sl <« — g2
(x—4)2 x—-4 x-4 (z—4)2 -4 (z-62  x-6

so f'(x) < 0, f(z) is decreasing on [2,n — 2], where x > 22. It implies f(z) < f(Z)max = f(22) =
1.463 < 2v/3 — 2. So (iii) is proved. O

Now, we give our main result that the ordering of bicyclic sidigraphs with iota energy including two

positive or two negative directed even cycles.

Theorem 3.3. If the bicyclic signed digraphs S, with n vertices (n > 4) which have two vertex-
disjoint signed directed even cycles, then we give the whole ordering of bicyclic sidigraphs in S,, with

tota energy including two positive or two negative directed even cycles.

http://dx.doi.org/10.22108/toc.2021.126881.1805


http://dx.doi.org/10.22108/toc.2021.126881.1805

194 Trans. Comb. 10 no. 3 (2021) 187-200 X. Yang and L. Wang

(i) When n is an even number, 5 is an even number and n > 22, we have

EC(CE) + EC(C;—2) > EC(CZ) + EC(C;74) > > EC(CE) + EC(CE) > Ec(CJﬂr)
+ EC(CZ) > > EC(C’;) + EC(C:_G) > E.(Cy)+E.(C,_,) >E (C)+E (C,;L 1)

C)+ EoCrg) >+ > EolCoa ) + BCia ) > BCH) + Eo(Cy)

L) > > Be(CF) + Be(C_g) > Ee(Cy) + Ee(Cp )

Ee(

Ee(Crz )+ Ec(Crs
(CI) Ee(Cy_g) > Bo(Cy) + Ee(Cpg) > - > Ee(Coa) + Ee(Coa) > B o(Cy)
(CJ 4) © > EC(Cg_) + EC(CI%) > EC(O2_) + EC(Cls) > EC(C4 ) + EC(CI‘_S)

Eo(Cy) + Ee(Crg) > -+ > Ee(Chg) + Ee(Crp) > Ee(C3) + Eo(C3)-

(ii) When n is an odd number, "7_1 is an even number, and n > 22, we have

Ee(Cy) + Ec(C3) > Ec(Cy) + Ee(Cr5) > -+ > Ee(C )+E(Cn1)>E(Cil)

2

EC(CL) > o> FE(CF) + E(CF ) > E(Cy) + Ec(C,_5) > E.(C)) + E.(Cf_¢)

n—

Ee(C7) + Ee(Cyq) >+ > Be(Coa_ )+ Eel(Cra ) > BolCy) + Eo(C )
E(Cis )+ Ee(Ciis, ) > > B(C§) + Ee(Cg) > BelCy) + Be(Cy_g)
(Ci) Ee(Ciig) > BelC7) + Be(Crig) > -+ > Be(Cis) + Ee(Cs) > Be(C)
Ec(Cf_5) > -+ > Ee(Cf) + Ee(Clg) > Eo(C3) + Ee(Crg) > E(Cf) + Eo(CF)

Ee(Cy) + Ee(Crg) > -+ > Eo(Chp) + Ee(Crg) > Ee(C) + Ee(Cap).-

(iii) When n is an even number, % is an odd number and n > 22, we have

Ee(Cy) + Ee(C_9) > Be(Cy) + Eo(C ) > - > Ec(Cy_y) + Ee(Cy )

> EC(C‘%F_I) + EC(C§+1) > o> E(CH) + E(CF¢) > E(Cy) + E(C;,_y)

> E(CH) + E(C_)) > E.(Cy) + Ec(C,_¢) > >E (C,L o)+ E(Chs)
2

o BUCH) 4 BuCE ) > Bu(Ca) 4 BiCh) > > BUCE) + BLC )

> E(Cy) 4+ Eo(C,_g) > Ec(CY) + E(Cf ) > E(Cy) + Eo(C,_g) > -+
> E. (Cn24 D+ Ee(C ns ) > E (CY) + E(CF ) > > E.(CF) + E.(Cfy)

> Ec(Cy ) + Ec(Crg) > Ee(Cf) + Ee(Cfy) > Ee(Cy) + Ee(Crg) > -+ > Ee(Chp)
+ E.(Cy) > Ec(CY) + Ec(Cyp).
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(iv) When n is an odd number, ”T_l s an odd number and n > 22, we have

EC(Cz_) + EC(C;—S) > EC(CZ) + EC(C;—5) > > E, (C; 1 1) + EC(C#_H)

E.(C P s EC(C% > > E(CF) + Eo(Cy_y) > Ec(Cy) + Eo(C,_5)
E(C])+ E(Cly) > Eo(Cy) + Eo(Cp) > -+ > EC(C# )+ Eo(Ca)
Ee(Cy) + Ec(Cy_3) > Ec(C 3) + Ee (Ci is) > > Ee(CF) + Ee(Cr_g)
E.(Cy) + Eo(C_1) > E(Cf ) E(Cl ) > Eo(Cy) 4+ Eo(Cog) > -+
(Cn 5 ) +EC(C; 5.1) > Be(CY) + Ee(Cr_5) > -+ > Ee(Cq ) + Ee(Cig)
E(Cy) + E(Crg) > E(C)) + E(Cf}) > E(Cy ) + Ec(Crg) > -+ > Ec(Cyp)

18
Ee(Cg) > Eo(CY) + Ee(Chy).
(v) When n < 22, we have

E(Cy) + Ee(Cqy) > Ee(Cry) + Ee(Chy) > Ee(Cy) + Ee(Chy) > Ee(Cy) + Ee(Crg)

> E(C§) + E(CYy) > Ec(C)) + Eo(Cfy) > E(Cy ) + E(Cyy) > Eo(Cy ) + Eo(Cpy)
> E.(Cg ) + E(Cyy) > Ec(C) + Eo(Cf}) > E(Cy) + E(Cyy) > E.(Cg) + E(CHy)
> E(Cq ) + Eo(Cly) > Eo(CY) + Ec(CYy) > Ee(C) + Ee(Crp) > Eo(Cq ) + Eo(Chp)
> Bo(Cg ) + Eo(Cg ) > Be(Cy ) + Ee(Cfg) > Ee(Cy) + Ee(Cp) > Ee(C5) + Ee(Cy)
> Eo(Cf) + Ee(Cly) > Ee(Cf ) + Eo(Cly) > Eo(Cy) + Ee(Cry) > Ee(Cy) + Ee(Cy)
> Eo(CY) + Ee(Cy) > Bo(Cy) + Eo(Crp) > Ee(CF) + Ee(CF) > Ee(Cf) + Ee(Cfy)
> Eo(Cp) + Bo(Cg ) > Be(Cq ) + Eo(Cq ) > Eo(Cy ) + Ee(Cy) > Ee(Cy) + Ee(Cy)
> Eo(Cf) + Ec(Cg ) > Ee(Cf) + Eo(CF) = Ec(Cy) + Eo(Cq) > Ee(Cy) + Ec(CH)
> Eo(Cy) + Eo(Cq ) > Bo(Cy) + Eo(Cy) > Eo(CY) + Eo(Cf) > Ee(Cy) + Ec(Cy)
= E.(Cy) + E(Cy) > E(C]) + E.(Cf) = E.(Cy) + E.(Cy) > E(CY) + E.(CF)
> Eo(C5) + Ec(CF) > Eo(CF) + Eo(CY)

Proof. By Lemma 3.1 and Lemma 3.2, we get the orderings (i) and (iii) of bicyclic sidigraphs in S,
with iota energy. The proof of ordering (ii) ((iv)) are similar to (i) ((iii)) by changing n in (i) ((iii))

inton — 1. O

Next, we consider the iota energy of bicyclic sidigraphs with one positive and one negative directed

even cycles.

Lemma 3.4. Let C and C_ (C and C;,_,.) be vertex-disjoint positive (negative) directed even
cycles, where n and m are all even numbers, n >4 and 2 < m <n — 2. Then we have
(3.3)

E(Cy) + Ee(Cy_3) > Ee(Cp) + Ee(C_y) > -+ > Ee(C_y) + Ee(Cf ) > Ee(C,, ) + Ee(C).

http://dx.doi.org/10.22108/toc.2021.126881.1805


http://dx.doi.org/10.22108/toc.2021.126881.1805

196 Trans. Comb. 10 no. 3 (2021) 187-200 X. Yang and L. Wang

Proof. Firstly, by Eq.(2.3) and Eq.(2.4), we have

E.(CH)+ E.(C,_,,) = 2cot T 2csc—~ ,

m n—m

_ T
E.(C)+ E.(CF_,) = 2csc p- + 2cot -
Next, by Lemma 2.3, f(z) = 2cscZ + 2cot " is decreasing on [2,n — 2], where n > 4. Similarly,
f(x) = 2cot T + 2csc - is increasing on [2,n — 2], where n > 4. So we only consider E.(C;,) +
E.(C}_,) = 2csc = + 2cot —"—, where n > 4 and 2 < m < n — 2. Hence the ordering of (3.3)

holds. O

Remark 3.5. By calculation, for n is an even number, we find
(i) If 10 < n < 16, then

E(Cy)+ E(C) ) > Ec(C ) + E(CF) > E(Cy ) + Ec(C)f¢);

n—
(i) If 18 < n < 22, then

E(Cy)+ E(C¢) > Ec(C ) + E(CF) > E(Cy ) + Ec(C)Fg);

(ii3) If 24 < n < 30, then
E(Cq) + E(C g) > Ec(C ) + E(Cy) > Eo(Cq ) + Eo(CF_10);

() If 32 < mn < 38, then

Ee(Cg) + E(C_1g) > Ee(Cy_y) + Ee(CF) > Eo(Cy) + Ee(C_1);

n—
(v) If 40 < n < 48, then

Ee(Cho) + Eo(Cyf_15) > Ee(Cy_y) + Eo(CY) > Eo(Ch) + E(Cy_1,);

n—

And so on.
We can’t find an uniform rule, so the ordering of bicyclic sidigraphs in S, with iota energy including

one positive and one negative directed even cycles, we ignore EC(C;) + E.(C,,_,).

Now, we give our main result that the ordering of bicyclic sidigraphs with iota energy including one

positive and one negative directed even cycles.

Theorem 3.6. If the bicyclic signed digraphs S,, with n vertices (n > 4) which have two vertez-disjoint
signed directed even cycles, then except C2+, we give the ordering of bicyclic sidigraphs in S, with iota
energy including one positive and one negative directed even cycles.

(i) When n is an even number, we have
Ee(Cy) + Ee(Cy_g) > Ee(Cy) + Ec(C_y) > -+ > Ee(C,_y) + E(CY)
E(Cy) + Eo(Co_y) > Ee(Cy) + Ee(Cp_g) > -+ > E(Cp_g) + E(CY)

C.
EC(CE) + EC(C;F—ﬁ) > > EC(OE) + EC(C;)-
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(ii) When n is an odd number, we have
Eo(Cy ) + Bo(Cy_y) > Eo(Cy) + Ec(Cy_s) > -+ > Eo(Cp_s) + Ec(CY)

> E(Cy) + Ee(C_5) > Ee(Cy) + Ee(C_q) >+ > Eo(Cy_7) + Ee(CY)

> E(Cy) + E(C ) > -+ > E(Cy) + Ec(CY).

Proof. Obviously, we have 2csc " + 2cot 7 > 2csc 5 + 2cot together with Lemma 3.4 and

n— 4’
Remark 3.5, we get the ordering (i) of blcychc sidigraphs in &, with iota energy. The proof of

ordering (ii) is similar to (i) by changing n in (i) into n — 1. O
From Theorem 3.3 and Theorem 3.6, We can get next Theorem.

Theorem 3.7. If the bicyclic signed digraphs S,, with n vertices (n > 4) which have two vertezx-disjoint
signed directed even cycles Cy, and C.,, where 2 < r; < n—2 and r; is an even number (i = 1,2),
then we have

(i) When n is an even number, S has mazximal iota energy if the two vertex-disjoint signed directed
even cycles are Cy and C,_,.

(ii) When n is an odd number, S has mazimal iota energy if the two vertex-disjoint signed directed
even cycles are Cy and C,_5.

(iii) S has minimal iota energy if the two vertex-disjoint signed directed even cycles are both C;.

Proof. (i) When n is an even number, by (i) and (iii) of Theorem 3.3, the maximal iota energy is
E.(Cy) + Ec(C,_y) = 2csc g + 2csc .5, and by (i) of Theorem 3.6, the maximal iota energy is

n—

E.(Cy)+ E.(C_,) =2csc 5 +2cot "5 Obv1ously, 2csc g +2csc 15 > 2csc i +2cot 5, 50 S has
maximal iota energy if the two Vertex—dlsJ01nt signed directed even cycles are Cy and C,_,

The proofs of (ii) and (iii) are analogous. O

Remark 3.8. Actually, by [9, Theorems 2.12|, we can get more general situation of (i) and (iii) of
Theorem 3.7.

Finally, we give an example about two orderings and the extremal iota energy of bicyclic signed

digraphs So7.

Example 3.9. If the bicyclic signed digraphs Sor with 27 vertices which have two vertex-disjoint signed
directed even cycles Cy, and C,,, where 2 < r; < 25 and r; is an even number (i = 1,2). Then the
whole ordering of bicyclic sidigraphs in So7 with iota energy including two positive or two negative
directed even cycles see Figure 1. And the ordering of bicyclic sidigraphs in Sor with iota energy
including one positive and one negative directed even cycles (except C;) see Figure 2.

Moreover, when the two vertez-disjoint signed directed even cycles are Cy and C5,, the mazximal
iota energy of Sar is E.(Cy ) + Ec(Cy,) = 17.32. When the two vertez-disjoint signed directed even
cycles are both C3, the minimal iota energy of Saor is E.(Cy) + E.(CS) = 0.

http://dx.doi.org/10.22108/toc.2021.126881.1805


http://dx.doi.org/10.22108/toc.2021.126881.1805

198 Trans. Comb. 10 no. 3 (2021) 187-200

[}
o~
[N}
¢}
Do
=]

v,+r, 26
max C: Cu
Cc, Cs
C; Cy
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C;ﬂ Clﬁ
\ c, C,
C, Cy
C)f‘ C;é
Cy Cis
Cﬁ‘ CZ”I
min

When 7 +1, € [4, 20],
the rest ordering of S,

see (v) of Theorem 3.3.
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F1GURE 1. The whole ordering of bicyclic sidigraphs in Se7 with iota energy including

two positive or two negative directed even cycles

FoeF, 2 24 22 20 18 16
max C, Cy C, C, C, Cy C, Cuy C, Cu C, Cu
C, Cy C, Cy C, Cy C, Cy C, Cy C, Cp
C; CZ‘/I Cﬂ CIN C; Clﬁ C; Cll Ct; CIJ C(; Cl’)
Cy Cuy Cy Cy Cy Cu Cy Ch Cy Cy Cy Cy
v C;” C;é Cl” CIJ C;” Cll C;U Cl’) C;ﬂ C[{ C;” Cé
CnCy ChChp Ch Cy Cp, Cy C, G C,C,
Cl4 C;J Cl4 CI” C;4 CN C;4 C(i C;4 C4
Ci Cu Ci Cs Ci Cs Ciu C,
Cl«Y C(’; Cl(’( Cﬁ Cl(’( C4
. Cy Cs Cy C,
mm CJZ Cifl -
2y |
1 6 8 10 12 u/ rer,
€ Ci—e—c, . | | oo cc, | oo é,‘z max
Cc, C, c, C, c, Cy c, ¢,
) ¢, C; c, ¢ ¢, C;
IR c C e
Ch €, min
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F1GURE 2. The ordering of bicyclic sidigraphs in Sy7 with iota energy including one

positive and one negative directed even cycles (except Cy)
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