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THE REFORMULATED SOMBOR INDEX OF A GRAPH

N. HARISH, B. SARVESHKUMAR ™~ AND B. CHALUVARAJU*

ABSTRACT. In 2021, Gutman invented a novel degree-based topological index called the Sombor index, inspired
by a geometric interpretation of degree-radii of the edges and invited researchers to investigate their mathematical
properties and chemical meanings. The Sombor index was reformulated in terms of the edge degree instead of
the vertex degree as the original Sombor Index. In this paper, we compute the exact values of a certain class of
graphs. Also, some bounds in terms of the order, size, minimum/maximum degrees and other topological indices

are obtained.

1. Introduction

Let G = (V, E) be a non-trivial, simple and undirected with vertex set V' = V(G) and edge set E = E(G).
Also, |V| = n and |E| = m denotes the number of vertices and number of edges in G. The degree degc(u)
or dg(u) of a vertex u € V(G) is the number of vertices adjacent to u. The maximum degree and minimum
degree are denoted by A = A(G) and § = §(G), respectively. The degree of an edge e = uv € E(G) is the
number of edges incident to e. As well known, dg(e) = dg(u) + dg(v) — 2 and e ~ f means that the edges
e and f are adjacent, i.e., they share a common end-vertex in G. For graph-theoretic terminology not defined

here, we follow [17].
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In 2004, Milicevic [25], the first and second reformulated Zagreb indices in terms of edge degrees instead

of vertex degrees are defined as

(1.1) EM(G) = [da(e) + da(f)], and
e~f
(12) EMy(G) = dg(e)dg
e~ f

For more details on reformulated Zagreb indices and their relaetd topological indices, we refer to [20, 27, 29,
38, 39].
In 2021, Gutman [13], invented a novel degree-based topological index, called the Sombor index, inspired

by a geometric interpretation of degree-radii of the edges. The Sombor index of a graph G is defined as

(13) = > Vdew)? +da(v)?.

weE(G)

It attracted much attention from scholars, and its mathematical properties and chemical applicability were, and
currently is, much investigated, see for instance [6, 7, 9, 10, 11, 12, 15, 23, 24, 28, 31, 33, 34, 35, 36, 40, 41].
Analogously, we introduced the edge-degree-based topological index instead of the vertex-degree-based

topological index called reformulated Sombor (RS) index of a graph G and is defined as

(1.4) =Y Vda(e)? +da(f)>

e~ f

For any adjacency edges e, f € E(G) with e = wv and f = vw, then an equation (1.4), can be written as

RS(G) = Y [(dalu) + do(v) - 2)? + (da(v) + da(w) — 2))%.
e~f

RS(G) = Y [(da(u) + dg(v))? = 4(da(w) + da(v) + 4+ (da(v) + dg(w))?
e~ f

(1.5) —4(dg(v) + dg(w)) + 4]z.

The Line graph L(G) is the graph with vertex set V(L(G)) = E(G) and whose vertices correspond to the
edges of a graph G with two vertices being adjacent if and only if the corresponding edges in G have a vertex

in common, see [18].

Observation 1.1. As L(G) is defined on the edge set of a graph G, isolated vertices of G if any plays no role
in L(G). Clearly, RS(G) = SO(L(G)).
Observation 1.2. For any non-trivial connected graph G,

(1.6) 26 — 2 < dg(uv) < 2A — 2 for every edge uv € G.

http://dx.doi.org/10.22108/TOC.2022.134155.1994
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2. Bounds in terms of minimum/maximum degree and size

For obtaining some bound on RS(G), we make use of the definition of Platt number and its preliminary
lemma’s as follows:

The Platt number is the sum of degrees of all its edges of GG and is denoted as

PIG) = Y dg(uw)

weFE(G)
= > lda(w) +da(v) — 2]
weE(G)
2.1) = Z da(u —1).
ueV (G

This concept was introduced by Platt [30] in 1952 and he was focused in design a scheme for predicting

the physicochemical (paraffin) properties of organic compounds. For more details, we refer to [1, 2, 8].

Observation 2.1. The hyper plait number Ply(G) = 3¢ p(c) [da(uv)]? coincides with the first reformu-
lated Zagreb index (i.e., equation (1.1)).

Lemma 2.1. [3] For any connected graph G with n > 2,
(i) 2m (6 — 1) < PI(G) < 2m (A —1).
(i) m < PI(G) <2m(n—2).

Lemma 2.2. [1, 14] For any graph G withn > 2, PI(G) = M(G) — 2m.
Theorem 2.1. Let G be a (n, m)-connected graph with n > 3. Then,

(2.2) 2v2m (6 —1)2 < RS(G) <2vV2m (A —1)2
Further, equality holds if and only if G is regular.

Proof. Let G be a (n, m)-connected graph with n > 3. For any edge e € E(G).

By equation (i) of Lemma 2.1 and equation (1.5), we have

(2.3) 2V2(5 — 1) < V/dg(e)? + da(f)? < 2v2(A —1).

The equation (2.3) satisfies for ( ) pairs of adjacent edges and sum of those inequalities results.

(2.4) PIG)V2(6 —1) <Y da(e)® + da(f)? < PIG) V2(A - 1).
e~f

Again, by equation (i) of Lemma 2.1 and equation (2.4), we have

2v2m (6 —1)2 < RS(G) <2vV2m (A —1)2

http://dx.doi.org/10.22108/TOC.2022.134155.1994
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Further equality holds if and only if G is a regular.

3. Bounds in terms of order and size

Theorem 3.1. Let G be a (n, m)-connected graph. Then,

7 < RS(G) < 2v2m (n—2)%

Proof. Let G be a (n, m)-connected graph with n > 3, for any edge e € E(G),

3.1) 1<dgle) <2(n—2).

Using equation (ii) of Lemma 2.1, we have

m _ Pl(G)
=<
2 - 2

Therefore, 1 < {dg(e)?, da(f)?} < 4(n — 2)? implies that

<m(n-—2).

V2 < da(e)? + da(f)? < 2V2(n —2).

The above equation satisfies for ( ) pairs of adjacent edges and the sum of those inequalities results

3.2)

< > Vda(e)? +da(f)? < PUG)V2(n — 2).
e~f

Again by equation (i1) of Lemma 2.1 and equation (3.2), we have

f<2\/dc )2 +da(f)? <2v2m (n—2)%
e~f

Therefore, \”} < RS(G) <2vV2m (n—2)2

4. Bounds in terms of first and second Zagreb indices

In 1972, Gutman and Trinajstic [16] introduced the first and second Zagreb indices of GG are defined as
Mi(G)= Y [de(u)+dg(v)] and My(G)= Y dg(u)da(v)
weE(G) weE(G)

By Lemma 2.2 and equation (3.2), we have

Theorem 4.1. Let G be a (n, m)-connected graph. Then,

() Ml(f) 2m < RS(G) < (My(G) — 2m)V2(n — 2).

(i) (V2M1(G) —2v/2m)(6 — 1) < RS(G) < (V2M1(G) — 2v/2m)(A — 1).

http://dx.doi.org/10.22108/TOC.2022.134155.1994
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5. Bounds in terms of reformulated Zagreb Indices

Theorem 5.1. Let G be a (n, m)-connected graph. Then,

EM;(G)

7 < RS(G) < EMy(G).

The equality holds if and only if G is regular.

Proof. Let G be a (n, m)-connected graph. Then,

dG(ff);dG < Vdg(e)? +da(f)? < da(e) + da(f)-

The above inequality satisfies for each edges e and f such that e, f € F(G) and taking the sum on all those

inequalities we have,

> 2O A) S aelel + Ao < 3 () + de(f)].

e~f e~f e~f
Therefore,
EMUS) < Rs(o) < BML(O).
The above inequality equality holds when G is a regular. ([

Theorem 5.2. Let G be a (n, m)-connected graph with § > 2. Then,

EM;(G) EM>(G)
(A-1) 6-1)°

The equality holds if and only if G is regular.

< RS(G) <

Proof. Let G be a (n, m)-connected graph with 6 > 2. Then,

RS Z \/dG 2+dg(f)2.

e~f

1 1
= dal)dal)) (\/dG(€)2 N dG(f)2>.
1 1 < 1 1 < 1 1
2A—12 " 2a—12 “\daeZ Tae2 S\ 26 -12 T2 -0

1 < 1 1 < 1
A1) = \dale Taa(f 2 =0 -1)

dG((A<\/dG 2 +dg( f)2<dGE§)'_le)m.

http://dx.doi.org/10.22108/TOC.2022.134155.1994
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The above inequality satisfies for each edges e, f € E(G) and taking the summation of all those inequalities,

e do(e) de(/) do(e).de(f)
G e). G G e). G
< 2 2 < .
; (A—l) —(;f\/dG(e) +dG(f) —eNZf (5_1)
EMs(G) EMs(G)
— < < — 2
a-1 ==
The above inequality equality holds when G is regular. ([

6. Bounds in terms of reformulated first Zagreb index and Inverse sum edge indeg index

In 2016, Bhanumathi et al., [4] introduced the edge version of Inverse sum indeg of ¢ and is defined as
IST(
Z + dG f )

Theorem 6.1. Let G be a (n, m)-connected graph. Then,
2V2IS1.(G) < RS(G) < V2[EM;(G) - 2ISI.(G)].

The equality hold if and only if G is regular.

Proof. Let G be a (n, m)-connected graph. Then,

Z\/dc 2+da(f)2.

e~f
() dg() +dG(f>2
/AL < i(oP + ol < V2 S LA ST
da(e)-do( cle)-da(f)
2B(ZOCHOU) < fiG(eP + dal[P < VEdate) + dot1) 220,

The above inequality, which satisfies for each edge e, f € E(G) and taking the sum of all those inequalities,

we have

dg(e) .dG’(f)
QWZngﬂﬁ Zwa+@mxﬁ§WW%%W2QmwMN}

2V2IS1,(G) < RS(G) < V2 [EMl(G) - 21516(@]

The above inequality equality holds when G is a regular. ([

Theorem 6.2. Let G be a (n, m)-connected graph. Then,

22

= [EM:(G) - ISI.(G)] < RS(G) < V2[EM;(G) — 2ISL.(G)].

The inequality equality holds if and only if G is regular.

http://dx.doi.org/10.22108/TOC.2022.134155.1994
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Proof. Let G be a (n, m)-connected graph. Then,

RS(G) =) Vda(e)? +da(f)?

e~
2\3/5{(61(;(9)‘f‘dG<f)) (“())M)f.} < dg(e)? +dg(f)?
< [Vatda(e) + da(f M(M)]

The above inequality which satisfies for each edges e, f € E(G) and taking the sum of all those inequalities,

we have

2v2 __da(e)da(f)

Ep> (dle) +da(f)) - gm0 | < > VAl dalf7

o dale )dG(f)
<2 ijf [(dote) +dai) —2(5 0o
Therefore,
2‘f = [EMi(G) - ISI.(G)] < RS(G) < V2[EM;(G) — 2ISL.(G)].

The above inequahty equality holds when G is regular. ([

7. Bounds in terms of Randic edge index

In 1975, Milan Randic [32] introduced the Randic index of a graph G. In 1998 Bollobas and Erdos [5]
introduced the General Randic index, and in 2017, [37] H. Yang et al., introduced the edge version of General
Randic index, and is defined as

ERy =Y (da(e)-da(f))".
e~f

Fora=-1,-3,1,1.

Theorem 7.1. Let G be a (n, m)-connected graph. Then,

ER_%(G)Q\@(d —1)2<RS(G) <2vV2(A -1 ER_.(QG).

2
The equality holds if and only if G is regular.

http://dx.doi.org/10.22108/TOC.2022.134155.1994
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Proof. Let G be a (n, m)-connected graph. Then,

RS(G) =) Vda(e)? + da(f)?

e~f

\/ —1)22(A —1)2.

2
Z e dc —1)2
< ER_%( )2\/5( -1)%
Similarly, = Vda(e)? +da(f)2.

e~f
> ER_1(G)2vV2(5 —1)%

2

Therefore,

ER_%(G)2\/§(6 ~1)2 < RS(G) < ER_%(G)Q\/i(A —

The above inequality equality holds if and only if G is regular.

Theorem 7.2. Let G be a (n, m)-connected graph. Then
V2 ERy(G) < RS(G).

The equality holds if and only if G is regular.

Proof. Let G be a (n, m)-connected graph. Then,

Z\/dg 2+da(f)2.

e~ f

V2y/da(e)da(f) < vda(e)? + da(f)>.

e el ) (e + de

1)2.

The above inequality, which satisfies for each edges e, f € E(G) and taking the sum of all those inequalities

we have,

V2" Via(e)da(f) <Y Vda(e) + da ()2,
e~ f e~f
Therefore,

V2 ER,(G) < RS(G).

The above inequality equality holds when G is regular.

http://dx.doi.org/10.22108/TOC.2022.134155.1994
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8. Bounds in terms of first Forgotten edge index

In 2017, Kulli [21] introduced the edge version of the Forgotten index of a graph G and is defined as

EF1 ZdG —I-dG ) .
e~f

Theorem 8.1. Let G be a (n, m)-connected graph with § > 2. Then,

m < RS(G) < m

The equality holds if and only if G is regular.

Proof. Let G be a (n, m)-connected graph 6 > 2. Then,

=> Vda(e)? +da(f)>.

e~f
Z 2+ da(f)?
\/dG 2+da(f)?
1
<D |da(e)* +da(f)* :
; [ } V(2(6 —1))2 + (200 - 1))?
EF(G)
T 2V2(00-1)
Similarly,
Z \/dG 2+da(f)2.
e~f
EF(G)
T 2v2(A-1)
Therefore,
EF(G) EF(G)
— < RS5G) L —————.
2V/2(A —1) © (@) < 2v/2(6 — 1)
The above inequality equality holds if and only if when G is regular. ]

9. Specific families of graphs

Since G is an r- regular graph (i.e., d = A = r). By equation (2.2), we have the following result without

proof.

Theorem 9.1. For any r- regular graph G withn > 3 andr > 1,
9.1) RS(G) = 2v2m(r — 1)2

In view of equations (1.5) and (9.1), we arrive at.

http://dx.doi.org/10.22108/TOC.2022.134155.1994
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Theorem 9.2. (1) For any complete K, withn > 3andr =n — 1,
RS(K,) =2V2m (n —2)%
(ii) For any cycle C,, withn > 3 andr = 2,
RS(Cp) = 2v2n.

(iii) For any complete bipartite graph K, s with 1 <1r < s,

RS(K,.,) = %(s +r—2)WV2(r+s—2)

(iv) For any wheel W, withn > 4,

RS(W,) = "= %“ =2 43— 1)+ 2(n — 1) V2 + 16.

(v) For any path P, withn > 2,

RS(P,) = 2V5 +2V2(n — 4).

10. Chemical graphs: Regular dendrimers

Dendrimers are highly ordered, branched polymeric molecules and symmetric about the core and often
have a spherical three-dimensional morphology. Dendrimers have a very well-defined chemical structure with
three major building parts. These are the center, branches and end groups, where new branches are radiated

from the center and are added in advance steps, for more information we refer to [19, 22, 26].

Regular Dendrimer: T}, ,

http://dx.doi.org/10.22108/TOC.2022.134155.1994
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The Regular dendrimer T}, ;, where k denotes the growth (radius if s > 1) and s represent the degree of the
central vertex, except central and pendent vertices the degree the a vertex is 4. If s = 1 then the radius and
growth value is not same so we neglet the case. When the degree of central vertex s > 1 and the growth is

k = 1, then the graph is a Tree. If £ = 2, we computed the values manually. When the value of s > 1 and

N. Harish, B. Sarveshkumar and B. Chaluvaraju

k > 3 then the degree of a edge set and the corresponding edge partitions as follows.

(i) Number of vertices is S(T) + 1, out of which 1 vertex of degree s, s(—) vertices of degree 4
and s 3*~! are pendent.

(ii) Number of edges is s(

gk—1 3k—1

2

3k—1

>1), in which s - edges of degree s + 1, s 3*~! vertices of degree 3 and

3s (?’k%) is of degree 6.

(iii) Number of pairs of adjacent edges is s (3"

partitioned as follows.

TABLE 1. The edge partitions based on degree of adjacent edges.

Adjacent da(e) 3 3 6 6 s+1
edges da(f) 3 6 s+1|s+1
Number of pairs s3k—1 | g3k-1 3(3k—1 —6)| 3s 8(82—1)

TABLE 2. The Computed values in orbitrary values of s > 1 and k& > 2.

Indices

Computed values

Pl(T},s)

s(s+2+2(3)F)

RS(Ty 5)

3*s(3v2+ VB) + s (3—; +3Vs2 25+ 37— 36\@)

s (382 + 5% + 35 — 52)

213" + s (Y 115 — 198

— 2 18(s+1
U R G )

sSk(3+\/§)+s<3 6(s+1)+822_1—36>

s3k—2 (% + i) +s < s—1

3 _
G 210 T o 1)

45s3F + s ((s — 1)(s + 1)? + 3s% + 6s — 321))

http://dx.doi.org/10.22108/TOC.2022.134155.1994
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TABLE 3. The Particular values in orbitrary values of s and k.

Indices s| k=1 k=2 k=3 k=4
1 0 11 43 156
Pl(Ty.s) 2 2 24 98 314
3 6 39 177 501
41 12 56 204 636
5] 20 75 260 830
1 0 20.665 | 118.681 | 493.988
RS(Ty.s) 2| 1.414 | 29.269 | 296.950 | 996.650
3| 8.485 | 111.354 | 453.909 | 1503.46
425455 | 153755 | 632.203 | 2031.604
5| 42.426 | 263.380 | 832.199 | 2581.450
1 0 36 162 684
EM;(Tys) |2 2 100 410 1382
3 12 204 627 2085
41 36 360 876 2820
5] 80 580 1155 3585
1 0 45 297 1539
EMy(Tys) |2 1 117 862 3130
3] 12 210 1317 4719
41 54 438 1914 6450
5] 160 765 2655 8325
1 0 5 37.5 163.5
ISI.(Tys) |2] 05 145 97.4 3314
3 3 30 149.1 500.1
4 9 53 209.727 | 677.727
5] 20 85 277.5 862.5
1 0 16.348 | 77.911 | 334.279
ER%(Tk,s) 2 1 39 199.761 | 676.496
3 6 70.176 | 305.641 | 1020.743
41 18 | 112475 | 428.461 | 1381.931
5| 40 | 168.639 | 565.918 | 1757.756
1 0 2224 | 5828 | 19.571
ER,%(Tk,s) 2 1 4333 | 12717 | 39.202
3 3 6.348 | 19.421 | 59.178
4 6 8298 | 25.876 | 78.846
50 10 10.202 | 32.273 | 98.486
1 0 100 702 3348
EF(Tys) |2 1 239 1910 6770
3] 24 456 2913 10203
41 162 802 4164 13884
5] 640 1340 5715 17865

11. Graphical Comparision

Topological indices of dendrimers are useful in theoretical chemistry, pharmacology, toxicology, and en-
vironmental chemistry. In this paper we compute the Platt index, the reformulated Sombor index, the refor-

mulated first and second Zagreb indices, the edge version of the Inverse sum indeg, the edge version of the

http://dx.doi.org/10.22108/TOC.2022.134155.1994


http://dx.doi.org/10.22108/TOC.2022.134155.1994

Trans. Comb. 13 no. 1(2024) 1-16 N. Harish, B. Sarveshkumar and B. Chaluvaraju 13

Randic index, and the edge version of the Forgotten index. From k = 1 to k = 4, shows that the edge version
of Forgotten index gets the highest value compared to all other topological indices, and the edge version of

the Randic index gives the least value. When k grows, the remaining index values change. We can represent

this mathematically as

ER 1 <, ISI<Pl<FER:1 <RS<FEM; < EMs < EF.
2 2
(] - Pl 800 -o@e Pl
sof RS RS
EM1 EM1
—— EM2 —— EM2
—— olS| —»— @Sl
eR(1/2) eR(1/2)
—s— oR(-12) —o— eR(-1/2)
, ,/4,*,4_44 b i
(a) k=1 (b) k=2
Indices
R | . ol
RS RS
EM1 EM1
—a— EM2 —— EM2
—— elsl —r— el
eR(1/2) eR(1/2)
—a— eR(-112) Yoo —a— eR(-112)
500 a EF1 = EF1
(c) k=3 (d) k=4

12. Conclusion

Being new edge (bond) degree-based topological index of a graph, the reformulated Sombor index and its
properties are relatively unknown. In this article, we compute exact values for various classical graphs and
found some bounds in terms of order, size, and degree. Also, were compared to various edge degree-based
topological indices. Finally, we computed these indices for the Regular dendrimer and compared them graph-
ically. Further, the comparative advantages, applications and mathematical point of view, many questions are

suggested by this research, among them are the following.

1. Find the extremal values and extremal graphs of the reformulated Sombor index. Also, characterize
this edge version sombor index in terms of other edge degree-based topological indices.
2. Find the values of the reformulated Sombor index of all classes of chemical graphs and compare with

other edge degree - based topological indices. Also, explore some results towards QSPR / QSAR
Model.

http://dx.doi.org/10.22108/TOC.2022.134155.1994
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