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TOTAL PERFECT CODES IN GRAPHS REALIZED BY COMMUTATIVE
RINGS
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ABSTRACT. Let R be a commutative ring with unity not equal to zero and let I'(R) be a zero-divisor
graph realized by R. For a simple, undirected, connected graph G = (V, E), a total perfect code
denoted by C(G) in G is a subset C(G) C V(G) such that [N(v) N C(G)| = 1 for all v € V(G),
where N(v) denotes the open neighbourhood of a vertex v in G. In this paper, we study total perfect
codes in graphs which are realized as zero-divisor graphs. We show a zero-divisor graph realized by
a local commutative ring with unity admits a total perfect code if and only if the graph has degree
one vertices. We also show that if I'(R) is a regular graph on |Z*(R)| number of vertices, then R is a
reduced ring and |Z*(R)| = 0(mod 2), where Z*(R) is a set of non-zero zero-divisors of R. We provide
a characterization for all commutative rings with unity of which the realized zero-divisor graphs admit
total perfect codes. Finally, we determine the cardinality of a total perfect code in I'(R) and discuss

the significance of the study of total perfect codes in graphs realized by commutative rings with unity.

1. Introduction

The notions of perfect codes in graphs evolved from the work [5], which in turn has roots in
coding theory [33]. The theory of perfect codes forms an interesting part of combinatorics and has
connections in group theory, diophantine number theory, geometry and cryptography. Perfect codes
played a central role in the growth of error-correcting codes theory. Hamming and Golay [12, 14]
constructed perfect binary single-error correcting codes of length n, where n = 2k — 1 for some integer
k. Infinite classes of graphs with perfect codes have been constructed by Cameron, Thas and Payne
[6], Thas [32], Hammond [15] and others. The existence of perfect codes has also been proved in
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Towers of Hanoi graphs [8], Sierpinski graphs [19] and Cayley graphs [34]. For more information on
perfect codes in graphs, see [3, 7, 9, 13, 23, 31].

4 = (AF)" = (AF) Uyeas (A%) aa™ (A5)",

The study of combinatorial structures (graphs) realized by algebraic structures (rings) was first
introduced by Beck [4] and was further studied by Anderson and Livingston in [1]. The zero-divisor
graph introduced in [1] is denoted by I'(R) with vertex set Z*(R) = Z(R) \ {0}, and two vertices
x,y € Z*(R) are adjacent in I'(R) if and only if zy = 0. They believed that the study of combinatorial
properties of zero-divisors better illustrates the zero-divisor structure of a ring. The zero-divisor graph
of a commutative ring has also been studied in [2, 24, 25, 26] and was extended by Redmond [27] to
non-commutative rings. Redmond [28] also extended the zero-divisor graph of a commutative ring to
an ideal-based zero-divisor graph of a commutative ring. The combinatorial properties of zero-divisors
discovered in [4] which have also been studied in module theory. Recently in [24], the elements of
a module M have been classified into full-annihilators, semi-annihilators and star-annihilators. This
classification of elements in M has unfolded a correspondence between ideals in R, submodules of M
and vertices of annihilating graphs arising from M.

In a graph G, the distance between two vertices u,v € V(G) denoted by d(u,v) is the length of a
shortest path between u and v in G and is defined to be infinity if no path between u and v exists.
The ball with centre v € V(G) and radius ¢ is the set of vertices of G with distance atmost t to v. A
code denoted by C(G) in G is simply a subset of V(G). For an integer ¢t > 1, a code C(G) C V(G) is
called a perfect t-code [21] in G if balls with centres in C'(G) and radius ¢ form a partition of V(G).
A code C(G) is said to be a total perfect code [13] in G if every vertex of G has exactly one neighbour
in C(G), that is, [N(v) N C(G)| =1 for all v € V(G). A perfect 1-code in a graph is also called an
efficient dominating set [9, 20] or independent perfect dominating set [22], and a total perfect code is
called an efficient open dominating set [17]. Total perfect codes in graphs have potential applications
in some practical domains, such as placement of Input/Output devices in a supercomputing network
so that each element to be processed is at a distance of at most one to exactly one Input/Output
device [3]. It is known [11] that deciding whether a graph has a total perfect code is NP-complete.

In Section 2, we discuss total perfect codes in graphs realized as zero-divisor graphs. From [1], it
can be explored and confirmed that the classes of graphs like paths, cycles, regular graphs, bipartite
graphs, complete bipartite graphs etc. are realized as zero-divisor graphs. For a local commutative
ring R with unity, Propositions 2.3 and 2.6 are characterizations of graphs (realized by R) which
admit total perfect codes. In Lemma 2.8, we show that if I'(R) is a regular graph, then R is a
reduced ring and |Z*(R)| = 0(mod 2). Lemma 2.10 shows that among all bipartite graphs, only
complete bipartite graphs admit total perfect codes. Theorem 2.13 which is the main result of this

paper provides a characterization for all commutative rings of which the realized zero-divisor graphs
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admit total perfect codes. Finally, we finish the paper with Theorem 2.17 in which we determine the
cardinality of a total perfect code in I'(R).

We conclude this section with some notations, which are mostly standard and will be used through-
out this paper.

Throughout, R is a commutative ring (with 1 # 0). We denote the ring of integers by Z, non-

negative integers by Z>g, positive integers by N and the ring of integers modulo n by Z,.

2. Graphs realized by commutative rings

In this section, we discuss total perfect codes in graphs which are realized as zero-divisor graphs.
Let R realizes I'(R) as its zero-divisor graph with vertex set Z*(R). Then I'(R) is said to admit
a total perfect code if there exists some set C'(R) C Z*(R) such that |Ann(z) N C(R)| = 1 for all
x € Z*(R), where Ann(z) = ann(x) \ {0,z} denotes the open neighbourhood of z in I'(R) and
ann(z) ={y € R | zy = 0} denotes the annihilator of an element = in R. It follows that if R realizes
I'(R) as its zero-divisor graph, then a set C(R) is a total perfect code in I'(R) if and only if the
subgraph induced by C(R) is a matching in I'(R) and the set {Ann(x) | z € C(R)} is a partition of
Z*(R). In particular, any total perfect code in I'(R) contains an even number of vertices.

It is simple to construct a zero-divisor graph given a commutative ring with unity. For example,
let R = Zy x Zy. Then Z*(R) = {(0,1),(1,0)} and I'(R) is a path on two vertices. But the op-
posite endeavour is more complicated. That is, endow a commutative ring for the given graph. We
see below that if R realizes some graph as its zero-divisor graph, then it admits a trivial match-
ing or empty set as its total perfect code. Thus, the study of total perfect codes in zero-divisor
graphs associated with commutative rings simplifies the drudgery of determining a commutative
ring for the given graph. It is worth to note that by ,[1, Theorem 2.3] the diameter of I'(R) is
at most 3, so not every graph can be realized as a zero-divisor graph. However, there are well
known families of graphs which are realized by some commutative rings as its zero-divisor graphs.
Zo[ X1, Xo, ..., Xp)/(X2, X2, ..., X2, X1 X2, X2 X3,..., Xn_1Xp, X, X1) realizes a graph which con-
tains a cycle on X1, Xo,..., X, vertices, Zg realizes a path, Zs x Zs realizes a regular graph, Zo X Zs5
realizes a star graph, Zs X Z, realizes a bipartite graph and Zos realizes a complete graph as its
zero-divisor graph.

We begin the investigation of these codes with the following two examples.

Example 2.1. Consider a graph G1 as shown in Figure 1 with vertex set V(G1) = {x1,x2,x3, 24,
x5, T, 7} and edge set E(G1) = {(x1,z2), (x1,x3), (x1,x4), (z1,%6), (T4, T5), (T4, T7), (x5, T6), (x6, 27) }.
For a ring Z12, we have Z*(Z12) = {2,3,4,6,8,9,10}. Therefore |V(G1)| = |Z*(Z12)]. ann(6) =
{3,6,8}, Ann(8) = {3,6,}, Ann(9) = {4,8,10} and Ann(10) = {6}. It is clear from the adjacencies
in Gy that Ann(6) = N(x1), Ann(2) = N(x2), Ann(3) = N(w5), Ann(4) = N(x4), Ann(8) = N(xg),
Ann(9) = N(z7) and Ann(10) = N(x3). It follows from the above graph relations that Zio realizes
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G4 as its zero-divisor graph. It is easy to verify that there is a subset C(Z13) = {6,4} such that for
all x € Z*(Z12) |Ann(z) N C(Z12)| = 1. Therefore I'(Z12) admits a total perfect code.

Z2 Zq

X1 €7

xs3 Te
Figure 1. G; = I'(Z12).

Example 2.2. Consider a graph Ga as shown in Figure 2 with vertex set V(G2) = {y1, Y2, Y3, Y4,
Ys, Y6, Y7, Ys, Y9, Y10, Y11} and edge set E(Ga) = {(y1,v2), (y1,Y3), (Y1, Y4), (Y1, ¥5), (Y1, Y6) (Y1, y7), (Y1,
ys)s (Ys, Y9), (ys: Y6), (ys, y7), (ys: y10)s (s, y11), (Y6, y11), (7, y11)}. For a ring Zs x Zs, we have Z*(Za X
Zs) = {(0,1),(0,2),(0,3),(0,4),(0,5),(0,6),(0,7),(1,0),(1,2),(1,4),(1,6)}. Therefore |V (G2)| =
|Z*(Zo x Zg)| and Ann(0,6) = N(y1), Ann(0,1) = N(y2), Ann(0,3) = N(y3), Ann(0,5) = N(y4),
Ann(0,7) = N(ys), Ann(0,2) = N(ys), Ann(0,6) = N(y7), Ann(0,4) = N(ys), Ann(1,2) = N(ys),
Ann(1,6) = N(yi0), Ann(1,4) = N(y11). Thus Zo x Zg realizes Gy as its zero-divisor graph. It
can be verified from I'(Zy x Zg) that there is no subset C(Zo x Zg) C Z*(Za x Zg) such that for all

T € Z*(ZQ X Zg) ]Ann(x) N C(ZQ X Zg)‘ =1.

Y2 Ye
yg yll
Y4 u
y5 y7

Figure 2. Gy =T'(Zy x Zs).
In Example 2.1, we see that the graph G realized by a ring Z12 admits a total perfect code, whereas
in Example 2.2, the graph G2 realized by a ring Zs x Zg as its zero-divisor graph does not admit a
total perfect code. So, it is interesting to characterize rings of which the realized zero-divisor graphs

admit total perfect codes.

A commutative ring R is called Noetherian if for every ascending chain of ideals Iy C [ C I3 C - - -
there is a positive integer m such that I,,, = I,,,1 for each positive integer k. An Artinian commutative
ring is a ring where for every descending chain of ideals J; 2 Js D J3 D - - -, there is an integer s such

that Js = Js1 for each positive integer k. Trivially, any finite ring is both Artinian and Noetherian.
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Let R be a commutative Artinian ring with unity. Then either R is local or R = Ry X --- X R, X
Fy x --- x Fy , where each R; is a commutative Artinian local ring with unity that is not a field, each
F; is a field, and r and s are non-negative integers such that r + s > 2. The proof of this fact is well
known and is a corollary to the Chinese Remainder Theorem. We call this isomorphic image of R
the Artinian decomposition of R (we allow r = 0if s > 2, or r = 0 if s > 1). Since we need not to
consider the case where R is a field, we have three cases to consider: the reduced case (where r = 0
and s > 2 in the Artinian decomposition), the local case (where n = 1 and m = 0 in the Artinian
decomposition), and the mixed cases (not local and not reduced; that is, either » > 1 and s > 1, or
r > 2 and s = 0 in the Artinian decomposition).

Throughout, (R, m) is a finite commutative local ring with unity and with maximal ideal m # 0
(that is, R is not a field). Since every element of R is either a unit or a zero-divisor, Z(R) = m (so,
in particular, Z(R) is an ideal). Note also that in this case, |R| = p" for some prime p and an integer
n > 2.

A vertex z in a graph G is said to be a cut-vertex if the graph resulting by removing the vertex x

from G is no longer connected.

The following results are characterizations for determining total perfect codes, degree one vertices

and cut-vertices in zero-divisor graphs realized by local commutative rings.

Proposition 2.3. Let R be a finite commutative local ring with unity, then T'(R) admits a total perfect
code if and only if T'(R) has degree one vertices.

Proof. Suppose I'(R) admits a total perfect code C'(R). Since R is a local ring, therefore by, [1,
Corollary 2.7] there is some vertex z € Z*(R) which is adjacent to all other vertices in I'(R). This
implies that © € C'(R). If I'(R) has no degree one vertices, then every vertex of I'(R) has degree more
than 1. In particular, the vertex y € C'(R) distinct from x is adjacent to some other vertex z € Z*(R).
That is, yz = 0 for some z # x. On the other hand, we have zx = 0, since R is local. Thus we
have |Ann(z) NC(R)| > 1, a contradiction. Therefore the graph I'(R) contains atleast one degree one
vertex.

Conversely, suppose I'(R) has at least one degree one vertex say a. Clearly a is adjacent to x,
since z is adjacent to all other vertices of I'(R), but a is not adjacent to any other vertex of I'(R).
Thus vertices a and = cover all vertices of I'(R). Therefore there is a subset C'(R) of Z*(R) such that
|Ann(z) NC(R)| =1 for all x € Z*(R). O

Corollary 2.4. Let R be a finite commutative local ring with unity. If z € C(R) such that |ann(z)| > 2

(z is not a degree one vertex in I'(R)), z is a cut-vertex of I'(R).

Proof. Proof follows by, [29, Theorem 3]. O
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Remark 2.5. Proposition 2.3 is not true for all finite commutative rings which can be easily verified
from Example 2.2 above. Moreover, the converse of Corollary 2.4 is also not true, since the zero-divisor
graphs realized by local commutative rings: Z4[X,Y]/(X?2, Y2 XY — 2,2X,2Y), Zs[X,Y]/(X2% Y?),
Zu[X)/(X?), Za[X]/(X? +2X), Ze[X]/(2X, X2 +4), Z[X,Y]/(X2,Y? = XY), Za[X, Y]/(X2, V2 -
XY, XY — 22X ,2Y) has cut-vertices, but does not admit total perfect codes. In fact these are the

only local commutative rings which does not admit total perfect codes.

Proposition 2.6. Let R be a finite commutative local ring. Then T'(R) admits a total perfect code
if and only if either (a) there is some x € R such that |ann(z)| = 2, where |Z(R)| > 3 or (b) R is
isomorphic to Zg or Z3[X]/(X?).

Proof. Suppose I'(R) admits a total perfect code. By Proposition 2.3, I'(R) has degree one vertices.
Let = be a degree one vertex in I'(R). Then either I'(R) has a cut-vertex or I'(R) has only two vertices,
implying R is isomorphic to Zg or Z3[X]/(X?).

Let y be a vertex adjacent to x. It is clear that y is a cut vertex of I'(R). Therefore ann(z) = {0, y}
or ann(x) = {0,y,z}. If ann(z) = {0,y, 2}, then 22 = 0. Note that z(z+y) = 0 and so z+y € ann(z).
The only possibility is that x +y = 0. That is, ¢ = —y. However, since x has degree one, the entire
graph must consist of only the vertices x and y. This is a contradiction, since a graph must have at
least three vertices to have a cut-vertex.

The other implication is obvious. O

The following result is the immediate consequence of Corollary 2.4, Remark 2.5 and Proposition
2.6.

Corollary 2.7. Let R be a finite commutative local ring. Then T'(R) has cut-vertices if and only
if either (a) there is some x € R such that |ann(x)| = 2 or (b) R is isomorphic to one of the
seven rings: Z4[X,Y]/(X2, Y2 XY —2,2X,2Y), Zo[X,Y]/(X2,Y?), Z4[X]/(X?), Z4[X]/(X? +2X),
Zg[X]/(2X, X2+ 4), Zo| X, Y]/ (X2, Y2 = XY), Z4[X,Y]/(X2%, Y2 - XY, XY —2,2X,2Y).

A ring R is said to be reduced if R is free from nilpotent elements. Below, we investigate total

perfect codes in the zero-divisor graph realized by a ring of the form R =1F; x --- x Fy.

Lemma 2.8. Let R be a commutative ring with unity. For k > 1,

(i) if R realizes a k-regular graph T'(R) on |Z*(R)| number of vertices as its zero-divisor graph, then
R is a reduced ring,

(ii) if T(R) admits a total perfect code, then |Z*(R)| = 0(mod 2).

Proof. (i) Assume I'(R) is k-regular but not a complete graph and assume there is some x € Z*(R) such
that 22 = 0. Since I'(R) is regular but not complete, there is some y € Z*(R) such that y is not adjacent
to . Thus, xy # 0. Also, xy # y, since xy € ann(z) but y & ann(z). Clearly, ann(y) C ann(zy)
and = € ann(zy) but = ¢ ann(y). Since I'(R) is k-regular, deg(z) = k for all z € Z*(R) and therefore
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lann(x)| = k+2 if 22 = 0 and |ann(z)| = k+1 otherwise. Thus, k+1 < |ann(y)| < |ann(zy)| = k+2.
Therefore ann(y) = ann(zy) \ {z}. It follows that zy € ann(zy) implies zy € ann(y). Consequently,
this implies zy # z. So, if Ann(y) = {zy,y1,v2,...,Yk—1}, then {x,y,y1,v2,...,yx—1} = Ann(zy),
implying deg(zy) > deg(y), a contradiction. Hence, if I'(R) is regular but not complete, then R is
reduced.

(ii) Follows because of the facts that C'(R) consists of even number of vertices of I'(R) and k|C(R)| =
2°(R)|. 0

Lemma 2.9. Let R be a commutative ring with unity and let R realizes a complete graph T'(R) on
|Z*(R)| > 2 wvertices as its zero-divisor graph. Then I'(R) admits a total perfect code if and only if
1Z*(R)| = 2.

Proof. For |Z*(R)| =2, I'(R) is a simple path on two vertices which trivially admit a total perfect. If
|Z*(R)| > 2, then we have |Ann(x)NC(R)| > 1, for every subset C(R) of Z*(R) and for all z € Z*(R).
Thus for |Z*(R)| > 3, I'(R) does not admit a total perfect code. O

Lemma 2.10. Let R be a commutative ring with unity and let R realizes a bipartite graph T'(R) as

its zero-divisor graph. Then T'(R) admits a total perfect code if and only if it is complete.

Proof. Let T'(R) be a complete bipartite graph realized by R of order n + m, where n,m € N with
bipartition of Z*(R) as Z7(R) = {z1,x2,...,2n} and Z5(R) = {y1,y2,...,Ym}. For any two vertices
z; € Z{(R) and y; € Z5(R) with 1 < ¢ <mand 1 < j < m, set C(R) = {z;,y;}. It is easy to
check that for all a € Z7(R) and b € Z;(R), we have |[Ann(a) NC(R)| = 1 and |Ann(b) N C(R)| = 1.
Therefore C'(R) is a total perfect code for T'(R).

Suppose that a bipartite graph I'(R) realized by R with partite sets of Z*(R) as Z7(R) and Z3(R)
admits a total perfect code C'(R). It is clear that C'(R) contains one vertex from Zj(R) and another
from Z3(R), otherwise z,z, = 0 for some xp,z, € Zf(R) or y,ys = 0 for some y,,ys € Z5(R), that
is, we would have adjacencies of vertices in a partite set Z;(R) or Z5(R), which is not possible. If
I'(R) is not complete, then there is some vertex z € Z*(R) in some partite set which is not adjacent
to all vertices of other partite set. If x € Z{(R), then = x; for some z; € Z{(R). By our assumption
x; is not adjacent to all vertices y; € Z{(R), which implies |Ann(z;) N C(R)| = 0, a contradiction.
Similarly if z = y; for some y; € Z5(R), then |Ann(y;) N C(R)| = 0, again a contradiction to our
supposition that C'(R) is a total perfect code of I'(R). Thus we conclude that I'(R) is a complete
bipartite graph. O

Note that Lemma 2.10 is true in general for all bipartite graphs. So, among all bipartite graphs

only complete bipartite graphs admit total perfect codes.

Let R be a finite commutative reduced ring with unity. If k is the smallest positive integer such that

|R| < 2%, then R is a product of k — 1 or fewer fields. In fact the smallest ring that is the product of k
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k
fields is the finite Boolean ring [] Zz, which has 2* elements and 2* — 2 nonzero zero-divisors. There-
i=1
fore, it follows that if R has n nonzero zero-divisors and k is the smallest positive integer such that
n < 2¥—2, then R is a product of k—1 or fewer fields. Moreover, by [30, Proposition 2.2] it is known for

a commutative reduced ring R with unity that if R has k maximal ideals, then R is a product of k fields.

Proposition 2.11. Let R =F; x --- x Fy, be a finite commutative reduced ring. Then I'(R) admits a
total perfect code if and only if k = 2.

Proof. Suppose k = 2. If F; = Fy = Zg, then I'(Zy X Z3) is a path on two vertices, which trivially
admit a total perfect code. In all other cases, I'(F; x Fq) is either a star graph or a complete bipartite
graph with |Fi| + |Fa| — 2 vertices. Therefore by Lemma 2.10 , I'(F; x F2) admits a total perfect code.
Conversely, suppose I'(R) admits C(R) as a total perfect code and let W = {(uq,0,...,0), (0,
u2y...,0),...,(0,0,...,ux)} be a maximal clique in I'(R), where u; € F;, 1 <14 < k. By Lemma 2.9,
there is no element of W which is a member of C'(R). Moreover, for k > 3, every vertex (u;,0,---,0)
of W has an adjacent vertex (0,usg,---,uy) of degree exactly one (for example, (1,0,---,0) would
be adjacent to (0,1,1,---,1)). Thus there is no subset C'(R) of Z*(R) which covers all vertices of
I'(R), that is, there is no subset C(R) of Z*(R) such that |[Ann(x) N Z*(R)| = 1 for all x € Z*(R),
a contradiction to our supposition. Hence, we conclude that for £ > 3, I'(R) does not admit a total

perfect code. O

k k
Corollary 2.12. For k > 3, the zero-divisor graph U'(][ Zsa) realized by a finite Boolean ring [] Z2
i=1 i=1
does not admit a total perfect code.
In the remaining of this paper, we consider the rings which are not local and not reduced. To
illustrate this case, given below are some forms of rings, along with the count of non-zero zero-divisors

of that structure and an example of the smallest commutative ring with unity having such a structure.

Ry x F, where |Z*(Ry x F)| = |Rj| + |F*| + |Z*(R1)||F*|. The zero-divisor graph realized by a
smallest commutative ring of this form is I'(Z4 x Zg) with 5 number of vertices.

Ry x Ro, where |Z*(Ry x Ro)| = |R;| + |R5| + | Z*(R1)||Z*(R2)|. The zero-divisor graph realized by
a smallest commutative ring of this form is I'(Zy x Z4 X Z4) with 11 number of vertices.

Ry x Ty x By, where |Z°(Ry x By x Fy)| = |Rj| + [F{| + [F3| + |R}|[Fs| + |R{|F3| + [Fy|[F3] +
|Z*(R1)||F5||F5|. The zero-divisor graph realized by a smallest commutative ring of this form is
I'(Zy x Za x Z3) with 13 number of vertices.

Ry x Ry x F, whete [Z°(Ry x Ry x F)| = |Ri| + |R3| + [F| + |R{lR3| + |RiI|F*| + |R||F"| +
| Z*(R)||F*|| R |+ | Z* (Ra) ||F*|| Ry| — | Z*(R1) || Z* (R2)||F*|. The zero-divisor graph realized by a small-
est commutative ring of this form is I'(Zy4 X Z4 X Zg) with 27 number of vertices.
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Ry x F; x Fy x F3, where |Z*(Ry x Fy x Fy x F3)| = |R}| + [Fi| + [F3| + [F5| + |R;||FT| + |R;||F5| +
(RiI[F3] + [FLIIE| + [FXES) + [F3lF5] + [RYIETIES] + |REIFEs| + [RYIES || + [F|IFs]F5] +
| Z*(R1)||F7||F5]|F5|. The zero-divisor graph realized by a smallest commutative ring of this form is
[(Z4 x Za x Za X Z3) with 29 number of vertices.

Ry x Ry x Ry, where |Z*(Ry x Ry x Rs)| = |Ri| + |R3| + |R§| + [RiI| R3] + R\ R3] + | R3I| R3] +
2% (R)| R | R |+ 2* (Ro)| | Ry | R |+12* (Ro)| | B | B3 —(12 (R0)| 2 (Ro) | Rs|+1 2 (Ru) | 2* (o) | Rs +
|Z*(R2)||Z* (R3)||RY || Z* (R1)|| Z* (R2)||Z*(R3)|). The zero-divisor graph realized by a smallest com-
mutative ring of this form is I'(Z4 x Z4 X Z4) with 59 number of vertices.

These structures represents only some of the rings, similarly we have other forms of rings in this
case. Note that [F; denotes a finite field and R; denotes a commutative local ring with unity that is not
a field. Moreover, these formulas and any similar formulas for larger rings, are somewhat inductive.
That is, one needs to know the structure of all smaller local rings in order to construct the mixed case
(not local and not reduced) rings of larger size.

In the following result, we discuss total perfect codes in zero-divisor graphs realized by any com-

mutative ring R with unity 1.

Theorem 2.13. Let R = Ry X Ry X --- X Ry, X Fy X Fg x -+ x F), be any commutative ring with
unity, where each R; is a finite commutative local ring and each F; is a finite field. If m +n < 2, for

m,n € Zx>o with m # 2, then I'(R) admits a total perfect code.

Proof. If m = n = 0, then there is nothing to prove. Let n = 0 and m = 1. Then R is a local ring and
the result follows from Proposition 2.3. If m = 0 and n > 1, then R is a reduced ring and the result
follows from Proposition 2.11.

For m > 1 and n > 1, we consider the following cases;

Case 1. m=1,n>1. Then R= R; x F; xFy x --- x F,,. It is clear that for any unit u; € Ry,
W = {(u1,0,...,0),(0,ug,...,0),---,(0,0,...,u,)} is a maximal clique in I'(R), where u; € TF;,
2 < i < n, and also every vertex of W has an adjacent vertex (0, us,...,u) of degree exactly one.
Thus for all z € Z*(R) there is no subset C(R) of Z*(R) such that |C(R) N Z*(R)| = 1, that is, there
is no subset C'(R) of Z*(R) which cover all vertices of I'(R).

Case 2. m =1,n=1. Then R = Ry x F. Suppose |Ri| =k and |F| = q. Let 0,1, 21, x9,...,2%_2
be k elements of Ry and 0,1, 21, 22, ..., 2g—2 be ¢ elements F. Since R; is a local ring, therefore by, [1,
Corollary 2.7], there is some vertex x, € Z*(R;) which is adjacent to all vertices in I'(R;). Therefore
for all x5, € Z*(Ry) with 1 <14 < |Z*(R;)| — 1, the vertex (z,,0) in I'(R) is adjacent to all vertices
of the form (zs,,0),(xs;, 1), (xs,,21), ..., (Ts;,29—2), Where x, # x4 and to all vertices of the form
(0,1),(0,21),...(0,24—2). Furthermore, vertices (0, 1), (0,21),...(0,2,—2) are adjacent to the vertices
of the form (xzs;,0). For |Z*(Ry)| > 3, if I'(R) admits C(R) as a total perfect code, then clearly
vertices (z,,0) and (0, z) are the members of C'(R), which implies that |Ann(z,,,0) N C(R)| > 1, a
contradiction. Thus I'(R) does not admit a total perfect code. If |Z*(R1)| < 2, then for z € F \ {0}
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and z} € Z*(R1), it can be easily verified that there is at least one vertex of the form (z} , z), which is
adjacent to (z,,0) but not to any other vertex of I'(R). We set C(R) = {(z,0), (x,, 2)} and therefore
for all z € Z*(R), we have |Ann(z) NC(R)| = 1. Hence, we conclude that I'( R) admits a total perfect
code if and only if |Z*(Ry)| < 2.

Case 3. m =2,n=0. Then R = R; X Ry. Suppose |R1| = |Rz| =k and let 0,1, 21,22, ..., T2 be
k elements of Ry and let 0,1, y1,¥2,...,yr_2 be k elements of Ro. We list units in Ry as 1, x1, 22, ..., 2]
and non-zero zero-divisors as x4 1, €jy2, ..., Tp_o. Also,let 1,y1,y2,...,y; be units and y;41, yia9, - - -, Yk_2
be non-zero zero-divisors of Ry. Since R; is local, so there is an element z; € Z*(Ry) with [+ 1 <t <
k — 2, such that zyzp, = 0 for all 2, € Z*(Ry) with [+ 1 < h < k — 3. Therefore for all x;, € Z*(Ry),
the vertex (x¢,0) is adjacent to all vertices of the form (zp,0), (xx, 1), (zp, 1), - .., (Th, x—2) in T'(R).
Similarly for all y, € Z*(R2) with I +1 < h < k — 3, there is an element y; € Z*(R3) such that
the vertex (0,y;) is adjacent to all vertices of the form (0,yn), (1,yn), (y1,Yn) -+, (Yx—2,yn) in T'(R).
Furthermore, for all y € Ry \ {0}, every vertex of the form (0,y) is adjacent to the vertex (z,0) and
for all x € Ry \ {0}, every vertex of the form (z,0) is adjacent to (0,y;). If I'(R) admits C(R) as a
total perfect code, then (z,0) and (0,y;) are the members of C(R), since (x¢,0) and (0,y;) cover all
vertices of I'(R), but for all y, € Z*(R2), we have |[Ann(0,y,) N C(R)| > 1, a contradiction. Thus
I'(R) does not admit a total perfect code.

Case4. m=2,n>1. Then R= Ry X Ry x[F1 xFy x --- xF,. By cases 1 and 3, there is no subset
C(R) of Z*(R) such that for all x € R, |[Ann(z) NC(R)| = 1.

Case 5. m > 3,n =0. Then R = Ry X Ry X --- X R,,. Again by case 3, we see that there is no
subset C'(R) of Z*(R) such that for all x € R, |Ann(z) N C(R)| = 1. Therefore I'(R) does not admit
a total perfect code. O

Below, we investigate some examples of graphs realized as zero-divisor graphs which does not admit

total perfect codes. These examples illustrate cases 2, 3 and 4 of the preceding theorem.

Example 2.14. Consider a ring ZoxZs[X,Y]/(X,Y)?, where Zs is a reduced ring and Zo[X,Y]/(X,Y)?
is a local ring. It is clear by the structure of a ring that |Z*(Zs[X,Y]/(X,Y)?)| > 2. The zero-divisor
graph realized by a ring Zs[X,Y]/(X,Y)? is shown in Figure 3. It can be easily verified from the graph
that T(Za x Zo[X,Y]/(X,Y)?) does not admit a total perfect code.

Figure 3. T'(Z2 x Zo[X,Y]/(X,Y)?).
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Example 2.15. Consider the product Z4 X Z4 of two commutative local rings. The zero-divisor graph
realized by a ring Zy X Zy4 s shown in Figure 4 below. It is clear from the graph that I'(Zy X Z4) does

not admit a total perfect code.

Figure 4. T'(Z4 X Z4).

Example 2.16. Here we consider the case of two local rings and a field. Let R = ZoxZoxZ2[X]/(X)?.
It can be easily verified from the zero-divisor graph realized by R (see Figure 5) that T'(R) does not

admit a total perfect code.

Figure 5. I'(Zy x Z x Zo|X]/(X)?).

We conclude this paper with the following result in which we determine the cardinality of a total
perfect code in I'(R). In fact, for every commutative ring R with unity which realizes some I'(R) as

its zero-divisor graph, we exhibit that either C(R) = ¢ or C'(R) is a trivial matching.

Theorem 2.17. Let R be a commutative ring with unity. If T'(R) admits C(R) as a total perfect code,
then |C(R)| = 2k, where k € {0,1}.

Proof. By Example 2.2, we see that I'(R) does not always admits a total perfect code. Similarly we
have other examples where C'(R) = ¢. This implies |C(R)| = 0. Suppose I'(R) admits a total perfect
code. Assume that |C'(R)| > 2. By definition, C'(R) is matching which implies that C'(R) consists of
even number of vertices. If possible, suppose |C(R)| = 4 and let X = (a1,a2), Y = (c1,¢2) be two
elements of C(R). It is clear that X NY = ¢ and there is an edge Z = (b1, b2), where by € Ann(az)
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and by € Ann(cy) with by # by. Therefore, d(ay,c1) = d(ai,b1) + d(b1,¢1) = 2+ 2 = 4, which is a
contradiction, since diameter of I'(R) is at most 3. Hence, we conclude that if I'(R) admits a total
perfect code, then C(R) is a trivial matching and therefore |C(R)| = 2k, where k € {0, 1}. O

Remark 2.18. Apart from determining a commutative ring for the given graph, the study of total
perfect codes in graphs realized as zero-divisor graphs leads us to one more significance. Using Theorem
2.17, we can construct a family of diameter 3 graphs realized as zero-divisor graphs which does not
admit total perfect codes. T'(Zg x Ty x Zo|X]/(X)?), T(Zy x Z4), T'(Za x Zo|X,Y]/(X,Y)?) and
I'(Zy x Zg) are some members of this family. J. Kratcohvil in (1986) [21], proved the non existence of
non-trivial perfect codes over complete bipartite graphs. Thus, we have another family of graphs which
does not admit total perfect codes. In fact the whole family of graphs realized as zero-divisor graphs

does not admit non-trivial total perfect codes.
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