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ON THE ZAGREB INDEX OF RANDOM M-ORIENTED RECURSIVE TREES

RAMIN KAZEMI

ABSTRACT. The main goal of this paper is to study the modified F-indices (modified first Zagreb
index and modified forgotten topological index) of random m-oriented recursive trees (RMORTS).
First, through two recurrence equations, we compute the mean and the variance of these indices in our
random tree model. Second, we show four convergence in probability based on these indices. Third,

the asymptotic normalities, through the martingale central limit theorem, are given.

1. Introduction

Increasing trees of order n are labelled trees where the nodes are labelled by distinct integers of the
set {1,...,n} in such a way that each sequence of labels along any branch starting at the root node
(labelled by 1) is increasing [1]. Recursive trees are one of the most important increasing trees with
applications in several fields. Recursive trees have been introduced as simple probability models for
system generation, spread of contamination of organisms, pyramid scheme, stemma construction of
philology, Internet interface map, stochastic growth of networks. They are related to some Internet
models and some physical models; they also appeared in Hopf algebra under the name of “heap-ordered
trees”. The bijection between recursive trees and binary search trees not only makes the former a
flexible representation of the latter but also provides a rich direction for further extensions (see [1]
and references therein). Various quantities such depth, distance, degree, profile and size have been
studied on this family of growing trees. For example, the quantity of depth in family genealogies
indicates the same number of male offspring in a generation. The m-oriented recursive trees, as a type

of recursive trees, have been less studied [2]. A random m-oriented recursive tree (RMORT) of order
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n is constructed as follows. One starts from a root node holding the label 1. At stage 2 < i < mn a
new node 7 is attached to any previous node j of outdegree d; of the already grown tree T;_; of order
%. When ¢ = 2, i.e., the tree has just the root node, then the node ¢ = 2
will attach to the root (d; = 0) with probability 1. Thus the higher outdegree nodes possess a higher

1 — 1 with probability

attraction for n (see [2] and [11] for motivation of definition of this models and more information).
One of the applications of this model is in the discussion of investment in stock markets. For example,
investors prefer to invest in cases where the demand for stock exchange has been higher.

A topological index for a graph G is a numerical quantity invariant under automorphisms of G.
These indices are used for characterizing molecular graphs. Also, they establish relationships between
structure and properties of molecules and predicting biological activity of chemical compounds. Here,
the modified topological index means that in the original definition, the degree of a node has replaced
by its outdegree. Also, the meaning of modified F-index is the modified first Zagreb index and modified
forgotten topological index. Thus, the modified first Zagreb index is defined as

M(G)= ) d,

veV(Q)

where V(G) is the vertex set of a graph G. Also, the modified forgotten topological index is defined
as
F(G)= > d.
veV(G)

Furtula and Gutman [4] raised that the predictive ability of forgotten topological index is almost
similar to that of first Zagreb index and for the acentric factor and entropy, and both of them obtain
correlation coefficients larger than 0.95. This fact implies the reason why forgotten topological index is
useful for testing the chemical and pharmacological properties of drug molecular structures However,
the motivation for studying topological indices is multifold (see [8, 9, 12]). This paper is the first
report that studies the topological indices with probabilistic method in RMORT.

The paper is organized as follows. First, we show two recurrences for modified F-indices of
RMORTSs, from which two martingales are constructed and two first moments and covariances be-
tween of the indices are given. Then the asymptotic normalities of modified F-indices are proved as

the order of the tree grows to co.

2. Means

Let Z2 and Z? be the modified first Zagreb index and modified forgotten topological index of a
RMORT of order n, respectively. Let F,, be the o-field generated by the first n stages of these models

[7]. Let U, be a randomly chosen node of outdegree dj, in the tree of order n with the conditional law

(m— 1)dk +1

Sn—1,m

P(U, = k|Fpy) = k=1,...,n—1
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where s, , = m(n —1) + 1. Then,

(2.1) Z2Far = (Z2 1 +2dy,_, +1)|Fazy,
(2.2) Z}Fao1 = (Zp_y+3df | +3dy,_, +1)|Fa-r.

Using the gamma function define

I'(n—1+
Y[n,k,m] = (n=1+5) , k>2, n,m>2(n>m).
(o 14 i)

Lemma 2.1. For each integer k > 1,

1)

Yn—1,k,m] N k(m —1)
Y[n, k,m] Sn—1,m

2)

Y[n—1,2k,m] 2T[n —Lkm] 1
Y[n,2k,m| = Y[n,k,m] '

3) The function Y[n,k,m] is decreasing in n and
Yin, k,m] = nm*(1+ O(n1)).

Proof. 1) The proof of (1) is obvious and straightforward, since I'(z + 1) = 2I'(x). For part (2),

2T[n— Lkm] =14+ 2k(m—1)  Y[n—1,2km]
Y[n, k,m] B Sn—1im  Y[n,2k,m]

Part (3) is an immediate consequence of Stirling approximation.

Set

2(n—1

ag[n,m] = (: ) +1,

1

as[n,m] = 5 E(Z32) 3(n )—i—l.

Sn,m Sn,m
Theorem 2.2. For a RMORT of order n,
1 n—1
E(Z!) = ———) Tk+1,¢ k,m], £=2,3, n>3.
( TL) T[n7€7m} ; [ + ’ ’m]ag[ ’mjl, 7 , n_
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n—1
Proof. For a tree of order n — 1, > dp =n — 2. From (2.1) and Lemma 2.1,
k=1

E(Z7) = E(E(Zp|Fa-1))
= E(E(Z;_, +2dy,_, + 11Fn-1))
n—1
= E(E(Zﬁl) +2 deP(Un =k|Fn-1) + 1)
k=1
dk +1
2(m —1
= <1 + {W)E(Zg_l) + as[n —1,m)|
n—1m
Tin—1,2,m]
= WE(ZZ—Q + az[n —1,m].
By iteration,
1 n—1
E(Z%) = ——— T 1,2
( n) T[n,Q,m] kZ:l [k+ ) ’m]OQ[kam]’

since Z2 = 0. Also, From (2.2) and part (1) in Lemma 2.1,
E(Z,) = E(E(Zp|Fa-1)
= E(Zy_ +3E(dp, ,|Fu1) +3E(dy, ,|Fn-1) +1)

-1
= < 1+3Zd§P Un = k| Fn-1)

n—1
+3>  dyP(Uy = k| Fo1) + 1)
k=1

- <1 + 3(m_1)>E(Zf;_1) + az[n — 1,m]

Sn—1,m

Tn—1,3,m] 3
= — " -~ E(Z -1 .
T[n73’m] ( n_1)+063[7’b 7m]
By iteration,
1 n—1
R(Z3) = ——— E Tk+1,3 k,m|.
( n) T[n,3m] — [ + 1, 7m]043[ 7m]
From Lemma 2.1, Part (3), we have
E(Z2) = 1
Im

E(Z3 O(1).
) = G =) (am —3)" T O
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3. Variances

Lemma 3.1. The sequence {Y[n,2,m|(Z2 — E(Z2))}n>1 is a martingale relative to the Fy,_1.

Proof. We have

Tn—1,2,m
E(ZEL‘FTL—I) = [,r[n 9 m] ]Zg—l + CYQ[TL — 17m]
Thus
E(T[n7 2, m](Zr% - E(Zrzz)ﬂfn—l) = T[n -1,2 m](Zr%fl - E(ngl))ﬂ
and proof is completed [7]. O
From (2.1),
E((Zp = Zy 1 = D)\ Fa1) = 4E(dp, | Fa-1)
n—1
= 4) diP(U, =k|F,1)
k=1
4 3 2
= (m - 1)Zn—1 + Zn—l :
Sn—1,m
Then
(3.1) B2 - 231~ D) = —— ((m = DB(ZE ) + B2 ).
n—1,m
Also

B(Z- 221 -17) = B((Z- 21— 1-BE) 4+ 5(E) -2z +B(ZL) )
= Var(23) - (22 ~ B(ZD)(Z2, ~ E(Z2.))
(3.2) + Var(Z2_,) + (E(Z2) —E(Z2_)) — 1)~

From Lemma 3.1,

Tn—1,2,m]

Z2
T[n,Q,m] VCL’I‘( n—l)a

and also,

2(m —1)

Sn—1,m

2
(E(22) ~ E(Z2_) —1)* = ( E(Z2_1)+ asln— 1, m1) |

http://dx.doi.org/10.22108/T0C.2022.132750.1964
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From part (2) in Lemma 2.1, the relation (3.2) leads to

Yn—1,2,m]
2 72 _1)\2 _ 2 2 o (i) 2
E((Zn Zn—l 1) ) Var(Zn) + Var(zn—l) 2 T[n, 27 m] Var(zn—l)
2
(A= p(22 ) + afn ~ 1,m)
n—1m

Tin—1,2,m]

= Z? 1-2
var@h)+ (12 g

)Var(ZfL_l)

2(m —1 2
(3.3) + <im)E(zﬁ_1) +asln -1, m]> .
n—1m
Theorem 3.2. Let Z2 be the modified first Zagreb index of a RMORT of order n. Then
1 n—1
72 =Y YTk+1,4 k
VCLT( n) T[n,4,m] kzl [ + 1, 7m]72[ 7m])
where
4 3 2
rln,m] = —{(m-1E(Z,) +E(Z,)
2m —1)_, o 2
siE(Zn) + ag[n,m] .

Proof. From (3.1) and (3.3) and part (2) in Lemma 2.1,

YT[n—1,4,m]

Var(Z?) = Tl d,m]

Var(Z2_1) +y2[n — 1,m].
By iteration, proof is completed.

Theorem 3.3. Set
Bln,m] = asln, mlE(Z2) + 2E(du, Z3,,) + E(ZE,,).

n

Let Cov(Z2,Z3) be the covariance between Z2 and Z3. Then

n—1
CouZ2.28) = g O Yk + 1.3, malk.m] ~ E(Z2)E(Z))
) ) k::l

Proof. From (2.1),
E(Z3Zy) = E(Z;_1Z,)+2E(dy,_, Z,) + E(Z).
But

E(Z}_1Z)) = E(Z) \E(Z}|Fn-1))

Y[n—1,3,m]
= WE(Z%AZS;—D + as[n — 1L, mlE(Z2_)).
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Thus
Tn—1,3,m]
E(Z273) = — 22 “R(z2 73 —1,m|E(Z? 2F 7z3
( n n) T[n,3,m] ( n—1 n—1)+a3[n ’m} ( n—1)+ (dUn71 n)
+ E(Z2)
1 n—1
= == Tk+1,3 k .
T[n,3,m]; Vo1, 8, mif{k, m]

Proof is completed since Cov(Z2, Z3) = E(Z2Z3) — E(Z2)E(ZD).
Theorem 3.4. Let Cov(Z2,Z3_,) be the covariance between Z3 and Z3_,. Then

3Cov(Zy_y, Zy 1)

Tn—1,3,
uvar(zg_l) +

3 3 _
Cov(Z;,,Zy_1) = Tln 3. m P—

Proof. We have

n

Cov(Z3, Z5_1) = E|(Z} — B(Z)) (Z3- — B(Z3_)) ]

(3.4) =E [(zg_l - E(zg_l))E[(zf; —E(Z))) yme :
Furthermore,

E[(Z;”; - E(Zg))m_l} = W(Zﬁl ~E(Z,_1))
(3.5) P (Z2_1 —E(Zy)).

Sn—1,m

Using the relations (3.4) and (3.5), proof is completed.

Set
Bl =~ (m ~ DE(ZD) + (2m — VE(Z) + (m + DE(Z) + 5(22) ).
and
Fln,m] = 2<3(Z:n1)1E(Zg) + as[n, m] — 1)2 + &Cm’s(jizg)

Theorem 3.5. Let Z3 be the modified forgotten topological index of a RMORT of order n. Then

n—1
1
ZH =) Tk+1 k
Var(Zy) T[n’&m]; [+ 1,6, mlys[k, m,

where

v3[n, m|] = E[n,m] + F[n,m].

http://dx.doi.org/10.22108/T0C.2022.132750.1964
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Proof. We have

E [(Z}’; I 1)2|]-'n_1] = E|9(du,, + dzUn_1>2|]-'n_1}
1

n—

(m— 1)dk +1

93" (dt + 24} + @})

(3.6) k=1 St
_ 9 122 2 1) 72 173
_Snflm (m_ ) n71+(m_ ) n71+(m+ ) n—1
9
+ Zn_y.
Sn—1,m

Taking the expectation of both sides relation (3.6),
2
(3.7) IE{(Z,?; 73— 1) ] .= Eln — 1,m).

It is not difficult to show that

3(m—1)

Sn—1,m

2
(3.8) @wﬁ—wﬁ4w4ﬁ=( E@in+%m—Lm—Q.

From (3.8) and Theorem 3.4,

E(Zsn — Zan1 1)2 —E(Zsn — E(Zsn) — Zyo1 + E(Z&n_l))2

n (E(Zg,n) —E(Zyp1) — 1)2
_ E(zgm — E(Zg,,n))2 n IE(Zg,n,1 — IE(Zg,,n,l))2

2 3 3
- (E(Zg,n) — E(Z3p1) — 1) — 2Cov(Z3,723_,)

T[n—1,3,m]>

= z3 z3 1—2
Var(Z;) + Var( n_1)< Tl 3. m]

- (fmen

Sn—1,m

2
E(Z3_ 1)+ as[n —1,m] — 1>

6Cov(Z3_y, Z3_y)

Spn—1,m

= Var(Z3) + Var(Z3_,) <1 - 2W> — F[n—1,m)].

From Lemma 2.1, relations (3.7),

Yn—1,6,m]

(3.9) Var(Z3) = Tl 6,m]

Var(Z3_y) +sln — 1, m].

By iteration, proof is completed. O

http://dx.doi.org/10.22108/T0C.2022.132750.1964
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4. Limiting rules
We use the notation —— to denote convergence in probability [7].
Theorem 4.1. Asn — oo,
Z?2 P, 2
n 3m—2’
Zn P, Im
n (3m — 2)(4m — 3)°
Proof. From Lemma 2.1, Part (3), and just similar to the expectations, we can show that
Var(Z%) = o2(m)n+O(1), £=2,3
where o7(m) is a constant independent of n:
2(m) m(m(3m(3m(dm + 1) — 8) — 224) + 312) — 108
o = ,
2 (2 — 3m)2m(3m — 4)(4m — 3)
2 (m) m (m (9m (m (24m? + 58m — 213) + 32) + 2560) — 2208) + 540
m) = :
s (2 = 3m)2m(4m — 3)(5m — 6)(6m — 5)
Now, the claims are a consequence of Chebyshev’s inequality. O
The table below shows some values of o5(m) and o3(m) for m = 4,...,10. These are decreasing

functions of m.

m 4 S 6 7 8 9 10
o2 (m) 8797 110977 7781 609529 298069 79699 911653
2 10400 158015 12544 1073975 561440 158125 1885520
o2 (m) 244903 31181 327611 29792029 16542535 4942051 12477623
3 345800 54587 666624 67786775 41041264 13138125 35099680

Lemma 4.2. For a RMORT of order n,

n
—sm — Y[k, 2,m]?
o [777n]<Zgl_E(Zgl)) Poo.
k=2 Sk—1,m

Proof. Tt is easy to show that

3 6—3m—s,-1m) Y[n—1,2m]
Sn—1,m Sn—1,m +2m — 2 B T[TL, 2, m] ’
From Theorem 2.2, we have

6 —3m — sp—1 Y[n—1,3,m]
El 73 - n—lm »2 - — T y3  52 ki — 1
( " Sp—1,m + 2m — 2 n‘f 1) T[n, 3, m} n—1 n-1 |+ [n ,m],

where

B = 0= 4o <4<n— 1>) <—sn,m+6_3m>.

Sn,m Sn,m Sn,m + 2m — 2
This follows that the process (Y[n,3,m|Z}),>1 is a martingale where

6—3m—Sn—1.m 6 —3m — Sp—1.m
7* — 233 _ n—1, 232 . 233 _ > 232 .
" " Sp_im+2m—2"" " Spim F2m—2"

http://dx.doi.org/10.22108/T0C.2022.132750.1964
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Similarly to computation of the variance of Z2 and Z2 in Theorems 3.2 and 3.5, one can obtain that the
variance of Z}' is also in the form ¢}, n+O(1) where ¢, is a constant independent of n. From Lemma 2.1,
part (3), there exist an obsolute constant ¢ independent of n such that Y[n,3,m] < coY[n,2, m]*/2.
By Doob’s inequality, we have

2
E(;gggﬂ(ﬂk CL3m(Z - E(Z;::m)

2
< 2E< max <T[k: - 1,3,m}Z}§_1> )
2<k<n

) 2
9 (6 3m Snl,m> C(Q)T[nv 2’ m] < max (T[k‘ — 1, 2, m](Z;g_l - E(Z£_1)> )

Spn—1,m +2m — 2 2<k<n

6 —3m—sp_1.m

<87Y[2,3,m|Var(Z;) + 8< >cg’f[n, 2, m*Var(Z2)

Sp—1,m + 2m — 2
= O(n).

For any € > 0, by Chebyshev’s inequality,

P<zn: Y[k,2,mp (Z}j_l - E(Z}j_l)) > 4n3”7{4>

=2 Sk—1,m
[k, 2,m]? 2
S 23m 4 (Z Zkfl _E(Zgl>)
m e Sk—1,m
Zn: Th2m  N'p( o (P - L3 ml(Z s B(ZE )
e2n 23":71 P —-1,3 m]sk 1,m 221k§Xn & ML= k=1
=0(nh).
Since
Y[k,2,m)?
1i —-m ) 4
i ZT 13m]s;.C 1m<oo,
proof is completed. 0

Lemma 4.3. For a RMORT of order n,

no Z“m]<zk . IE(Z,%_Q) Lo

Sk—1,m

Proof. We have

1 k 2 m}Q 2_9
= O(nm
; Y[k 1,2,m]sk 1m (n )

and
]E< max <T[k —1,2,m] (2,3_1 — E(Z,?_l)>>2> < 4Y[n,2,m|*Var(Z?)

2<k<n
4—3m
=0(n"m .

http://dx.doi.org/10.22108/T0C.2022.132750.1964
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Just silmilar to proof of Lemma 4.2 and using Chebyshev’s inequality, proof is completed.
O

We use the notation - to denote convergence in distribution. The standard random variable

N(p, 0?) appear in the following theorem for the normal distributed with mean p and variance o?.

Theorem 4.4. Asn — oo,
2

Z:-2.n
% — N(O,a%(m)).

Proof. The main idea to show the asymptotic normailty of the indices is to introduce an appropriate

I
) =

martingale difference sequence. From Lemma 3.1, we define
My o.m = Y[k, 2,m)(Z7 = E(Z})) = Y[k = 1,2,m|(Z;_y — E(Z;_1)),

with M2, = 0. Then the process {Mj, 2, }x>1 is a martingale difference sequence. From [7] and the

expression of the variance Var(Z2), we should prove that, for any & > 0,

1 " Mk2m P
4.1 - E( M2, I(|—m™ ’ _
“1) T2, 2 (st (| g m] > ) [7is) oo
and
1 n
(42) SOE(ME 1 Fe 1)) 2o 1

Y[n,2,m]*03(m)n

We can rewrite My, o, as
27%
Mk/'127m = T[k7 27m] 2dUkyk71 + 1 + — — OéQ[k — l,m] .

Sk—1,m

Then there exist a positive constant c¢,,, which only depends on m such that

221]?2( |Mi2m| < e X[n,2,m] = O(Y[n, 2, m]\/n),

which implies that (4.1) is holds. We have
B((22- 22 - 1717 ) = B((22 - Bz

O )

2
+ S%_lm (Q(m ~DE(Z2_1) +4(n — 2)>
- 2
+ W(Q(m — DE(Zz_y) +4(n - 2) (Z72L—1 - E(ZZ_1)> .

http://dx.doi.org/10.22108/T0C.2022.132750.1964
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Then
4
B((22 - BZ)F ) = (- 0z + 22
n—1,m
2Y[n—1,2,m]\ [ ., 5 O\
s s —E(Z
+ <1 T[n,Q,m] > <Zn—1 ( n—l)
2
E <2(m —DE(Z% )+ 4(n — 2))
4(m —1
— ii_lm) <2(m —DE(Z2_,) + 4(n — 2))
X (22—1 - ]E(Zg—l))
Thus
- " AT [k, 2, m]?
Z]E<MI?,2,m|fn1> = Z S[] ((m -1Z .+ Zl%l)
k=2 = Ck=Lm
" 4(m — 1)k, 2, m|?
D e C )
k=2 Sk—1,m
" Y[k, 2, m)? 2
- M <2(m — DE(ZZ,) +4(k — 2))
k=92 skfl,m
" 4(m —1)Y[k, 2, m]?
= ( 52) [ ] <2(m —DE(ZE_ )+ 4(k — 2)>
k=2 k—1,m
X (le—l - E(le—l))'
Since
1 2
- = (2(m —DE(Z2_,) + 4(n — 2)>
sn—l,m
—afn = 1] = (= DB(Z) + B(ZD) ).
we have
> 8(ME i Bt ) = STk 2 el — L
k=2 =2
" 4Y[k, 2, m]?
-y Ak 2mE ((m _0)(Z, - E(Z;:’_n) (7, - E(Z,%_l)))
k=2 Sk—1,m
" 4(m — 1)k, 2, m]?
B PR L Ly A s
k=92 k—1,m
g 4(m - 1)T[k72am]2 2 2 2
- - 2(m — DE(Z;_1) +4(k — 2) ) (Zi-1 — E(Z;24))-
k=2 k—1,m

http://dx.doi.org/10.22108/T0C.2022.132750.1964
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Also
4—-3m o
—0

Jim_a[n, m| = 5(m).

Now, by Lemmas 4.2 and 4.3,

1
Y[n,2,m|2c3(m

)RE:Emﬁ&mupﬂ)ikl—O—O—ozL
k=2

Also, we can prove that
3 9Im

70 — S
n (3m—2)(4m-3) D 2
— N(0,0
\/’TL (07 3(m))7

as n — 0o. Since the computations are essentially the same, but quite lengthy computations, they are

3k
Z =

omitted here.
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