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GENERAL SUM-CONNECTIVITY INDEX OF TREES WITH GIVEN NUMBER

OF BRANCHING VERTICES

TOMÁŠ VETRÍK

Abstract. In 2015, Borovićanin presented trees with the smallest first Zagreb index among trees with

given number of vertices and number of branching vertices. The first Zagreb index is obtained from the

general sum-connectivity index if a = 1. For a ∈ R, the general sum-connectivity index of a graph G

is defined as χa(G) =
∑

uv∈E(G)[dG(u) + dG(v)]a, where E(G) is the edge set of G and dG(v) is the

degree of a vertex v in G. We show that the result of Borovićanin cannot be generalized for the general

sum-connectivity index (χa index) if 0 < a < 1 or a > 1. Moreover, the sets of trees having the smallest

χa index are not the same for 0 < a < 1 and a > 1. Among trees with given number of vertices and

number of branching vertices, we present all the trees with the smallest χa index for 0 < a < 1 and

a > 1. Since the hyper-Zagreb index is obtained from the χa index if a = 2, results on the hyper-Zagreb

index are corollaries of our results on the χa index for a > 1.

1. Introduction

The vertex set and edge set of a graph G are denoted by V (G) and E(G), respectively. The set of

vertices and the number of vertices adjacent to v ∈ V (G) are the neighborhood NG(v) and the degree

dG(v) of v in G, respectively. A nonincreasing sequence of degrees of all the vertices of G is called a

degree sequence of G.

A connected graph without cycles is called a tree. The star Sn is a tree with n vertices containing a

vertex of degree n− 1. A vertex of a tree of degree at least 3 is a branching vertex and a vertex having

degree 1 is called a pendant vertex. A segment S of a tree T is a subtree of T which is a path, its two

terminal vertices have degrees different from 2 in T and all the other vertices of S have degree 2 in T .
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An internal segment is a segment whose both terminal vertices are branching vertices. A pendant path

is a segment whose one terminal vertex is a pendant vertex. For k1 ≥ k2 ≥ k3 ≥ 1, let P (k1, k2, k3) be

the tree which consists of three paths of lengths k1, k2, k3, that share one terminal vertex. Note that

P (k1, k2, k3) has k1 + k2 + k3 + 1 vertices; see Figure 1.

k1 k2

k3

Figure 1. A tree P (k1, k2, k3).

Indices of graphs have been studied due to their wide applications, particularly in chemistry. For

a ∈ R, the general sum-connectivity index

χa(G) =
∑

uv∈E(G)

[dG(u) + dG(v)]a,

of a graph G was introduced by Zhou and Trinajstić [16]. We obtain the first Zagreb index if a = 1, the

hyper-Zagreb index if a = 2 and the classical sum-connectivity index if a = −1
2 . Moreover, if a = −1,

then 2χ−1(G) is the harmonic index.

A lot of chemical structures can be represented by trees, therefore trees have a special importance in

the study of indices. Trees of given order with the minimum and maximum χa index were given in [6]

and [16]. Among trees with given order and diameter, and among trees with given order and number

of pendant vertices, trees having the minimum χa index for −1 ≤ a < 0 were given by Tomescu and

Kanwal [13]. Trees with given order and number of pendant vertices having the maximum χa index

for −1 ≤ a < 0 were obtained by Cui and Zhong [5]. Trees with given order and independence number

having the maximum χa index for a ≥ 1 were presented by Tomescu and Jamil [12]. Trees with given

order and maximum degree having the largest general sum-connectivity index were presented in [2]

and [8]. Trees with given order and matching number having the minimum χa index for −1 ≤ a < 0

were given by Jamil and Tomescu [9]. Trees with given matching number were studied also in [17] and

[18]. Related indices were investigated for example in [1], [7], [10], [11] and [14]. A survey paper on the

general sum-connectivity index and its special cases was given by Ali, Zhong and Gutman [3].

For n, b ∈ Z, where b ≥ 0 and n ≥ 2b+2, let Tn,b be the set of all trees with n vertices and b branching

vertices. Borovićanin [4] studied Zagreb indices and proved that among trees in Tn,b, every tree with

the degree sequence (3, . . . , 3︸ ︷︷ ︸
b

, 2, . . . , 2︸ ︷︷ ︸
n−2b−2

, 1, . . . , 1︸ ︷︷ ︸
b+2

) has the smallest first Zagreb index. The first Zagreb

index is obtained from the general sum-connectivity index if a = 1. It is interesting that the result of

Borovićanin cannot be generalized for the general sum-connectivity index (χa index) if 0 < a < 1 or

a > 1. Moreover, the sets of trees having the smallest χa index are not the same for 0 < a < 1 and

a > 1. Among trees in Tn,b, we present all the trees with the smallest χa index for 0 < a < 1 and a > 1.
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2. Preliminary results

Lemma 2.1 was presented in [15]. We also give its proof, since it is short.

Lemma 2.1. Let x ≥ 1 and c > 0. The function

f(x) = (x+ c)a − xa

is strictly increasing if a > 1, and it is strictly decreasing if 0 < a < 1.

Proof. The derivative

f ′(x) = a[(x+ c)a−1 − xa−1].

If a > 1, we get (x+ c)a−1 > xa−1, thus f ′(x) > 0, so f(x) is strictly increasing. If 0 < a < 1, we have

(x+ c)a−1 < xa−1, thus f ′(x) < 0, so f(x) is strictly decreasing. �

The proof of Lemma 2.2 is divided into two cases, because we need to use a more complicated

transformation for the case 0 < a < 1.

Lemma 2.2. Let a > 0. Among trees in Tn,b, where n ≥ 6, b ≥ 1 and n ≥ 2b + 2, a tree with the

minimum χa index has each vertex of degree at most 3.

Proof. We prove Lemma 2.2 by contradiction. Assume that a tree T ′ which has the minimum χa index

contains a vertex of degree at least 4.

Note that T ′ is not Sn, since we have another tree P (n− 3, 1, 1) having one branching vertex with a

smaller χa index:

χa(P (n− 3, 1, 1)) = (n− 3)4a + 5a + 3a < (n− 1)na = χa(Sn).

Let v0 be a vertex of maximum degree in T ′. We have dT ′(v0) = z ≥ 4. Let usus−1 · · ·u1v0v1v2 · · · vr
be a longest path containing v0. We also use the notation u0 for the vertex v0. Since T ′ is not Sn, we

can assume that r ≥ 2 and s ≥ 1. We have dT ′(us−1) = p, where 2 ≤ p ≤ z. We distinguish two cases:

Case 1: a > 1.

We have dT ′(v1) = t, where 2 ≤ t ≤ z. We define T1 with V (T1) = V (T ′) and E(T1) = {usv1}∪E(T ′) \
{v0v1}. The branching vertices of T ′ and T1 are the same vertices. The vertices v0, us are the only

ones with different degrees in T ′ and T1. Note that if s 6= 1, then us /∈ NT ′(v0), which means that

NT ′(v0) \ {v1, us} = NT ′(v0) \ {v1}. We get

χa(T ′)− χa(T1) = [dT ′(us−1) + dT ′(us)]
a − [dT1(us−1) + dT1(us)]

a

+ [dT ′(us) + dT ′(v1)]a − [dT1(v0) + dT1(v1)]a

+
∑

v∈NT ′ (v0)\{v1,us}

([dT ′(v0) + dT ′(v)]a − [dT1(v0) + dT1(v)]a)

> [dT ′(us−1) + dT ′(us)]
a − [dT1(us−1) + dT1(us)]

a

+ [dT ′(us) + dT ′(v1)]a − [dT1(v0) + dT1(v1)]a

= (p+ 1)a − (p+ 2)a + (t+ z)a − (t+ 2)a.
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Let p = 2. We have z ≥ 4. So

χa(T ′)− χa(T1) > 3a − 4a + (t+ 4)a − (t+ 2)a

≥ 3a − 4a + 6a − 4a

> 3a − 4a + 5a − 4a

> 0,

since by Lemma 2.1,

5a − 4a > 4a − 3a and (t+ 4)a − (t+ 2)a ≥ 6a − 4a

for t ≥ 2. Hence χa(T ′) > χa(T1).

Let p ≥ 3. Since t ≥ 2, by Lemma 2.1, we have (t+ z)a − (t+ 2)a ≥ (z + 2)a − 4a. So

χa(T ′)− χa(T1) > (p+ 1)a − (p+ 2)a + (z + 2)a − 4a ≥ 0,

since

(p+ 1)a − 4a ≥ 0 and (z + 2)a − (p+ 2)a ≥ 0

for p ≥ 3 and p ≤ z, respectively. Thus χa(T ′) > χa(T1), which means that T ′ does not have the

minimum χa index.

Case 2: 0 < a < 1.

Let vi be a furthest vertex from v0 on the path between v0 and vr having degree greater than 3. We

have 0 ≤ i ≤ r − 1, dT ′(vi) = t, where 4 ≤ t ≤ z, and dT ′(vi+1) = t′, where 1 ≤ t′ ≤ 3. We define T2

with V (T2) = V (T ′) and E(T2) = {usvi+1} ∪ E(T ′) \ {vivi+1}. The vertices vi, us are the only ones

with different degrees in T ′ and T2. Note that if i 6= 0 or s 6= 1, then us /∈ NT ′(vi), which means that

NT ′(vi) \ {vi+1, us} = NT ′(vi) \ {vi+1}. Then

χa(T ′)− χa(T2) = [dT ′(us−1) + dT ′(us)]
a − [dT2(us−1) + dT2(us)]

a

+ [dT ′(us) + dT ′(vi+1)]a − [dT2(vi) + dT2(vi+1)]a

+
∑

v∈NT ′ (vi)\{vi+1,us}

([dT ′(vi) + dT ′(v)]a − [dT2(vi) + dT2(v)]a)

> [dT ′(us−1) + dT ′(us)]
a − [dT2(us−1) + dT2(us)]

a

+ [dT ′(us) + dT ′(vi+1)]a − [dT2(vi) + dT2(vi+1)]a

= (p+ 1)a − (p+ 2)a + (t′ + t)a − (t′ + 2)a

≥ (p+ 1)a − (p+ 2)a + (t′ + 4)a − (t′ + 2)a

> 3a − 4a + 8a − 6a

= (4a − 3a)(2a − 1)

> 0,
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since by Lemma 2.1, we have

(t′ + 4)a − (t′ + 2)a > 8a − 6a and (p+ 2)a − (p+ 1)a ≤ 4a − 3a

for 1 ≤ t′ ≤ 3 and p ≥ 2, respectively.

We get χa(T ′) > χa(T2), so T ′ does not have the minimum χa index. We have a contradiction. �

3. Main results

The path Pn is the unique tree in Tn,0, thus we consider trees in Tn,b for b ≥ 1. It is known that for

any tree T , we have b ≤ n
2 − 1 (equivalently n ≥ 2b+ 2). If n = 4, then S4 is the unique tree having a

branching vertex. If n = 5, we have two trees with a branching vertex: P (2, 1, 1) and S5. For a > 0,

χa(P (2, 1, 1)) = 5a + 2(4a) + 3a < 4(5a) = χa(S5).

Let us study tress in Tn,b with the minimum χa index for n ≥ 6. First, we consider the case b = 1.

Theorem 3.1. Let T be a tree in Tn,1. Then for a > 1 and n ≥ 6,

χa(T ) ≥ (n− 3)4a + 5a + 3a

with equality if and only if T is P (n− 3, 1, 1). For 0 < a < 1 and n ≥ 7,

χa(T ) ≥ (n− 7)4a + 3(5a + 3a)

with equality if and only if T is P (k1, k2, k3), where k1 ≥ k2 ≥ k3 ≥ 2 and k1 + k2 + k3 = n− 1.

Proof. Among trees in Tn,1, let us denote a tree having the minimum χa index by T ′. From Lemma

2.2, we know that the degree of the branching vertex of T ′ is 3. So, T ′ has the form P (k1, k2, k3), for

some k1, k2, k3, where k1 ≥ k2 ≥ k3 ≥ 1 and k1 + k2 + k3 = n− 1.

Let a > 1. We show that k2 = 1 (which implies that k3 = 1). Suppose to the contrary that k2 ≥ 2

(which implies that k1 ≥ 2). We construct T1 from T ′ by replacing the paths of lengths k1 and k2 by

the paths of lengths k1 + k2 − 1 and 1, respectively. We get

χa(T ′)− χa(T1) = 5a + 3a − 2(4a) > 0,

since by Lemma 2.1, we have 5a − 4a > 4a − 3a. Thus χa(T ′) > χa(T1), which is a contradiction. We

have k2 = k3 = 1, which means that T ′ is P (n− 3, 1, 1) and

χa(P (n− 3, 1, 1)) = (n− 3)4a + 5a + 3a.

Let 0 < a < 1. We show that k3 ≥ 2. Suppose to the contrary that k3 = 1. Since n ≥ 7, we have

k1 ≥ 3. We construct T2 from T ′ by replacing the paths of lengths k1 and k3 = 1 by the paths of

lengths k1 − 1 and 2, respectively. We get

χa(T ′)− χa(T2) = 2(4a)− 5a − 3a > 0,
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since by Lemma 2.1, we have 4a − 3a > 5a − 4a. Thus χa(T ′) > χa(T2), which is a contradiction. We

have k3 ≥ 2, which means that T ′ is P (k1, k2, k3), where k1 ≥ k2 ≥ k3 ≥ 2 and

χa(P (k1, k2, k3)) = (n− 7)4a + 3(5a + 3a).

�

For b = 1, it remains to consider the case 0 < a < 1 and n = 6. By Lemma 2.2, a tree with the

minimum χa index for b = 1 and n = 6 is P (3, 1, 1) or P (2, 2, 1). We have

χa(P (3, 1, 1))− χa(P (2, 2, 1)) = 5a + 3(4a) + 3a − [2(5a) + 4a + 2(3a)] = 2(4a)− 5a − 3a > 0,

since by Lemma 2.1, 4a − 3a > 5a − 4a for 0 < a < 1. Thus χa(P (3, 1, 1)) > χa(P (2, 2, 1)), so P (2, 2, 1)

has the minimum χa index.

We define the sets Si(n, b) for b ≥ 2, where i = 1, 2, 3, 4. For n ≥ 3b+ 1, T ∈ S1(n, b) if and only if T

has n vertices and b branching vertices of degree 3, all the pendant paths of T have length 1 and the

length of every internal segment is at least 2; see Figure 2.

Figure 2. A tree in S1(19, 5).

For 2b + 2 ≤ n ≤ 3b, T ∈ S2(n, b) if and only if T has n vertices and b branching vertices of degree

3, all the pendant paths of T have length 1 and the length of every internal segment is at most 2.

For n ≥ 3b+ 4, T ∈ S3(n, b) if and only if T has n vertices and b branching vertices of degree 3, all

the internal segments of T have length 1 and the length of every pendant path is at least 2; see Figure

3.

Figure 3. A tree in S3(21, 4).

For 2b+2 ≤ n ≤ 3b+3, T ∈ S4(n, b) if and only if T has n vertices and b branching vertices of degree

3, all the internal segments of T have length 1 and the length of every pendant path is at most 2.

We present lower bounds on the χa index for trees in Tn,b, where b ≥ 2 and a > 1.

http://dx.doi.org/10.22108/TOC.2022.133548.1987

http://dx.doi.org/10.22108/TOC.2022.133548.1987


Trans. Comb. 12 no. 4 (2023) 227-238 T. Vetŕık 233

Theorem 3.2. Let a > 1 and let T be a tree in Tn,b, where b ≥ 2. Then for n ≥ 3b+ 1,

χa(T ) ≥ 2(b− 1)5a + (n− 2b+ 1)4a

with equality if and only if T ∈ S1(n, b). For 2b+ 2 ≤ n ≤ 3b,

χa(T ) ≥ (3b− n+ 1)6a + 2(n− 2b− 2)5a + (b+ 2)4a

with equality if and only if T ∈ S2(n, b).

Proof. Among trees in Tn,b, let us denote a tree having the minimum χa index by T ′. Let us denote

the number of vertices having degree j in T ′ by pj , where j = 1, 2, 3. From Lemma 2.2, we know that

n = p1 + p2 + p3 and p3 = b. From the Handshaking lemma, we get

2|E(T ′)| = 2(n− 1) =
∑

v∈V (T ′)

dT ′(v) = p1 + 2p2 + 3p3,

thus p1 = b+ 2 and p2 = n− 2b− 2.

Claim 1. Each pendant path of T ′ has length 1.

We prove Claim 1 by contradiction. Suppose that T ′ contains a pendant path P of length t ≥ 2. Let

S be any internal segment of length s ≥ 1 in T ′. We replace the path P of length t by a single edge

(path of length 1) and the segment S of length s by an internal segment of length s + t − 1 to obtain

T1 from T ′.

If s = 1, we obtain

χa(T ′)− χa(T1) = 6a + 3a − 5a − 4a > 0,

since by Lemma 2.1, we have 6a − 5a > 4a − 3a.

If s ≥ 2, we obtain

χa(T ′)− χa(T1) = 5a + 3a − 2(4a) > 0,

since by Lemma 2.1, we have 5a − 4a > 4a − 3a. Thus χa(T ′) > χa(T1), which is a contradiction.

Claim 2. If n ≥ 3b+ 1, then every internal segment of T ′ has length at least 2.

Suppose to the contrary that T ′ contains an internal segment, say S, of length 1. Since we have

p1 = b + 2 pendant vertices and each pendant path has length 1 (by Claim 1), the number of edges

contained in internal segments is

n− 1− (b+ 2) ≥ (3b+ 1)− 1− (b+ 2) = 2(b− 1).

It follows that if b = 2, then the only internal segment of T ′ has length at least 2, so Claim 2 holds.

Let b ≥ 3. Since T ′ has b − 1 internal segments and the length of S is 1, there must be an internal

segment, say S′ of length t ≥ 3. We replace the segment S of length 1 by an internal segment of length

2 and the segment S′ of length t by an internal segment of length t− 1 to obtain T2 from T ′. Then

χa(T ′)− χa(T2) = 6a + 4a − 2(5a) > 0,

since by Lemma 2.1, we have 6a − 5a > 5a − 4a. So χa(T ′) > χa(T2), which is a contradiction.
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Claim 3. If 2b+ 2 ≤ n ≤ 3b, then every internal segment of T ′ has length at most 2.

If b = 2, then n = 6 and the only internal segment of T ′ has length 1, so Claim 3 holds.

Let b ≥ 3. Suppose to the contrary that T ′ contains an internal segment, say S, of length s ≥ 3.

Since we have p1 = b + 2 pendant vertices and each pendant path has length 1, the number of edges

contained in internal segments is

n− 1− (b+ 2) ≤ 3b− 1− (b+ 2) = 2(b− 1)− 1.

Since T ′ has b − 1 internal segments and the length of S is 1, there must be an internal segment, say

S′ of length 1. We replace the segment S of length s by an internal segment of length s − 1 and the

segment S′ of length 1 by an internal segment of length 2 to obtain T3 from T ′. Then

χa(T ′)− χa(T3) = 6a + 4a − 2(5a) > 0,

since by Lemma 2.1, we have 6a − 5a > 5a − 4a. So χa(T ′) > χa(T3), which is a contradiction.

Note that the tree T ′ has p1 = b+ 2 pendant vertices. By Claim 1, each of the b+ 2 pendant paths

of T ′ has length 1. So T ′ has b+ 2 edges having the weight (3 + 1)a.

If n ≥ 3b+ 1, then by Claim 2, each of the b−1 internal segments of T ′ has length at least 2, thus T ′

contains 2(b− 1) edges having weight is (3 + 2)a and all the other n− 1− 2(b− 1)− (b+ 2) = n− 3b− 1

edges have weight is (2 + 2)a. It follows that

χa(T ) ≥ 2(b− 1)5a + (n− 3b− 1)4a + (b+ 2)4a = 2(b− 1)5a + (n− 2b+ 1)4a

with equality if and only if T ∈ S1(n, b).

If 2b+ 2 ≤ n ≤ 3b, then by Claim 3, each internal segment of T ′ has length at most 2, thus each of

the p2 = n− 2b− 2 vertices having degree 2 is adjacent to two vertices having degree 3. Therefore, T ′

has 2(n− 2b− 2) edges having weight (3 + 2)a. All the other n− 1− 2(n− 2b− 2)− (b+ 2) = 3b−n+ 1

edges have weight (3 + 3)a. It follows that

χa(T ) ≥ (3b− n+ 1)6a + 2(n− 2b− 2)5a + (b+ 2)4a

with equality if and only if T ∈ S2(n, b). �

Let us give lower bounds on the χa index for trees in Tn,b, where b ≥ 2 and 0 < a < 1.

Theorem 3.3. Let 0 < a < 1 and let T be a tree in Tn,b, where b ≥ 2. Then for n ≥ 3b+ 4,

χa(T ) ≥ (b− 1)6a + (b+ 2)5a + (n− 3b− 4)4a + (b+ 2)3a

with equality if and only if T ∈ S3(n, b). For 2b+ 2 ≤ n ≤ 3b+ 3,

χa(T ) ≥ (b− 1)6a + (n− 2b− 2)5a + (3b− n+ 4)4a + (n− 2b− 2)3a

with equality if and only if T ∈ S4(n, b).
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Proof. Among trees in Tn,b, let us denote a tree having the minimum χa index by T ′. As in the proof

of Theorem 3.2, we have

n = p1 + p2 + p3, p1 = b+ 2, p2 = n− 2b− 2 and p3 = b,

where pj is the number of vertices having degree j in T ′; j = 1, 2, 3.

Claim 4. Each internal segment of T ′ has length 1.

We prove Claim 4 by contradiction. Suppose that T ′ contains an internal segment S of length s ≥ 2.

Let P be any pendant path of length t ≥ 1 in T ′. We replace the segment S of length s by a single

edge (path of length 1) and the path P of length t by a pendant path of length s+ t− 1 to obtain T1

from T ′.

If t = 1, we obtain

χa(T ′)− χa(T1) = 5a + 4a − 6a − 3a > 0,

since by Lemma 2.1, we have 4a − 3a > 6a − 5a.

If t ≥ 2, we obtain

χa(T ′)− χa(T1) = 2(5a)− 6a − 4a > 0,

since by Lemma 2.1, we have 5a − 4a > 6a − 5a. Thus χa(T ′) > χa(T1), which is a contradiction.

Claim 5. If n ≥ 3b+ 4, then every pendant path of T ′ has length at least 2.

Suppose to the contrary that T ′ contains a pendant path, say P , of length 1. Since T ′ contains b

branching vertices and each internal segment has length 1 (by Claim 4), there are b−1 edges contained

in internal segments. Thus, the number of edges contained in pendant paths is

n− 1− (b− 1) ≥ (3b+ 4)− 1− (b− 1) = 2(b+ 2).

Since T ′ has p1 = b+ 2 pendant paths and the length of P is 1, there must be a pendant path, say P ′

of length t ≥ 3. We replace the path P of length 1 by a pendant path of length 2 and the path P ′ of

length t by a pendant path of length t− 1 to obtain T2 from T ′. Then

χa(T ′)− χa(T2) = 2(4a)− 5a − 3a > 0,

since by Lemma 2.1, we have 4a − 3a > 5a − 4a. So χa(T ′) > χa(T2), which is a contradiction.

Claim 6. If 2b+ 2 ≤ n ≤ 3b+ 3, then every pendant path of T ′ has length at most 2.

Suppose to the contrary that T ′ contains a pendant path, say P , of length t ≥ 3. Since T ′ contains b

branching vertices and each internal segment has length 1 (by Claim 4), there are b−1 edges contained

in internal segments. Thus, the number of edges contained in pendant paths is

n− 1− (b− 1) ≤ (3b+ 3)− 1− (b− 1) = 2(b+ 2)− 1.
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Since T ′ has p1 = b+ 2 pendant paths and the length of P is t ≥ 3, there must be a pendant path, say

P ′ of length 1. We replace the path P of length t by a pendant path of length t− 1 and the path P ′ of

length 1 by a pendant path of length 2 to obtain T3 from T ′. Then

χa(T ′)− χa(T3) = 2(4a)− 5a − 3a > 0,

since by Lemma 2.1, we have 4a − 3a > 5a − 4a. So χa(T ′) > χa(T3), which is a contradiction.

Since T ′ has b branching vertices, each of its b− 1 internal segments has length 1 by Claim 4, so T ′

has b− 1 edges having the weight (3 + 3)a.

If n ≥ 3b + 4, then by Claim 5, every pendant path of T ′ has length at least 2. Since T ′ has b + 2

pendant vertices, it has b + 2 pendant paths, so T ′ has b + 2 edges having weight (3 + 2)a and b + 2

edges having weight (2 + 1)a. All the other n− 1− (b− 1)− 2(b+ 2) = n− 3b− 4 edges have weight is

(2 + 2)a. It follows that

χa(T ) ≥ (b− 1)6a + (b+ 2)5a + (n− 3b− 4)4a + (b+ 2)3a

with equality if and only if T ∈ S3(n, b).

If 2b+ 2 ≤ n ≤ 3b+ 3, then by Claim 6, every pendant path of T ′ has length at most 2. Each of the

p2 = n− 2b− 2 vertices having degree 2 is adjacent to one vertex of degree 3 and one vertex of degree

1. Therefore, T ′ has n−2b−2 edges having weight (3+2)a and n−2b−2 edges having weight (2+1)a.

All the other n− 1− 2(n− 2b− 2)− (b− 1) = 3b− n+ 4 edges have weight (3 + 1)a. It follows that

χa(T ) ≥ (b− 1)6a + (n− 2b− 2)5a + (3b− n+ 4)4a + (n− 2b− 2)3a

with equality if and only if T ∈ S4(n, b). �

4. Conclusion

The hyper-Zagreb index is obtained from the general sum-connectivity index when a = 2. Thus we

use a = 2 in Theorems 3.1 and 3.2 to get Corollaries 4.1 and 4.2 on the hyper-Zagreb index.

Corollary 4.1. Let T be a tree in Tn,1. Then for n ≥ 6,

χ2(T ) ≥ 2(8n− 7)

with equality if and only if T is P (n− 3, 1, 1).

Corollary 4.2. Let T be a tree in Tn,b, where b ≥ 2. Then for n ≥ 3b+ 1,

χ2(T ) ≥ 2(8n+ 9b− 17)

with equality if and only if T ∈ S1(n, b). For 2b+ 2 ≤ n ≤ 3b,

χ2(T ) ≥ 2(7n+ 12b− 16)

with equality if and only if T ∈ S2(n, b).
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We suggest to study upper bounds on the general sum-connectivity index of trees in Tn,b for a > 0,

and lower and upper bounds for a < 0.

Problem 4.3. For a > 0, find trees in Tn,b with the maximum χa index.

Problem 4.4. For a < 0, find trees in Tn,b with the minimum or maximum χa index.

These problems are open for further research.
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