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METHODS FOR COUNTING THE INTERSECTIONS OF SLOPES IN THE FLAT

TORUS

JOHN BURKE∗, MAITLAND BURKE, LEONARDO PINHEIRO AND CAMERON RICHER

Abstract. We define slopes in the flat torus as the set of equivalence classes of the solutions of linear

equations in R2. The definition is equivalent to that of closed geodesics in the flat torus passing through

the equivalence class of the point (0, 0). In this paper we derive formulas for counting the number of

points in the intersection of multiple slopes in the flat torus.

1. Introduction

The study of counting the intersection of curves on surfaces is usually approached using algebraic

topological methods such as the Goldman bracket. The theory of intersecting loops on a torus appears

to have relevance in theoretical physics and has been investigated via the algebra of Wilson loops. For

example, see (1) and (3)

In this paper, we use elementary techniques to produce a formula for counting the total number

of intersections of any finite collection of slopes on the flat torus. Our results rely solely on methods

from combinatorics and elementary number theory without any explicit use of homological algebra.

While the result found in Theorem 3.3 pertaining to the intersection of two slopes, has been obtained

using other methods (See (2)), our approach enables us to prove a new more general result on the

intersection of finitely many slopes which appears to not be as easily obtainable from other methods.
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2. Slopes in the Flat Torus

Recall that two real numbers x and y are congruent modulo 1, denoted x ≡ y (mod 1), or x ≡ y

for short, when x − y is an integer. We write R (mod 1) for the set of all equivalence classes of real

numbers modulo 1. The flat torus is then defined as T2 = R (mod 1)× R (mod 1).

Given two points (a, b) and (c, d) in R2, we say that (a, b) is in the equivalence class of (c, d) in T2,

that is, (a, b) ∈ (c, d) when a ≡ c and b ≡ d. We are now ready to define a slope on the flat torus. Let

Z∗ be the set of nonzero integers.

Definition 2.1. Letting p, q ∈ Z∗ with gcd(p, q) = 1, we define the slope p : q to be the subset of T2

p : q =
{
(x, (p/q)x), x ∈ R

}
.

We will say that slopes a : b and p : q are distinct if a/b ̸= p/q. Throughout this paper, whenever

multiple slopes are discussed we will assume they are distinct.

Note that Definition 2.1 does not allow one to define slopes that are equal to the sets {(x, 0), x ∈ R}
and {(0, y), y ∈ R}. We discuss these two sets in more detail in Section 4.

In Figure 1 the slope 1 : 3 is displayed on the left while slopes −1 : 4 and 2 : 3 are displayed together

on the right. Observe that, in T2, pairs of points of the form (0, y) and (1, y) are the same point.

The same is true for pairs of points of the form (x, 0) and (x, 1). Note the condition that p and q are

nonzero integers ensures that the slopes are closed curves. If one were to allow p or q to be nonzero

irrational number in the above definition, then such sets would not necessarily be closed curves.

Figure 1. Examples of slopes in the flat torus

We are interested in counting the number of points in the intersection of multiple slopes in T2.

Our first two results show that
{(

x, pqx+ n
q

)
: x ∈ R and n ∈ Z

}
is the set of points in R2 whose

equivalence classes in T2 are in the slope p : q.

Proposition 2.2. If (a, b) ∈ p : q, then (a, b) = (y, (p/q)y + n/q) for some y ∈ R and n ∈ Z.
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Proof. Suppose that (a, b) ∈ p : q. Then (a, b) ∈ (x, (p/q)x) for some x ∈ R. Thus for some m, k ∈ Z,
a = x+m and b = (p/q)x+ k. Note that

b =
p

q
x+ k

=
p

q
x+

p

q
m+ (k − p

q
m)

=
p

q
x+

p

q
m+

qk − pm

q

=
p

q
(x+m) +

n

q
, n = qk − pm ∈ Z.

We set y = x+m ∈ R and we conclude (a, b) = (y, (p/q)y + n/q). □

Proposition 2.3. Let p : q be a slope. If (a, b) ∈ R2 such that (a, b) = (y, (p/q)y + n/q) for some

y ∈ R and n ∈ Z, then (a, b) ∈ p : q.

Proof. Assume (a, b) = (y, (p/q)y + n/q) for some y ∈ R and let p and q be co-prime integers with

p, q ̸= 0. Since gcd(p, q) = 1, any rational of the form n/q is congruent modulo 1 to a multiple of p/q

and we can write
b =

p

q
y +

n

q

=
p

q
x+

p

q
m, for some m ∈ Z

=
p

q
(y +m).

Now, let x = y + m, then a = y ≡ y + m ≡ x and b = (p/q)(y + m) = (p/q)x. Thus, a ≡ x and

b ≡ (p/q)x. We conclude (a, b) ∈ (x, (p/q)x), for some x. □

In Figure 2 the slope 1 : 3 is displayed as a subset of T2 on the right. The set of points in R2 with

equivalence class in 1 : 3 is displayed on the left.

Figure 2. points in R2 and their equivalence classes in T2
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Figure 3 suggests the existence of a bijection between the points of 1 : 3 in T2 and the set of points

{(x, (1/3)x), 0 ≤ x < 3} in R2. Lemma 2.6 will show that such a correspondence exists for all slopes.

The following two propositions are used in the proof of Lemma 2.6.

Figure 3. A natural bijection

Proposition 2.4. Let p, q ∈ Z where q ̸= 0 and x ∈ R, then (x+ q, (p/q)(x+ q)) ∈ (x, (p/q)x).

Proof. Clearly x+ q ≡ x. Also,

p

q
(x+ q) =

p

q
x+

p

q
q =

p

q
x+ p ≡ p

q
x.

□

Proposition 2.5. Let p, q ∈ Z∗ with gcd(p, q) = 1. Let x, r ∈ R. If r is not a multiple of q, then

(x+ r, (p/q)(x+ r)) ̸= (x, (p/q)x).

Proof. Suppose (p/q)(x+ r) ≡ (p/q)x, then (p/q)x+ (p/q)r ≡ (p/q)x and we get that (p/q)r ≡ 0, so

(p/q)r is an integer. Since p, q ̸= 0 and gcd(p, q) = 1 we can conclude that q divides r. □

Lemma 2.6. Let a : b be a slope. Consider the sets A = {
(
x, abx

)
: 0 < x ≤ b} and B = a : b =

{
(
x, abx

)
: x ∈ R} then the map f : A → B defined by f(x, y) = (x, y) is a bijection.

Proof. Note f(A) ⊆ B. Let
(
x1,

a
bx1

)
,
(
x2,

a
bx2

)
∈ A such that

(
x1,

a
bx1

)
=

(
x2,

a
bx2

)
. For the sake

of contradiction suppose
(
x1,

a
bx1

)
̸=

(
x2,

a
bx2

)
. Since x1 cannot differ from x2 by a multiple of b,

Proposition 2.5 gives us that
(
x1,

a
bx1

)
̸=

(
x2,

a
bx2

)
. This is a contradiction thus

(
x1,

a
bx1

)
=

(
x2,

a
bx2

)
and f is injective.

Let (x, y) ∈ B. Then (x, y) ≡
(
x′, abx

′
)
for some x′ ∈ R. By the division algorithm, there is an

integer m such that 0 < x′ +mb ≤ b. By Proposition 2.4
(
x′ +mb, ab (x

′ +mb)
)
≡

(
x′, abx

′
)
≡ (x, y).

Since
(
x′ +mb, ab (x

′ +mb)
)
∈ A, f is surjective. □

http://dx.doi.org/10.22108/toc.2023.135546.2023

http://dx.doi.org/10.22108/toc.2023.135546.2023


Trans. Comb. 13 no. 4 (2024) 305-317 J. Burke, M. Burke, L. Pinheiro and C. Richer 309

3. Intersection of Slopes

In this section we provide formulas to count the number of points in the intersection of a finite

family of slopes.

First, we will reduce our counting problem in T2 to an equivalent counting problem in R2.

Lemma 3.1. Let a : b and p : q be slopes. Consider the sets A = {
(
x, abx

)
: 0 < x ≤ b} ∩{(

x, pqx+ n
q

)
: x ∈ R and n ∈ Z

}
and B = a : b ∩ p : q = {

(
x, abx

)
: x ∈ R} ∩

{(
x, pqx

)
: x ∈ R

}
.

The map f : A → B defined by (x, y) → (x, y) is a bijection.

Proof. From Lemma 2.6 and Proposition 2.3 we see that f(A) ⊆ B. From Lemma 2.6, we also see

that the map is injective.

Let (x, y) ∈ B. Note (x, y) ∈ {
(
x, abx

)
: x ∈ R}. By Lemma 2.6 there is a representative of (x, y)

of the form
(
x′, abx

′) where 0 < x′ ≤ b. Since (x, y) ∈
{(

x, pqx
)
: x ∈ R

}
,
(
x′, abx

′) is also of the form(
x′′, pqx

′′ + n
q

)
where x′′ ∈ R and n ∈ Z by Proposition 2.2. Thus

(
x′, abx

′) ∈ A and
(
x′, abx

′
)
≡ (x, y).

Thus f is surjective. □

The following Lemma provides a bijection between a particular set of points in R2 and the points

in the intersection of two or more slopes in T2.

Lemma 3.2. Let a : b and pi : qi be slopes for all i ∈ {1, 2, . . . , n}. Consider the sets Ai = {
(
x, abx

)
:

0 < x ≤ b} ∩
{(

x, piqi x+ n
qi

)
: x ∈ R and n ∈ Z

}
and Bi = a : b ∩ pi : qi = {

(
x, abx

)
: x ∈

R} ∩
{(

x, piqi x
)
: x ∈ R

}
. The map f :

⋂n
i=1Ai →

⋂n
i=1Bi defined by (x, y) → (x, y) is a bijection.

Proof. From Lemma 2.6 and Proposition 2.3 we see that f(
⋂n

i=1Ai) ⊆
⋂n

i=1Bi. From Lemma 2.6, we

also see that the map is injective.

Let (x, y) ∈
⋂n

i=1Bi. Note (x, y) ∈ {
(
x, abx

)
: x ∈ R}. By Lemma 2.6 there is a representative of

(x, y) of the form
(
x′, abx

′) where 0 < x′ ≤ b. Since (x, y) ∈
{(

x, piqi x
)
: x ∈ R

}
for all i ∈ {1, 2, . . . , n},(

x′, abx
′) is also of the form

(
x′′i ,

pi
qi
x′′i +

ni
qi

)
for all i ∈ {1, 2, . . . , n} where x′′i ∈ R and ni ∈ Z by

Proposition 2.2. Thus
(
x′, abx

′) ∈ ⋂n
i=1Ai and

(
x′, abx

′
)
≡ (x, y). Thus f is surjective. □

The following theorem provides a formula for counting the number of points in the intersection of

two slopes. This is an elementary proof of a result referenced in (2).

Theorem 3.3. The number of points in the intersection of a : b and p : q, is |qa− pb|.

Proof. By Lemma 3.1 we know that in order to count the number of points in the intersection of a : b

and p : q, it suffices to count the number of points in the intersection of {
(
x, abx

)
: 0 < x ≤ b} and{(

x, pqx+ n
q

)
: x ∈ R and n ∈ Z

}
in R2. We will do so by counting the points in the intersection of a

particular family of horizontal lines and a segment of non-zero slope over an interval of fixed length.
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To that effect, let f : R2 → R2 be the injective function defined via

f(x, y) =

(
x, y − p

q
x

)
.

We see that

f
(
x,

a

b
x
)
=

(
x,

a

b
x− p

q
x

)
=

(
x,

qa− pb

bq
x

)
.

Similarly,

f

(
x,

p

q
x+

n

q

)
=

(
x,

p

q
x+

n

q
− p

q
x

)
=

(
x,

n

q

)
.

We see that elements of
{(

x, pqx+ n
q

)
: x ∈ R and n ∈ Z

}
are mapped to the points on the

horizontal lines of the form y = n
q , while {

(
x, abx

)
: 0 < x ≤ b} is mapped to{(

x,
qa− pb

bq
x

)
; 0 < x ≤ b

}
.

Since a, b, c, d ∈ Z∗ and gcd(a, b) = gcd(p, q) = 1, we have qa − pb ̸= 0. Thus the solution set of

y = qa−pb
bq x is not a horizontal line. Therefore, for a fixed n, it intersects y = n

q in at most one point.

Now, note that for x = 0, we have

y =
qa− pb

bq
(0) = 0

and for x = b

y =
qa− pb

bq
(b) =

qa− pb

q
.

So the number of points in the intersection of
{(

x, qa−pb
bq x

)
; 0 < x ≤ b

}
and

{(
x, pqx+ n

q

)
: x ∈

R and n ∈ Z
}

is exactly the number of times the interval {0 < y < qa−pb
q } can be divided into

subintervals of length 1
q which is

|qa− pb|/q
1/q

= |qa− pb|.

□

Figure 4 displays slopes −1 : 4 and 2 : 3. The numbers of points in the intersection is then

|3(−1)− 2(4)| = 11. Notice that we have marked the points without duplication.
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Figure 4. Intersection of −1 : 4 and 2 : 3

We are now ready to to count the number of intersections of a more than two slopes. We begin

with a few technical results.

Lemma 3.4. Let a, b, p, q ∈ Z∗ with gcd(a, b) = gcd(p, q) = 1. Consider the set A = {
(
x, abx

)
: 0 <

x ≤ b} ∩
{(

x, pqx+ n
q

)
: x ∈ R and n ∈ Z

}
and the set C = {x = bn

qa−pb : n ∈ Z and 0 < x ≤ b}. The

map g : A → C defined by (x, y) → x is a bijection.

Proof. From the proof of Theorem 3.3 we see that the set A is in bijective correspondence with the

points in the intersection of the line y = (qa−pb/bq)x where 0 < x ≤ b and the family of lines y = n/q

where n ∈ Z. One can show that the x-coordinate of each point in the aforementioned intersection is

of the form x = bn
qa−pb where n ∈ Z and 0 < x ≤ b. Since the bijection f in the proof of Theorem 3.3

does not alter x-coordinates, we see that g(A) ⊆ C.

Given that b, q ̸= 0, y = (qa − pb/bq)x is not a vertical line so g is injective. One can show that

any real number of the form x = bn
qa−pb where n ∈ Z and 0 < x ≤ b is the x-coordinate of the point

of intersection of the line y = (qa− pb/bq)x where 0 < x ≤ b and the line y = n/q. We conclude f is

surjective and hence a bijection. □

Lemma 3.5. Let a, b, pi, qi ∈ Z∗ with gcd(a, b) = gcd(pi, qi) = 1 for i ∈ {1, 2, . . . , n}. Consider the

set Ai = {
(
x, abx

)
: 0 < x ≤ b} ∩

{(
x, piqi x+ n

q

)
: x ∈ R and n ∈ Z

}
and the set Ci = {x = bn

qia−pib
:

n ∈ Z and 0 < x ≤ b}. The map f :
⋂n

i=1Ai →
⋂n

i=1Ci defined by (x, y) → x is a bijection.

Proof. Lemma 3.4 gives us that f(
⋂n

i=1Ai) ⊆
⋂n

i=1Ci and f is injective.

If x ∈
⋂n

i=1Ci, then x = bni
qia−pib

where ni ∈ Z and 0 < x ≤ b for all i. Lemma 3.4 implies that there

is a point (x, yi) ∈ Ai for all i. Note that f is the projection map into the first coordinate. Given that

each (x, yi) is in {
(
x, abx

)
: 0 < x ≤ b} and y = (a/b)x is not a vertical line, yi is the same value for all

i. Call this value y. Then (x, y) ∈
⋂n

i=1Ai and f(x, y) = x. Thus f is surjective. □
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Lemma 3.6. If a1, a2, a3, . . . , an ∈ Z∗, then

lcm(â1, â2, . . . , ân) =
â

gcd(a1, a2, . . . , an)

where â is the product of a1 through an and âi = â/ai.

Proof. First, define

Âi =
â1â2 · · · ân

âi
.

It is a well-known fact that

lcm(â1, â2, . . . , ân) =
â1â2 · · · ân

gcd(Â1, Â2, . . . , Ân)
.

Hence,

lcm(â1, â2, . . . , ân)

=
â1â2 · · · ân

gcd(Â1, Â2, . . . , Ân)

=
an−1
1 an−1

2 an−1
3 · · · an−1

n

gcd(an−1
1 an−2

2 an−2
3 · · · an−2

n , an−2
1 an−1

2 an−2
3 · · · an−2

n , . . . , an−2
1 an−2

2 an−2
3 · · · an−1

n )

=
[an−2

1 an−2
2 an−2

3 · · · an−2
n ] · [a1a2a3 · · · an]

gcd(a1[a
n−2
1 an−2

2 · · · an−2
n ], a2[a

n−2
1 an−2

2 · · · an−2
n ], . . . , an[a

n−2
1 an−2

2 · · · an−2
n ])

=
[an−2

1 an−2
2 an−2

3 · · · an−2
n ]â

[an−2
1 an−2

2 · · · an−2
n ] gcd(a1, a2, . . . , an)

=
â

gcd(a1, a2, . . . , an)
.

□

Theorem 3.7. Let q, a1, a2, . . . , an ∈ Z∗ where q > 0. Consider the sets

A1 =

{
qm1

a1
: m1 ∈ Z

}
, A2 =

{
qm2

a2
: m2 ∈ Z

}
, . . . , An =

{
qmn

an
: mn ∈ Z

}
.

Then |A1 ∩A2 ∩ · · · ∩An ∩ (0, q]| = gcd(a1, a2, . . . , an).

Proof. First, assume ai > 0 for all i. We want to count the common integer multiples of q
a1
, q
a2
, . . .

and q
an

on the interval (0, q]. We will show that this value is equal to the number of common integer

multiples of â1, â2 · · · and ân on the interval (0, â] where â is the product of a1 through an and

âi = â/ai.
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A common integer multiple M of q
a1
, q
a2
, . . . and q

an
on the interval (0, q] is such that for some

integers m1,m2, . . . and mn

M =
qm1

a1
=

qm2

a2
= · · · = qmn

an
with

0 <
qm1

a1
≤ q, 0 <

qm2

a2
≤ q, . . . , 0 <

qmn

an
≤ q.

Simple algebraic manipulations gives us

m1â1 = m2â2 = · · · = mnân

and

0 < miâi ≤ â

for each i.

Given that these algebraic steps are reversible, we see that the number of common integer multiples

of â1, â2, . . . and ân on the interval (0, â] are in one-to-one correspondence with the number of common

integer multiples of q
a1
, q
a2
, . . . and q

an
on the interval (0, q].

We will now show that the number of common integer multiples of â1, â2, . . . and ân on the interval

(0, â] is equal to gcd(a1, a2, . . . , an). By definition, the smallest positive common integer multiple of

â1, â2, . . . and ân is the least common multiple of these integers, lcm(â1, â2, . . . , ân). Additionally, the

largest common integer multiple of â1, â2, . . . and ân on (0, â] is â. Thus, the number of common

integer multiples of â1, â2, . . . and ân on (0, â] is â
lcm(â1,â2,...,ân)

= gcd(â1, â2, . . . , ân) by Lemma 3.6.

Now consider the case where some ai may be negative. Since the integer multiples of q
ai

are the

same as the integer multiples of q
−ai

, the number of common integer multiples of q
a1
, q
a2
, . . . and q

an
on

the interval (0, q] remains gcd(a1, a2, . . . , an). □

The following theorem provides a formula for counting the number of points in the intersection of

two or more slopes.

Theorem 3.8. Consider slopes

a : b, p1 : q1, p2 : q2, . . . , pn : qn.

The number of points in the intersection of all n+1 slopes is gcd(q1a− p1b, q2a− p2b, . . . , qna− pnb).

Proof. Let Ai, Bi, and Ci be defined as they were in Lemma 3.2 and Lemma 3.5. Note that the

number of points in the common intersection of all n + 1 slopes is |
⋂n

i=1Bi|. From Lemma 3.2

and Lemma 3.5 we see |
⋂n

i=1Bi| = |
⋂n

i=1Ai| = |
⋂n

i=1Ci|. By Theorem 3.7 we know |
⋂n

i=1Ci| =
gcd(q1a− p1b, q2a− p2b, . . . , qna− pnb). □
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Figure 5 displays slopes 2 : 1, 2 : 3 and −2 : 3 in T2 with the points in the intersection of all three

slopes marked without duplication. The number of points in the intersection of the three slopes is

gcd(3(2)− 2(1), 3(2)− (−2)1) = gcd(4, 8) = 4.

Figure 5. Intersection of 2 : 1, 2 : 3, and −2 : 3

Consider n slopes p1
q1
, p2q2 , . . . ,

pn
qn
. Let Ii,j,...,k be the number of points in the common intersection of

pi
qi
,
pj
qj
, . . . , pkqk for {i, j, . . . , k} a subset of {1, 2, . . . , n}. Let Sm be the sum of Ii1,i2,...,im where 1 < m ≤ n

for all such m element subsets i1, i2, . . . , im of {1, 2, . . . , n}. The following result provides a formula

for counting the number of points in the intersection of at least two slopes.

Theorem 3.9. Given n slopes

p1 : q1, p2 : q2, . . . , pn : qn,

the total number of points in the intersection of at least two slopes is S2−2S3+3S4−· · ·+(−1)n(n−1)Sn.

Proof. Let p1 : q1, p2 : q2, . . . , pn : qn be a finite family of slopes. Consider one point in the intersection

of at least two slopes in our collection. We need to show that this point is only counted once in the

expression S2 − 2S3 + 3S4 − · · · + (−1)n(n − 1)Sn. Suppose that a particular point of intersection is

in the intersection of at most t slopes where 1 < t ≤ n. Note that Sj will count the point
(
t
j

)
times.

Therefore we need only show
t∑

j=2

(−1)j(j − 1)

(
t

j

)
= 1.

Note
t∑

j=2

(−1)j(j − 1)

(
t

j

)
=

t∑
j=0

(−1)j(j − 1)

(
t

j

)
−

1∑
j=0

(−1)j(j − 1)

(
t

j

)
.

Also,
1∑

j=0

(−1)j(j − 1)

(
t

j

)
= (1)(−1)(1) + (−1)(0)(t) = −1.
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By substitution, we obtain

t∑
j=2

(−1)j(j − 1)

(
t

j

)
=

 t∑
j=0

(−1)j(j − 1)

(
t

j

)+ 1

=

 t∑
j=0

(−1)j(j)

(
t

j

)
+ (−1)j(−1)

(
t

j

)+ 1

=

 t∑
j=0

(−1)j(j)

(
t

j

)+

 t∑
j=0

(−1)j(−1)

(
t

j

)+ 1.

If we multiply this equation by -1 we get

−
t∑

j=2

(−1)j(j − 1)

(
t

j

)
=

 t∑
j=0

(−1)j+1(j)

(
t

j

)+

 t∑
j=0

(−1)j+1

(
t

j

)− 1.

The binomial theorem gives us that the two summands on the right side of this equation are zero.

Thus

−
t∑

j=2

(−1)j(j − 1)

(
t

j

)
= −1,

and we conclude
t∑

j=2

(−1)j(j − 1)

(
t

j

)
= 1

as desired. □

Let us look at an application of Theorem 3.8 and Theorem 3.9. Consider the four slopes p1 : q1 =

2 : 1, p2 : q2 = −2 : 1, p3 : q3 = 2 : 3, and p4 : q4 = −2 : 3. We will first calculate the number of points

in the intersection of each pair of slopes. We have that

I1,2 = |1(2)−(−2)1| = 4, I1,3 = |3(2)−(2)1| = 4, I1,4 = |3(2)−(−2)1| = 8, I2,3 = |3(−2)−(2)1| = 8,

I2,4 = |3(−2)− (−2)1| = 4, and I3,4 = |3(2)− (−2)3| = 12.

Thus, S2 = 4 + 4 + 8 + 8 + 4 + 12 = 40.

We will now calculate the number of points in the intersection of each triple of slopes. Given that

Ii,j = ±(qjpi − pjqi), we have Ii,j,k = gcd(Ii,j , Ii,k). We get

I1,2,3 = gcd(I1,2, I1,3) = gcd(4, 4) = 4, I1,2,4 = gcd(I1,2, I1,4) = gcd(4, 8) = 4, I1,3,4 = gcd(I1,3, I1,4) =

gcd(4, 8) = 4, and I2,3,4 = gcd(I2,3, I2,4) = gcd(8, 12) = 4.

Thus, S3 = 4 + 4 + 4 + 4 = 16.

We will now calculate the number of points in the intersection of all four slopes. Since Ii,j = ±(qjpi−
pjqi), we have Ii,j,k,r = gcd(Ii,j , Ii,k, Ii,r). Note that I1,2,3,4 = gcd(I1,2, I1,3, I1,4) = gcd(4, 4, 8) = 4.

Thus, S4 = 4.
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Therefore the total number of points in the intersection of at least two slopes is S2 − 2S3 + 3S4 =

40 − 2(16) + 3(4) = 20. In Figure 6 we display all four slopes and points of intersection without

duplication.

Figure 6. Intersections of −2 : 1, 2 : 1, 2 : 3, and −2 : 3

4. Vertical and Horizontal Slopes

We can expand the definition of a slope by setting 0 : 1 = {(x, 0), x ∈ R}. Only Proposition 2.3,

Proposition 2.5, and Theorem 3.3 have statements and/or proofs that need modification to allow for

the inclusion of slope 0 : 1. One can easily verify that Proposition 2.3 and (a modified) Proposition

2.5 still hold when p = 0 and q = 1. In the proof of Theorem 3.3 one has to justify that qa− pb ̸= 0

when one of the two slopes is 0 : 1. This is easily done.

We can expand the definition of slope even further by setting 1 : 0 = {(0, y), x ∈ R}. Given that

q = 0 when p : q = 1 : 0, one cannot easily modify many of the previous results to allow of the inclusion

of the slope 1 : 0. Having said that, Theorem 3.9 remains valid and one can generalize Theorem 3.8

to allow for the inclusions of both 0 : 1 and 1 : 0.

The injective function h : T2 → T2 defined via (x, y) → (y, x) sends each slope p : q to the slope

q : p. In particular, it send 1 : 0 to 0 : 1. Given a finite collection of slopes containing 1 : 0, but

not 0 : 1, one can apply h to obtain a new collection of slopes, containing 0 : 1 and not 1 : 0. Both

collections of slopes will have the same number of points in their intersections. Note that by swapping

the values for p and q and a and b the value qa− pb becomes pb− qa = −(qa− pb). Additionally, note

that 0 : 1 and 1 : 0 only have one point in their intersection, namely (0, 0).

From these observations we obtain the following:

Theorem 4.1. Given n + 1 slopes a : b, p1 : q1, p2 : q2, . . . , pn : qn, the number of points in the

intersection of all n + 1 slopes equals 1, if both 0 : 1 and 1 : 0 are included, and gcd(q1a − p1b, q2a −
p2b, . . . , qna− pnb) otherwise.
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