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THE NON-TWO-PRIMES GRAPH OF A FINITE GROUP

KARMELE GARATEA-ZABALLA AND ANDREA LUCCHINI ∗

Abstract. To any finite group G, we may associate a graph whose vertices are the elements of G and

where two distinct vertices x and y are adjacent if and only if the order of the subgroup ⟨x, y⟩ is divisible
by at least 3 distinct primes. We prove that the subgraph of this graph induced by the non-isolated

vertices is connected and has diameter at most 5.

1. Introduction

Let F be a class of finite groups and G a finite group. We may consider a graph Γ̃F(G) whose vertices

are the elements of G and where two vertices g, h ∈ G are connected if and only if ⟨g, h⟩ /∈ F. We denote

by IF(G) the set of isolated vertices of Γ̃F(G). We define the non-F-graph ΓF(G) of G as the subgraph

of Γ̃F(G) obtained by deleting the isolated vertices. In the particular case when F is the class A of

the abelian groups, the graph ΓA(G) has been introduced by Erdös and it is known with the name of

non-commuting graph (see for example [1], [10]). If F is the class N of the finite nilpotent groups, then

ΓN(G) is the non-nilpotent graph, studied for example in [2]. When F is the class S of the finite soluble

groups, we obtain the non-soluble graph (see [3]). The subset IF(G) is not in general a subgroup of G,

however there are several saturated formations F with the property that IF(G) is a subgroup of G for

every finite group G (see for example [7, Theorems 1.1 and 1.3]). More in general, we call semiregular

a class F with the property that IF(G) is a subgroup of G for every finite group G. Moreover we call
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connected a class F with the property that the graph ΓF(G) is connected for any finite group G. The

results obtained in [7] indicate that often a semiregular formation is connected. This occurs for example

for the formations of abelian groups, nilpotent groups, soluble groups, supersoluble groups, groups with

nilpotent derived subgroup, groups with Fitting length less than or equal to a given positive integer. The

question whether a semiregular class is necessarily connected has been investigated in [8]. The answer

is negative, however the results presented in [8] indicate that in many significant cases the connectivity

of a class can be proved using its semiregularity property.

In this paper we investigate the connectivity properties of the non-F-graph when F is the class of the

finite groups whose order is divisible by at most two different primes. Notice that by the Burnside’s

paqb-theorem, this class is contained in the class of finite solvable group. It is interesting to notice that

the class F is not semiregular. For example, if G = ⟨a, b | a15 = 1, b2 = 1, (ab)2 = 1⟩ is the dihedral group
of order 30, then IF(G) = {1, a3, a5, a6, a9, a10, a12} is not a subgroup of G. Thus the methods developed

in [7] and [3] cannot help to investigate whether the non-F-graph is connected and ad-hoc arguments are

needed. Our main result is the following:

Theorem 1.1. Let F be the class of the finite groups whose order is divisible by at most two different

primes. For every finite group G, the non-F-graph ΓF(G) is connected and its diameter is at most 5.

We don’t know whether the bound on the diameter is sharp but we may exhibit an example of a group

G such that ΓF(G) has diameter at least 3. Indeed let H = SL(2, 3). Then H has a faithful irreducible

action on A = C3 × C3 and a non-trivial action on B = C7. Let G = (A × B) ⋊ H be the semidirect

product with respect of these actions and let x and y be two elements of G of order, respectively, 7

and 2. If an element g of G is adjacent to x in ΓF(G) then |g| = 6, while if g is adjacent to y then

|g| ∈ {14, 21, 28}, so the distance in ΓF(G) between x and y is at least 3.

2. Notations and preliminary results

Given a finite group G, we will denote by Γ(G) the graph ΓF(G), being F the class of the finite groups

whose order is divisible by at most two different primes. We will denote by I(G) the set of the isolated

vertices of Γ̃(G), by diam(Γ(G)) the diameter of Γ(G) and by d(x, y) the distance between two vertices

x, y of Γ(G). Moreover we will denote by π(G) the set of the prime divisors of the order of G and by π̃(G)

the cardinality of π(G). In a similar way, if g ∈ G, then π(g) will denote the set of the prime divisors of

the order of g and π̃(g) the cardinality of this set. With Σ(G) we will denote the set of the elements g

of G with π̃(g) ≥ 2. Finally, for every product n = p1 · · · pt of distinct primes, we will denote by Ωn(G)

the set of elements g ∈ G \ I(G) whose order is divisible by n, but not by any prime q /∈ {p1, . . . , pt}.
The following result by Higman will play a crucial role in our proofs.

Theorem 2.1. [5, Theorem 1] Let G be a finite solvable group all of whose elements have prime power

order. Then G has order divisible by at most two primes.

Corollary 2.2. If G is a finite solvable group and I(G) ̸= G, then Σ(G) ̸= ∅.
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Lemma 2.3. Let G be a finite group and let N be a non-trivial normal subgroup of G such that |N | = pa

for some prime p. For every pair x1, x2 of elements of G, there exist n1, n2 ∈ N such that p divides the

order of ⟨x1n1, x2n2⟩.

Proof. It is not restrictive to assume that G = ⟨x1, x2⟩N and that N is a minimal normal subgroup of G.

Let H = ⟨x1, x2⟩.We may assume that p does not divide |H|, which implies that H is complement of N in

G. Assume that our statement is false. Then ⟨x1n1, x2n2⟩ is a complement of N in G for every n1, n2 ∈ N.

Moreover if ⟨x1n1, x2n2⟩ = ⟨x1m1, x2m2⟩ with n1, n2,m1,m2 ∈ N, then n−1
1 m1 = (x1n1)

−1(x1m1) and

n−1
2 m2 = (x2n2)

−1(x2m2) are elements of ⟨x1n1, x2n2⟩ ∩ N = 1 and therefore n1 = m1 and n2 = m2.

Consequently, there are |N |2 complements for N in G. However, by Schur-Zassenhaus theorem, all these

complements are conjugate to H, so |N |2 ≤ |G : NG(H)| ≤ |G : H| = |N |, a contradiction. □

In our proofs, we will use the following simple observation several times.

Remark 2.4. If N is a normal subgroup of G and xN and yN are adjacent in Γ(G/N) then x, y are

adjacent in Γ(G).

Let A and N be finite groups, and suppose that A acts on N via automorphism. The action of A on

N is said to be Frobenius if na ̸= n whenever n ∈ N and a ∈ A are nonindentity elements. Equivalently,

the action of A on N is Frobenius if and all if CN (a) = 1 for all nonindentity elements a ∈ A.

Lemma 2.5. Let N be a non-trivial normal subgroup of a finite group G and x, y ∈ G. If N is a p-group

and CN (x) = 1, then there exists n ∈ N such that p divides the order of ⟨x, yn⟩.

Proof. By Lemma 2.3, there exist n1, n2 ∈ N such that p divides the order of ⟨xn1, yn2⟩. Since CN (x) = 1,

there exists m ∈ N such that x = (xn1)
m. But then p divides the order of ⟨(xn1)

m, (yn2)
m⟩ = ⟨x, yn⟩,

with n = [y,m]nm
2 . □

Lemma 2.6. If there exists g ∈ G with π̃(g) ≥ 3, then I(G) = ∅ and diam(Γ(G)) ≤ 2.

Proof. If π̃(g) ≥ 3, then every other element of G is adjacent to g in Γ(G). This implies diam(Γ(G)) ≤
2. □

Lemma 2.7. If x, y ∈ Σ(G) and π̃(G) ≥ 3, then d(x, y) ≤ 2.

Proof. By the previous lemma we may assume π̃(g) = 2 for every g ∈ Σ(G). If π(x) ̸= π(y), then

π(x)∪π(y) contains at least 3 different primes and consequently π̃(⟨x, y⟩) ≥ 3, and x and y are adjacent

vertices of Γ(G). If π(x) = π(y), then there exists a prime p in π(G) \ π(x). If z is an element of G of

order p, then x− z − y is a path in Γ(G). □

Lemma 2.8. Let G be a finite solvable group with I(G) ̸= G. Then for every x /∈ I(G) there exists

y ∈ Σ(G) such that d(x, y) ≤ 2.
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Proof. We prove the statement by induction on |G|. Let x ∈ G \ I(G). If π̃(x) ≥ 2 the statement is

clear, so we may assume that π̃(x) = 1. As x /∈ I(G), there exists y ∈ G such that x and y are adjacent

in Γ(G). If ⟨x, y⟩ ≠ G, then by induction there exists z ∈ ⟨x, y⟩, with π̃(z) ≥ 2, such that d(x, z) ≤ 2. So

we may assume that G = ⟨x, y⟩.
Let N be a minimal normal subgroup of G. There exists a prime r such that N is an elementary

abelian r-group. Notice that for every 1 ̸= n ∈ N and g ∈ G, π(⟨n, g⟩) = {r} ∪ π(g). Thus either

N ⊆ I(G) or G contains an element g̃ whose order is divisible by at least two primes in π(G) \ {r} and

all the non-trivial elements of N are adjacent to g̃ in Γ(G). In particular we may assume x /∈ N.

If π̃(G/N) > 2, then, since G/N = ⟨xN, yN⟩, it follows that xN /∈ I(G/N), so by induction

d(xN, zN) ≤ 2, and consequently d(x, z) ≤ 2, for some element z with 2 ≤ π̃(zN) ≤ π̃(z). So we

may assume π(G/N) = {p, q} with r /∈ {p, q}. Moreover, without loss of generality, we may assume that

x is a p-element. If there exists 1 ̸= n ∈ N such that [x, n] = 1, then π(xn) = {p, r} and xn is adjacent

in Γ(G) to y, implying d(x, xn) = 2. So we may assume that CN (x) = 1. By Corollary 2.2, there exists

an element z ∈ G with π̃(z) ≥ 2. If pq divides |z|, then by Lemma 2.5 there exists n ∈ N such that r

divides the order of ⟨x, zn⟩. Thus x is adjacent in Γ(G) to the element zn, whose order is divisible by

pq. If qr divides |z| then x and z are adjacent in Γ(G). Finally, assume that pr divides |z|. In this case

let v be an element of G of order q. By Lemma 2.5 there exists n ∈ N such that r divides the order of

⟨x, vn⟩. Since q divides vn it follows that pqr divides both the order of ⟨x, vn⟩ and the order of ⟨vn, z⟩
and x− vn− z is a path in Γ(G). □

Recall that the prime graph Π(G) of a finite group is the graph whose vertices are the primes dividing

the order of G and where two vertices p and q are joined by an edge if there is an element in G of order

pq.

Lemma 2.9. Let G be a finite solvable group with G ̸= I(G) and π̃(G) = 3. If diam(Γ(G)) > 4, then

Π(G) is a path graph of length three.

Proof. Let π(G) = {p, q, r} and assume diam(Γ(G)) > 4. Our aim is to prove that, for a suitable labeling

of the three vertices, the only edges of the prime graph Π(G) of G are (p, r) and (r, q). To that end we

will see that if Π(G) is the complete graph K3 or if it contains an isolated vertex, then diam(Γ(G)) ≤ 4.

It can be easily seen that if Π(G) is complete, then diam(Γ(G)) ≤ 3. So we may assume that one of

the vertices of Π(G), for example r, is isolated. In this case Π(G) has two components: {p, q} and {r}.
It follows from a result of Gruenberg and Kegel (see [12, Corollary]) that G is Frobenius or 2-Frobenius

and one of the two components consists of the primes dividing the lower Frobenius complement. We

distinguish two cases:

(1) G is a Frobenius group. In this case G = N ⋊H where N is nilpotent and the action of H on N

is Frobenius.

(2) G has normal subgroups N and K such that K is a Frobenius group with Frobenius kernel N ,

and G/N is a Frobenius group with Frobenius kernel K/N .
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In case (1), we have two possibilities:

a) N is a {p, q}-group and H is an r-group.

b) N is an r-group and H is a {p, q}-group.
In case (a) all the elements of G \N are r-elements and the p-elements and q-elements of G belong to

N . If x ∈ N is a p-element and y ∈ G, then either y ∈ N and ⟨x, y⟩ ≤ N is a {p, q}-group, or y ∈ G \N
is an r-element and ⟨x, y⟩ is contained in P ⟨y⟩, where P is the Sylow p-subgroup of N , and therefore

⟨x, y⟩ is a {p, r}-group. Thus x is isolated in Γ̃(G). Similarly all the q-elements of G are isolated in Γ̃(G).

So if g ∈ G \ I(G), either g is an r-element or pq divides |g|. This implies that diam(Γ(G)) ≤ 2.

In case (b) every element of Ωpq(G) is adjacent to every element of Ωr(G). We need to investigate the

behavior of the elements in Ω := Ωp(G) ∪ Ωq(G). Let x ∈ Ω. By Corollary 2.2, there exists z ∈ Ωpq(G).

Since N is the Frobenius kernel of G and x /∈ N, we have CN (x) = 1 so, by Lemma 2.5, there exists n in

N such that r divides the order of ⟨x, zn⟩. Thus x is adjacent to zn ∈ Ωpq(G). We have so proved that

every element in Ω is adjacent in Γ(G) to some element in Ωpq(G). By Lemma 2.7, we can conclude that

diam(Γ(G)) ≤ 4.

Let us move to case (2). Again we have two possibilities:

a) K/N is a nilpotent {p, q}-group and G/K and N are r-groups.

b) K/N is an r-group and G/K and N are {p, q}-groups.
In case (a) we may repeat the previous argument: all the elements of Ω := Ωp(G) ∪ Ωq(G) belong to

K and are adjacent to an element of Ωpq(G).

In case (b) we start by noticing that Ω ∩ N = ∅. First assume that G contains an element z with

|zK| = pq. Let x ∈ Ω. It must be CK/N (xK) = 1, otherwise G would contain an element of order rt,

being t the prime in {p, q} dividing the order of x. So by Lemma 2.5, there exists k ∈ K such that

r divides the order of ⟨x, zk⟩N/N . In particular x and zk are adjacent vertices in Γ(G). We have so

proved that every element of Ω is adjacent to a vertex in Ωpq(G) and this suffices to conclude that

diam(Γ(G)) ≤ 4.

To conclude our discussion of case (b), we are left with the case when G/K does not contain elements

of order pq.

We claim that in this case π̃(G/K) = 1. To prove this, recall that every Sylow subgroup of a Frobenius

complement is cyclic or generalized quaternion (see for example [6, Corollary 6.17]). This implies in

particular that the Frobenius complement K/N is either a cyclic r-group or a generalized quaternion

group. If K/N is cyclic, then the Frobenius complement G/K, being isomorphic to a subgroup of

Aut(K/N), is an abelian group; its Sylow subgroups must be cyclic and therefore G/K is a cyclic {p, q}-
group. However we are assuming that G/K does not contain elements of order pq so G/K is a p-group

or a q-group. If K/N is generalized quaternion, then G/K is a Frobenius complement of odd order.

Hence, by [11, Lemma 2.4], any two elements in G/K of coprime order commute, so if p and q both

divide the order of G/K, then there must be an element in G/K whose order is divisible by pq, against

our assumption.
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So our claim is proved and we may assume that G/K is a p-group. In this case all the q-elements of G

belong to N and are isolated in Γ(G). Thus the vertex set of Γ(G) coincides with Ωp(G)∪Ωr(G)∪Ωpq(G).

Now we claim that every element g ∈ Ωp(G) is adjacent to an element in Ωr(G)∪Ωpq(G). This would

allow to conclude diam(Γ(G)) ≤ 4.

In order to prove the claim, let y be an element of G order r. If g is adjacent to y we are done, so

assume that ⟨g, y⟩ is a {p, r}-group. Now let Q be the Sylow q-subgroup of N , and let Z = Z(Q) be

the center of Q. If [gy, z] = 1 for some 1 ̸= z ∈ Z, then gyz ∈ Ωpq and the order of ⟨g, gyz⟩ = ⟨g, yz⟩
is divisible by pqr. This implies that g and gyz are adjacent vertices of Γ(G). So we may assume that

CZ(gy) = 1. Since the action of G/K on K/N is Frobenius, gy = gxn for some x ∈ G and n ∈ N

and, for any 1 ̸= z ∈ Z, [g, z] = ([gx, zx])x
−1

= ([gyn−1, zx])x
−1

= [gy, zx]x
−1 ̸= 1, hence CN (g) = 1. By

Lemma 2.5 there exist z̃ ∈ Z such that ⟨g, yz̃⟩ has order divible by q. Thus implies that g is adjacent to

the r-element yz̃. □

3. Proof of the main result

Lemma 3.1. If G is soluble and π̃(G) ≥ 4, then diam(Γ(G)) ≤ 3.

Proof. By Lemma 2.6, we may assume π̃(x) ≤ 2 for every x ∈ G. If p, q, r are three distinct primes

in π(G), then G contains an element of order the product of two of these primes (see [9, Proposition

1]). In particular assume π̃(G) ≥ 4 and let x and y be two distinct nonidentity elements of G. Let

π = π(x) ∪ π(y). If |π| > 2, then x and y are adjacent vertices of Γ(G). So we may assume |π| ≤ 2. If

there exists p ∈ π(x)∩ π(y), then take three different primes q1, q2, q3 ∈ π(G) \ {p}. Then G contains an

element z whose order is the product of two of these primes and x− z− y is a path in Γ(G). So we may

assume π(x) = {p1} and π(y) = {p2}, with p1 ̸= p2. Let r1, r2 be two different primes in π(G) \ {p1, p2}.
There exists in G an element z1 whose order is the product of two primes in {r1, r2, p2}. If |z1| = r1r2,

then x − z − y is a path is Γ(G). If p2 divides |z1|, then we may consider an element z2 whose order is

the product of two primes in {r1, r2, p1}. If z2 = |r1r2|, then x − z − y is a path in Γ(G). If p1 divides

|z2|, then x− z1 − z2 − y is a path in Γ(G). □

Lemma 3.2. If G is soluble and π̃(G) = 3, then diam(Γ(G)) ≤ 5.

Proof. By Lemma 2.9, we may assume that the prime graph of G is of the form p− r − q.

Notice that if x /∈ Ωr(G), then d(x, z) = 1 for some z ∈ Σ(G). Indeed, if p divides |x| then x is

adjacent to an element in Ωrq(G), while if q divides |x| then x is adjacent to an element in Ωrp(G). If

x ∈ Ωr(G), then, by Lemma 2.8, d(x, z) ≤ 2 for some z ∈ Σ(G). Hence, using Lemma 2.7, we conclude

that if x and y are non-isolated vertices of Γ(G) and x is not an r-element, then d(x, y) ≤ 5.

Assume now that g ∈ Ωr(G) and that g is adjacent to x /∈ Ωr(G). Let y /∈ I(G). By Lemma 2.7, there

exists z ∈ Σ(G) with d(z, y) ≤ 2. If x and z are adjacent in Γ(G), then d(g, y) ≤ d(g, x) + d(x, z) +

d(z, y) ≤ 4. If not, then π(x) ⊆ π(z) and there exists v ∈ Σ(G) with π(v) ∪ π(x) = {p, q, r}. But then

d(g, y) ≤ d(g, x) + d(x, v) + d(v, z) + d(z, y) ≤ 5.
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We remain with the case when g belongs to the set Λ of the elements of Ωr(G) whose neighbourhood

is contained in Ωr(G). We are going to solve this case proving the following claim: there exist a1, a2 ∈
G \ I(G) with the following properties:

(1) d(g, a1) = d(g, a2) = 2;

(2) π(a1) ∪ π(a2) = {p, q, r}.

In order to prove the claim, let g ∈ Λ and let z ∈ Ωr(G) be adjacent to g ∈ Γ(G). Let H = ⟨g, z⟩
and N = Or(H). Notice that neither g nor z belongs to N since π̃(⟨n, h⟩) ≤ 2 for all n ∈ N and

h ∈ H. Let A/N be a minimal normal subgroup of H/N . Then A/N is either a p-group or a q-group.

Assume for example that it is a p-group (a symmetric argument works if A/N is a q-group). It must be

CA/N (zN) = N/N. Indeed, if [z, a] ∈ N for some a ∈ A \N , then rp divides |za| and consequently pqr

divides |⟨g, za⟩| and g is adjacent to za, contradicting the definition of Λ. Notice also that it follows from

Lemma 2.5 that if h is an r-element of H and CA/N (hN) = N/N , then h is adjacent to an element of

H whose order is divisible by q. In particular, since by definition all the elements of G that are adjacent

to g are r-elements, CA/N (gN) ̸= N/N , so [g, a] ∈ N for some a ∈ A \N . But then pr divides |ga| and
Γ(G) contains the path g − z − ga. Moreover from what we said above, since CA/N (zN) = N/N, the

graph Γ(G) contains a path g − z − u with q dividing the order of u. So we have proved our claim.

We can now prove that if y1, y2 ∈ Λ, then d(y1, y2) ≤ 5. Choose z1, z2 ∈ Σ(G) such that d(y1, z1) =

d(y2, z2) = 2. If π(z1) ̸= π(z2), then d(z1, z2) = 1 and therefore d(y1, y2) = 5. If π(z1) = π(z2),

then, by our last claim, there exists u such that d(y1, u) ≤ 2 and π(u) ∪ π(z1) = {p, q, r}. But then

d(y1, y2) ≤ d(y1, u) + d(u, z2) + d(z2, y2) ≤ 5. □

Proof of Theorem 1.1. Let R = R(G) be the soluble radical of G and consider the following subsets of

G :

A = I(R) \ I(G), B = R \ I(R), C = G \R.

Let us summarize a list of information concerning Γ(G) that will be useful to prove our bound on the

diameter of Γ(G).

(i) d(c1, c2) ≤ 2 for every c1, c2 ∈ C. This follows from [4, Theorem 6.4], stating that if c1, c2 /∈ R,

then there exists z ∈ G such that ⟨c1, z⟩ and ⟨c2, z⟩ are not solvable.

(ii) For every a ∈ A, there exists c ∈ C such that d(a, c) = 1. This follows immediately from the

definitions of A and C.

(iii) If B ̸= ∅, then for every b ∈ B, there exists s ∈ Σ(G) ∩ R with d(b, s) ≤ 2. This follows

immediately from Lemma 2.8.

iv) d(c, s) ≤ 3 for every c ∈ C and s ∈ Σ(G). If π̃(s) ≥ 3, then c and s are adjacent in Γ(G). So we

may assume π̃(s) = 2. Since G/R is not solvable, π̃(G/R) ≥ 3, so there exists p ∈ π̃(G/R) \ π̃(s).
Let z be a p-element in C. Then d(c, z) ≤ 2 by (i), so d(c, s) ≤ d(c, z) + d(z, s) ≤ 3.

By (i) I(G) ⊆ I(R), so G \ I(G) is the disjoint union of the three subsets A,B,C. We can conclude our

proof by analyzing the different possibilities:
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If a1, a2 ∈ A, then by (ii) there exist c1, c2 ∈ C with d(a1, c1) = d(a2, c2) = 1. Hence, by (i), d(a1, a2) ≤
d(a1, c1) + d(c1, c2) + d(c2, a2) ≤ 1 + 2 + 1 = 4.

If a ∈ A and b ∈ B, then, by (ii), there exists c ∈ C which is adjacent to a in Γ(G). Let H = R⟨c⟩. Notice
that H is solvable and a and b are non-isolated vertices of Γ(H), so, by Lemmas 3.1 and 3.2, d(a, b) ≤ 5.

If a ∈ A and c ∈ C, then, by (ii), there exists c∗ ∈ C such that d(a, c∗) = 1, and, by (i), d(c, c′) ≤ 2, thus

d(a, c) ≤ d(a, c∗) + d(c∗, c) ≤ 3.

If b1, b2 ∈ B, then b1, b2 are non-isolated vertices of Γ(R), so, by Lemmas 3.1 and 3.2, d(b1, b2) ≤ 5.

If b ∈ B and c ∈ C, then, by (iii), there exists s ∈ Σ(G) such that d(b, s) ≤ 2 and, by (iv), d(b, c) ≤
d(b, s) + d(s, c) ≤ 2 + 3 = 5. □
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