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CONVOLUTIONAL CYLINDER-TYPE BLOCK-CIRCULANT CYCLE CODES

M. GHOLAMI* AND M. SAMADIEH

Communicated by Dianhua Wu

ABSTRACT. In this paper, we consider a class of column-weight two quasi-cyclic low-density parity
check codes in which the girth can be large enough, as an arbitrary multiple of 8. Then we devote a
convolutional form to these codes, such that their generator matrix can be obtained by elementary
row and column operations on the parity-check matrix. Finally, we show that the free distance of

the convolutional codes is equal to the minimum distance of their block counterparts.

1. Introduction

Low-density parity-check (LDPC) codes are a class of linear block codes represented by sparse
parity-check matrices [1], capable of performing very close to the Shannon capacity limits when they
are decoded under simple iterative decoders [2], [3], such as sum-product algorithm [4].

Cycle codes [5] are a special class of binary LDPC codes with the property that each column
of the parity-check matrix contains exactly two nonzero elements. Gallager [1] has shown that
the minimum distance of cycle codes increases logarithmically with the code length, while this
increment is linear for the codes with column-weight greater than two. In spite of this weakness
which causes poor performance, cycle codes have their own advantages: 1) Their encoding and
decoding operations have lower computation and storage complexity, 2) They have better block
error statistics when applied on partial response channels [9]-[11], 3) Non-binary cycle codes are
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among the most promising non-binary codes and for q = 64, 128, 256, the best g-array LDPC codes
decoded with belief propagation (BP) algorithm are cycle codes [12]-[13]. This makes non-binary
cycle codes good candidates for both optimum maximum likelihood (ML) and iterative decoding,
4) Compared with other LDPC codes, the girth of the Tanner graph plays more important roles for
cycle codes [14], [15], since it affects not only the message dependence of iterative decoding but also
the minimum distance of the code [13].

Convolutional codes [20] are a type of error-correcting codes which are used extensively in nu-
merous applications in order to achieve reliable data transfer, including digital video, radio, mobile
communication, and satellite communication. The free distance [I8] of a convolutional code de-
termines to a large extent the error rate in the case of maximum likelihood (ML) decoding, when
applied on some decoding algorithms, such as Viterbi decoder [19] with finite path register length.

Some authors [6],[7],[8] have investigated the relations between QC LDPC codes and convolutional
codes. Following the approach introduced by [7], we have constructed convolutional codes associated
to Type I, II, III LDPC codes [14], [15], [17] with maximum-girths 16, 24 and 12, respectively,
where the generator matrix G(D) can be obtained by elementary row and column operations on
the parity-check matrix H(D). Also, it is proved that the free distance dg.ee of such convolutional
codes is equal to the minimum distance of their corresponding QC block codes. By extending Type
I-IIT LDPC codes to cylinder type block-circulant (CTBC) cycle codes, with desired maximum-girth,
as an arbitrary multiple of 8 [16], here we obtain the general form of the generator matrix G(D)
associated with the convolutional CTBC cycle codes, and then we prove that the free distance of

such convolutional codes is equal to the minimum distance of their QC counterparts.
2. CTBC Cycle Codes

Let m, s be nonnegative integers with 0 < s < m — 1. The m X m circulant permutation matrix
shifted by s, I?

o, 1s the matrix obtained from m x m identity matrix I,,, by shifting each row s

positions to the bottom, that is I, = (€;;)mxm where ¢;; = 1if i —j = smodm and e;; = 0,
elsewhere. It is clear that IO, = I. For simplicity, I2, can be denoted by I* when m is known.

An low-density parity-check (LDPC) code is called block-circulant, if, for some positive integer
m > 1, the parity-check matrix consists of m x m circulant permutation matrices and m X m zero
matrix. A particular class of quasi-cyclic block-circulant (BC) LDPC codes, referred to as cylinder
type BC (CTBC) LDPC codes has been introduced in [16]. Also, it is shown that the maximum-
girth of a class of column-weight two CTBC codes, or CTBC cycle codes, denoted by the parity
check matrices Hy, ¢ ps, is 8(1 + €), where e is an arbitrary positive integer. On the other word,
9(Hpmeps) < 8(e+1). Moreover, for each e, there are some positive integers m, p and slop-vectors

s, such that the equality is hold, i.e. g(Hpeps) = 8(e+1). Infact Hypeps = (hij)i<i<pe,<j<p(e+1)s
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where:
i=c¢eky,je{(e+1)k1 —1,(e+ 1)k1} or
I i=¢eko+1,j=(e+1)kg—1or
j=(e+1)ks+t,i€{eks+t,eks+t+1},1<t<e;
(2.1) hij; = ke i=eky+ 1,5 = (e + 1)ky;
IPvtit j=1j=(e+1)p—t0<t<1;
0 otherwise;
and 0 < s; <m —1 for each 1 <i <p+1. The vector s = (s1,--- ,sp+1) is called the slop-vector of

Hp,eps- CTBC cycle codes with the the parity-check matrices Hy, 1 s and Hoyy, 2 p s are referred to
as Type I and Type II codes with maximum-girths 16 and 24, respectively [14]. For example:

I I
11 T
I 1T
I 1 1

I 1 TACH Ae
Hm.1,3,s = I 7 71 I ) Hm.2,2,s =
I 1’2 1 I

The rate of the CTBC cycle code with the parity-check matrix Hy, ¢ p s is which tends to zero

1
e+1°
by increment of e. Because of the relation d = g/2 for the cycle codes with girth g and minimum

distance d, the minimum distance of the code can achieve the maximum value 4(1 + e).

3. Convolutional CTBC Codes

Following the approach used to get convolutional codes from quasi-cyclic LDPC codes [7], [16],
the parity-check matrix H (D) of a convolutional CTBC cycle code can be derived by substituting
each permutation circulant I° in H by D® and I by 1, where D stands for the delay operation. It is
noticed that the parity-check matrix H (D) of the corresponding LDPC convolutional code, is over
the field F»(D), while the polynomial form of the associated parity-check matrix of QC CTBC codes
is over the ring F3[D]/(D™ + 1). Now, let H(D) = (h;;(D))1<i<pe,1<j<p(e+1) be the parity-check
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FIGURE 1. (2,8) convolution code represented by example

matrix of the convolutional CTBC cycle code with the parity-check matrix H,, ¢, s, Where:

i=c¢eky,j = (e+1)ks or
j=(e+1)ks+t,i€{eks+t,eks+t+1},1<t<e;
D?5ka 7= eky + 1,57 = (6 + 1)k4;
hi;(D) =

Dorti-t j=1,j=(e+1)p—1t,0<t <1,

\ 0 otherwise;

By elementary row and column operations on the parity-check matrix H (D), we can find the gener-
ator matrix G(D).

Example 3.1. Let H(D) be the convolutional form of H,, 33 s, represented by:
1 D52 D%
11
11 1
1 D1
11
1 1 1

Applying the elementary row and column operations, we obtain the following generator matrix G(D):

1+D51+32 1+Ds2
G(D): < D52 [)s2 D Sy 1 1 1 0 )
1+Ds3 1+ D3
1 1 1 0 11 DS;Dig D;;H;S

Encoder of this (2,8)-convolution code is drawn in Figure

Example 3.2. Let H(D) be the convolutional form of H,, 33 s, represented by:
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0 000 O 0 0 D* D*
0o 000 O OO0 O 0
1 000 O OO0 O 0
D 1.0 0 0 00 O 0
0 110 O OO O 0
0o 011 1 0O0 O 0
0 00 1 D 1 0 O 0
0o 000 O 1 1 O 0
0o 000 O 01 1 1

Applying the elementary row and column operations, we obtain the following generator matrix G(D):

Dss D
G(D) — DSS DSS
1 1

1+D®1F%3 14 D3
1+ D51 1+ D51
D*®s 0
1 0

11 1 0 11 1 0
14D%2%3 14 D*3
D D> Fps pe 11 1 0
1+D%4 1+D*3
1 1 1 0 1 1 D 3s+D°s D 51D

Deriving the generator matrix G(D) of a convolutional LDPC code, from its parity-check matrix

H(D) is not easy in general. But, for CTBC cycle codes with the parity-check matrix Hy, ¢ p s, the

following lemma gives us the general form of the generator matrix G (D).

Theorem 3.3. G(D) = (gi,j(D))1<i<p,1<j<p(e+1) is the generator matrix of the convolutional CTBC

cycle code with the parity-check matrix Hy, . p s, where:

9i5(D) =

Dsr,

14+ Dsitsp
1+D%

1+Dsp
1+D5i »

14+ D%p+1

DSp+D°pt1

1+D°p

Dp+D°p+1 >

0,

1<i<p-—1,j>ile+1)+1,e+114j, or
i=pl<j<ple+1)—2e+1{j

1<i<p-1,j<i(le+1)—2,e+11j,

1<i<p-1lj=ile+1)—1,

1<i<p-1,j=i(e+1),

(4,7) = (p,pe +1) = 1),

(4,7) = (p,p(e + 1)),

otherwise;
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In other words, the p x p(e + 1) matrix G(D) is in the following form:

A--- A B C, 1 --- 1 1 0 1 --- 1 0 1 -+ 1 1 0
A -~ A A 0 A -+ A B (Cy 1 --- 1 0 1 -~ 1 1 0
A .-~ A A 0 A .- A A 0 A - B,y C1 1 --- 1 10
i .- 1 1 o0 1 -+ 1 1 0 1 --- 1 0 1 - 1 F F
WhereinA:DSP,Bi:%,Ci:%,foreachlgigp—l,l?:%and
F = 1+Ds%p
~ Dfp+DpFL”

Proof 3.4. Because of the existence of p independent columns in G(D), i.e. the columns containing
Cy, -+, Cp_1, F, the rank of G(D) is p. So, it is sufficient to prove that G(D)H (D) = 0, or
equivalently each row of G(D) and each row of H(D) are orthogonal. On the other word, we must
prove that:

p(e+1)
(3.1) > gij(D)ha (D) =0
7=1

for each 1 < i <pe and 1 <i <p. So, we consider two following cases:

(1) If 2 < i’ < p, then by the Euclidean algorithm, there are unique integers k, k < p, and t,
1 <t<e, such that i’ = ek +t. Now if t = e, then the left-hand of the equation is equal

to:

(3.2) 9i,(e+ Dk+e—1(D) + Gi (e 1)kte(D) + i (et 1) ket1(D)-

If t = 1, then the left-hand of the equation[3.1] is equal to:

(3.3) Gi(e+1)k+1(D) + D** g (e 1)it2(D) + i (e 1)k+3(D)-

Also, if 1 <t < e, then the left-hand of the equation |3.1] is equal to:

(3.4) 9i(e+ Dk+t—1(D) + Gi (e 1)hr(D)-

Now, we prove that the equations and are equal to zero in the ring Fo(D). For
simplicity, we just prove that the equation [3.3 is zero. The others are similar. We have
consider two following cases:
(a) If i < p. Then we have three following cases:
(i) Ifk >, then (e+ Dk +e>(e+ Dk +e—12>i(e+1)+1, 50 g (cr1)hte1(D) =
Gi (et D)kre(D) = 1; but g (c41)kyet1(D) =0, because e + 1| (e+ 1)k +e+1, but
k+1>i, and (e+ 1)k +e+1#i(e+1). So the equation[3.9 is equal to zero.
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(i) If k =i—1, then (e+ Dk +e+1=ile+1). Sogieriprerr(D) = HZL.
Also (e + 1)k + e = i(e + 1) — 1, then we have g; (cq1)pre(D) = %. But
(e+ 1Dk +e—1 < i(e+ 1) — 2. Therefore g; (eq1)kre—1(D) = D, and the
equation is equal to g (e41)kte—1(D) = D% + ﬁﬁ;;s}) + ﬁgii =0.

(iii) Ifk <i—1, then (e+1)k+e—1 < (e+1)k+e <i(e+1)—2. S0 g; (ct1)hte—1(D) =
Gi(e+1)kte(D) = D%, Bute+1|(e+1)k+e+1, and (e+1)k+e+1F#i(e+1).
Then g; (e+1)ktet1(D) = 0. So the equation is equal to D%» 4+ D% 40 = 0.

(b) Ifi =p. Then we have two following cases;

(i) Ifk <p—1, then (e+1)k+e—1 < (e+1)k+e < ple+1)—2. S0 g (c41)kte—1(D) =
Gi(e+D)kte(D) = 1. Bute+1|(e+1)k+e+1, andi = p. Then g; (ct1)ktesr1(D) =
0. So the equation|3.2 is equal to 1 +1+0=0.

(i) f k=p—1, then (e+ 1)k +e+1=ple+1). 50 g (ct1)hresr1(D) = Dsiii%-
Also (e+ 1)k +e = p(e + 1) — 1, then we have g; (c11)k+e(D) = %. But
(e+1k+e—1=ple+1)—2, whilee+1{ple+1)—2. 50 g;(ct1)ite1(D) =1,
and the equatz’on is equal to 1 + LtDb4 | 14D%

DSp4+D%p+1 D3p4+D%p+1
(2) Ifi' =1, then the left-hand of the equation is equal to:

(3.5) 9i,1(D) + D g; (cr1)p—1(D) + D g; (c11),(D).

We consider two following cases:
(a) If 1 <i<p—1, then g; (c41),(D) = 0 and g; (c11)p-1(D) = 1. But g;1(D) = D*r. So,
the equation|3.9 is equal to D% 4+ D% +0 =10

. Sp+1 s
(b) If i = p, then g;1(D) = 1, gi(e+1)p-1(D) = % and g; (e+1)p(D) = Dsiii%-
So the equatz’on 18 equal to 1 + DSP(%) + D5p+1([)511717%?;ﬂr1) =0.

4. Free Distance of Convolutional CTBC Cycle Codes

Now, we prove that the minimum-distance of each CTBC cycle code with maximum girth is equal

to the free distance of its convolutional form.

Theorem 4.1. Let H,, ., s be the parity-check matrix of a CTBC cycle code with maximum-girth
8(e + 1) and minimum distance d. Also, let H(D) be the parity-check matrix of its corresponding

convolutional code with free distance dgee. Then we have d = dpee.

Proof 4.2. It is verified that the minimum distance of a cycle code C' is equal to half girth;
so we have d = 4(1 + e). If dgee is the free distance of the convolutional form of C, then it
is proved that d < dyee [8]. Therefore, it suffices to show that dyee < 4(1 + €). The vector
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u(D) = (%ig:?, }igZZ,O, --+,0) is encoded in the length-p(e + 1) vector v(D) = u(D)G(D) by:

0(D) = (o(D), - , vyes1)-1(D)) = u(D)G(D) = LELLIGED™)

1+D%p
s1+s s
(D - D% HZpat gpw 1 o ] ! 0 1 10+
(D% ... D% D% 0 D .. D WDETEOLEDuog 1 Q) =
o --- 0 JWDb JD) KD) --- KD) LD) MD) 0 0 0).

J(D)=1+ D%, K(D)=(1+ D%)(1+ D*), L(D) = D%(1+ D*®') and M (D) =1+ D*'.
But, each of the elements 0 and K (D) is repeated e —1 times in v(D). So, the codeword associated
to v(D) is:

IM(I)P@+4))4_1)Uo(lﬂﬁe+1))%_...4_l)P@*J)—lvp@*ﬂ)il([ﬂﬂe+1n =

DE=LJ(DMEAD) + DEJ(DP) 4 K (D) 2L, DI 4 DRL(DPED) 4 DR M (DPerD),

which has the weight at most 2+2+4(e—1)+2+2 = 4(e+1); because, the weight of J(D), L(D) and
M (D) is 2 and the weight of K(D) is 4. So dfee < 4(e+1). On the other hand, dgee > d = 4(e+1).
Then we have d = dgee = 4(e + 1).

5. Conclusion

A class of column-weight two quasi-cyclic LDPC codes, called cylinder-type block-circulant (CTBC)
cycle codes, was applied to generate a class of LDPC convolutional codes. The general form of gen-
erator matrices G(D) of the constructed convolutional CTBC cycle codes was formulated. It was
shown that the minimum distance of the considered CTBC cycle codes with maximum-girth is equal

to the free distance of the associated convolutional codes.
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