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A NEW ¢-ANALOGUE OF THE BINOMIAL IDENTITY 3, (-1)%( %%, ) =2-3""1

YAN-NI LT* AND YUAN-YUAN ZHAO

ABSTRACT. In this paper, we establish a new g-analogue of the binomial identity:

on )_ 1, ifn =0,

Z(*l)k <n+3kz

Our proof relies on a weight-preserving and sign-reversing involution due to Guo and Zhang.

2.3"71 ifn>1.

1. Introduction

We consider g-analogues of the following binomial identity:

[n/3] oo 1, if n =0,
(. 0)-

k=—|n/3] 2.377 1 ifn>1,

where | x| denotes the integral part of real x. Recall that the ¢-shifted factorials are given by (a;q), =
(1—a)(1—aq)---(1—ag" ') for n > 1 and (a;q)o = 1, and the g-binomial coefficients are defined as

(G Dn f0<k<n,

-t -

0, otherwise.
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Here we list two different g-analogues of (1.1) as follows:

an/éj ok243k [ 2n L ifn =0,
(1.2) (—1)kq2{ ] = 3. 3
n+ 3k o (@)1
k=—|n/3 14+4¢")———, ifn>1,
. ( ) (4 Q-1
and
11 lf n —= O,
/3] ok2 1ok 2n
(1.3) Y (—1)fq 2 [ +3k] =S 1+gq, if =1,
. ' (6% )
21+ ") (1 +q+ )=y >0,
\ (QQ Q)n—Q

Note that (1.2) is equivalent to Bailey pair J(2) in [5], which was also recorded in [4, Proposition
2(5)] and was used by Berkovich and Warnaar [2] to prove a ‘perfect’ Rogers-Ramanujan identity.

Letting n — oo on both sides of (1.2) reduces to the famous Euler’s pentagonal number theorem
[1, Corollary 1.7]:

(14) ST (-DR T = (@)oo

k=—00

However, letting n — oco on both sides of (1.3) leads us to the following trivial identity:

S~ =0

k=—oc0
In 2014, Guo and Zhang [3] gave a nice combinatorial proof of (1.2) and (1.3). Motivated by Guo

and Zhang’s work, we shall establish a new g-analogue of (1.1) as follows.

Theorem 1.1. For any nonnegative integer n, we have

1, ifn =0,
In/3) , 1+q, ifn=1,
(1'5) Z (—1)kqgk ;-1516 |: 2n k:| _
k=—[n/3) n+3 (1+¢@)A+q+4¢%), ifn=2,
(2% ¢*)n—s3 .
n(q), ifn >3,
(¢ @)n—3 Jn(a) /

where f,(q) is given by
fn(Q) — (]_3(1 + qn)(_q4n + q3n _|_q2n+3 + q2n+2 + 2q2n+1 + q2n + 2q2n—1 +q2n—2 + q2n—3 _|_qn _ 1)'

It is clear that letting ¢ — 1 on both sides of (1.5) reduces to (1.1). Letting n — oo on both
sides of (1.5) also reduces to an equivalent form of the Euler’s pentagonal number theorem (1.4). A
combinatorial proof of (1.5) will be given in the next section. It is worth mentioning that the proof of
(1.5) is inspired by a weight-preserving and sign-reversing involution in Guo and Zhang’s paper [3].
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2. Combinatorial proof of (1.5)

For n =0,1,2, it is easy to check (1.5) by hand. In what follows, suppose that n > 3.

Let S ={ai,...,a2,} be a set of 2n elements, and let

P ={ACS:#A=n (mod3)},

(2.1) 2={Aec Z :#An{a,...,a2i41}) ¢ {i—1,i+2} fori=1,...,n—3}.

For any A € &, we associate A with a sign sgn(A) = (—1)#A=1)/3 and a weight ||A|| = Y acA O
For any A € 2, we shall prove that

(2.2) #(ANn{ar,...,a2i41}) € {i,i+1}, foralli=1,...,n—3.
In fact, the statement (2.2) holds for i« = 1. Suppose it holds for i — 1, i.e.,
#(ANn{ay,...,a21}) € {i —1,i}.
It follows from the above and (2.1) that
#(ANn{ar,...,a2i41}) € {i,i + 1},
which confirms our statement (2.2). In particular,
#(AN{a1,...,amm—5}) € {n—3,n—2}.
Since #A4 =n (mod 3), we have
(2.3) #A € {n—-3,nn+3}
For any A € Z\ 2, let i < n — 3 be the smallest number such that
(2.4) #(AN{ar,...,a2i41}) € {i —1,i+2}.

Next we recall an involution due to Guo and Zhang [3]. The set A’ is defined as follows:
e a; € A'if and only if a; ¢ A;
o asj,agjr1 € A if agj,asj41 ¢ A (j=1,...,%);
o ayj,agjr1 ¢ A if asj,azj41 € A (j=1,...,1);
e ayj € A and agjy1 ¢ A ifagj € Aand agj1 ¢ A (j=1,...,7);
o ay; ¢ Al and agji1 € A ifag; ¢ Aand agjy1 € A (j=1,...,19);
e aqp € A ifand only ifap, € A (20 +2 <k < 2n).
Note that

(25) #(A N {al, e ,a2i+1}) + #(A/ N {al, . ,a2i+1}) =2+ 1.

From (2.4) and (2.5), we deduce that #A" = #A + 3.
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Let a1 = 0,{agj,a2;41} = {—j,j} for j = 1,---,n — 3, and {azn_4,02,3,a2n_2,02,-1,02,} =
{n—2,n—1,n,n+1,n+ 2}. Note that S is obtained by [2n] by a shift —(n — 2):

S={3—-n,....,n=3,n—-2n—-1,nn+1n+2}

where [n] = {1,...,n}. Then A — A’ is a weight-preserving and sign-reversing involution, and so
(2.6) 3 sen(A)gMl =o.
AeP\2
Let

2" ={AC{ay,...,aom—5}: #(AN{a1,...,a2i1}) ¢ {i —1,i+2} fori=1,...,n—3}.

Similarly, the statement (2.2) also holds for any A € 2*. If #(AN{ai,...,a2-1}) =i — 1, then we
have three choices {agi}, {a2i+1} and {agz‘, a2i+1} for AN {CLQZ‘, a2i+1}. If #(A N {al, R ,agi_l}) =1,

then we also have three choices {ag;}, {a2i+1} and @ for A N {ag;,az;i+1}. Since ag; + agit1 = 0, we

have
n—3 ' '
S M= Y iy ST g2 T (g g+ ).
Ac9* Ac2* Ae2* =1

#A=n—3 #A=n—2

Moreover, we can construct a weight-preserving bijection from {4 € 2% : #4 =n — 3} to {A € 2*:
#A = n — 2} similar to the above involution A — A’ on &\ 2. It follows that

n—3
(2.7) o= " =TT +q7" + .
Ac2* Ac2* =1

#A=n—3 #HA=n—2

From (2.3), we deduce that

D—{Ac 2 #A=n—3)
H‘J{A UB:Ae 2" #A=n—-3 & B C {awm—41,02n-3,02,—2,02,—1,02,}, #B = 3}
W{AUB:Ac 2" #A=n—-2 & BC {amm 4,a2m3,a2m 2,000 1,020}, #B = 2}

L-Ij{A U{a2n—4,a2n—3,02n—2,02n—1,02,} : A € D", #A =n—2}.

It follows from the above and (2.7) that

n—3
> sen( M) =1+ ¢ [[(@ +a7 + ")
Ae2 =1
(28) % (_q4n + q3n + q2n+3 + q2n+2 + 2q2n+1 + q2n + 2q2n—1 + q2n—2 + q2n—3 + qn _ 1)
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By the g-binomial theorem [1, Theorem 3.3]:

k=0
we have
Al = |, (53
(2.9) Z q [k]q 2 /).
AC[n]
#A=k
By using (2.9), we obtain
[n/3]
Y sen()gdl = ST 3T sen(A)gll
Ae k=—[n/3] , ASS
#A=n+3k
[n/3] 9 i
D L A PG A s bl
n + 3k
k=—[n/3]
[n/3]
_ nG-m) Y 92 415k 2n
(210) D M Sl B
k=—|n/3|
On the other hand,
(2.11) Z sgn(A)gl = Z sgn(A)gAll + Z sgn(A)g/All.
Ae2 A2 AeP\2
Finally, combining (2.6), (2.8), (2.10) and (2.11), we arrive at
Ln/3] n—3
n(5—n) L 9k%+15k 2n n i i 0
P -1
DV Ci W] = [T v )

% (_q4n + q?m + q2n+3 + q2n+2 + 2q2n+1 + q2n + 2q2n—1 + q2n—2 + an—3 + qn o 1>7

which is equivalent to (1.5).
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