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METRIC DIMENSION AND ZAGREB INDICES OF ESSENTIAL IDEAL GRAPH
OF A FINITE COMMUTATIVE RING

P. JAMSHEENA ~* AND A. V. CHITHRA

ABSTRACT. Let R be a commutative ring with unity. The essential ideal graph £r of R is a graph
whose set of vertex consists of all nonzero proper ideals of R. Two vertices I and J are adjacent if and
only if I+ J is an essential ideal. In this paper, we characterize the graph £r as having a finite metric
dimension. Furthermore, we identify that the essential ideal graph and the annihilating ideal graph of
the ring Z,, are isomorphic whenever n is a product of distinct primes. In addition, we estimate the
metric dimension of the essential ideal graph of the ring Z,,. Moreover, we determine the topological

indices, namely the first and second Zagreb indices, of &z, .

1. Introduction

Let I' be a simple graph with vertex set V(I') = {v1,v2,...,v,} and edge set E(I'). If a vertex w is
adjacent to a vertex v in I', we write u ~ v in I'. The set N(u) = {v € V(I') : v ~ win I'}, is called the
set of neighbors of u and deg(u) = |N(u)| is called the degree of a vertex u. Also, N[u] = N(u)U{u}.
The distance d(u,v) between two vertices u and v of a connected graph I' is the number of edges in
the shortest path between v and v. The complete graph K,, is a graph in which any two vertices are
adjacent. A graph I' is a k — partite graph if V(I') can be partitioned into k subsets V1, Vs, ..., Vj

(named partite sets) such that the vertices u and v form an edge in T if they belong to different partite
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sets. If, in addition, there exists an edge between every two vertices belonging to different partite sets,
then graph I' can be classified as complete k-partite graph. The graph denoted as K,,, represents a
complete bipartite graph consisting of two sets with sizes m and n respectively. The induced subgraph,
I'[S], is formed by taking the subset S of vertices from I', along with all the edges that connect vertices
solely within S. The complement of a graph T is denoted by I'. The join of two graphs, I'y and I's,
represented as 'y V Iy, is formed by adding edges between any two vertices v; and vy, where vy € I’y
and vy € T's.

The concept of metric dimension of a graph was introduced by Slater in [25], and was called
locating sets and locating numbers. An equivalent terminology was also introduced by Harary and
Melter independently in [14], and used the term resolving set. Slater described the usefulness of these
ideas in long-range aids to navigation. Also, these concepts have some applications in chemistry for
representing chemical compounds [18, 19], or in problems of pattern recognition and image processing,
some of which involve the use of hierarchical data structures [21]. Other applications of this concept
to the navigation of robots in networks and other areas appear in [7, 15, 20]. Hence, according to
its applicability resolving sets has become an interesting and popular topic of investigation in graph
theory.

Topological Indices play a vital role in mathematical chemistry. They give ideas about structural
characteristics with easy identification for a molecule. Hence there are a lot of molecular descriptors
called graph invariants. A graph invariant is a number that is invariant under graph isomorphisms in
graph theory. The graphical invariant is considered as a structural invariant related to a graph. Since
the topological index is constructed as a graphical invariant in molecular graph theory, the computing
of topological indices of many graph structures has been an attractive research area for scientists
especially chemists and mathematicians for a long time [8, 11]. The first and second Zagreb indices
of a graph T' introduced in [12], and elaborated in [13] are degree-based topological indices defined
respectively as follows:

M, = Z deg(v)? and My = Z deg(u)deg(v). Interested ones may also refer [9, 10] for other
veV (I) e D)
degree-based indices.

Let R be a commutative ring with nonzero unity. An element z € R is said to be a zero divisor of
R whenever there exists a nonzero element w € R such that zw = 0. An ideal I of a ring R is said to
be an annihilating ideal of R if there exists a nonzero ideal J of R such as I.J = 0. An ideal I of a ring
R which has a nonzero intersection with every other nonzero ideal of R is called an essential ideal.

The study of metric dimension and topological indices of graphs related to various algebraic struc-
tures has emerged as a compelling area of research in recent times. In [22], S. Pirzada and R. Raja
introduced and investigated the metric dimension of the zero divisor graph of a commutative ring R.
The results on topological indices of this graph can be seen in [1, 24]. In [4, 5], S. Banerjee deter-

mined the metric dimension and topological indices like the Wiener index, the first and the second
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Zagreb index of comaximal graph of the ring Z,. In [2], M. Ajjaz and S. Pirzada computed the metric
dimension of annihilating ideal graphs of commutative rings. The annihilating ideal graph AIG(R),
of a commutative ring R, introduced and studied by M. Behboodi and Z. Rakeei in [6], is a graph in
which the vertex set consists of the set of all nonzero annihilating ideals of R and two distinct vertices
I and J are joined by an edge if and only if IJ=o.

Being motivated by these works, in this paper, we study the metric dimension and topological
indices of the essential ideal graph of the ring Z,. The essential ideal graph &g of a commutative
ring R, introduced and studied by J. Amjadi in [3], is a graph in which the vertex set is the set of
all nonzero proper ideals of R and two vertices I and J are joined by an edge whenever I+ Jis an
essential ideal. To date, there is no information about the metric dimension and topological indices
of the essential ideal graph of Z, in literature.

This paper has been organized as follows: In Section 2, we list the results and definitions that are
needed for the present study. In Section 3, we determine the metric dimension of the essential ideal
graph of Z,,. Also, we prove that the essential ideal graph and annihilating ideal graph of the ring Z,
are equal (up to isomorphism) whenever n is a product of k > 2 distinct primes. Moreover, we provide
an alternate proof to show that the metric dimension of £z, is < k when n = Hle pi. In section 4,
we calculate the first and the second Zagreb index of the graph &z, for any n > 4.

Throughout this paper, Z,, = Z/nZ, where n > 4 and n is not a prime.

2. Preliminaries
In this section, we list some definitions and results that are needed for the present study.

Definition 2.1. A subset W of vertices of a connected graph T is said to resolve ', if each vertex of T’
1s uniquely determined by its vector of distances to the vertices of W. In general, for an ordered subset
W = {wi,wa,...,wi} of vertices of a connected graph T' and a vertex v € V(I')\W of ', the met-
ric representation of v with respect to W is the k—wvector r(v|W) = (d(v,wy),d(v,w3),...,d(v,wg)).
The set W is a resolving set for I' if r(v|W) # r(u|W), for any pair of distinct vertices u,v € V(I')\W.

The resolving set, the metric representation of a vertex, and the metric dimension of a graph are

also called the locating set, locating code of a vertex, and locating number of a graph respectively.

Definition 2.2. Let ' be a connected graph with order n > 2. The metric dimension dim(T") of T, is
defined as dim(T') = min{|W|: Wis a resolving set of I'} and such a set W is the metric basis for T'.
For every connected graph I' of order n > 2, 1 < dim(I') <n — 1.

Definition 2.3. Let I' be a connected graph with order n > 2. Two distinct vertices u and v are said
to be distance similar if d(u,x) = d(v,z), for all x € V(I')\{u,v}. It can be verified that the distance
relation is an equivalence relation on V(I') and two vertices are distance similar if either uv ¢ E(I")

and N(u) = N(v) or uwv € E(I") and N|u] = N|v].
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Theorem 2.4. [7| Let I be a connected graph with order n > 2 and W be a metric basis for I'. Then
dim(T) =n—1 if and only if T = K.

Theorem 2.5. [22] Let T" be a connected graph and V (T') is partitioned into k distinct distance similar

classes X1, Xo,...,X. Then

(1) Any resolving set W contains all but at most one vertezx from each X;.
(2) If t is the number of distance similar classes that consist of a single vertex, then |V(T')| —k <
dim(I') < V([)| — k +t.

Theorem 2.6. [3] Let R be a commutative ring with unity. Then, Eg is a finite graph if and only if

every verter of Er has finite degree.

Lemma 2.7. [16] Let n = pipa - - - px, where p1,pa,...,pi are distinct primes. Then any two vertices
(x) and (y) of the essential ideal graph of Zy, are adjacent if and only if gcd(x,y) = 1, provided x is
the product of i distinct primes and y is the product of j distinct primes for 1 <1i,7 <k —1.

In [17], the authors determined the structure of essential ideal graph of the ring Z, by defining an

equivalence relation on the set %7 of nonessential ideals of Z,, as follows:

Definition 2.8. Let = = {1,2,...,k} be an index set. For an ideal I of %, define a subset Ej of 2
by Zp = {i:ri =my in I}.

Definition 2.9. Let I and J be any two ideals of % . We define a relation < on % by I<J if and

only if =; = Zj.

Thus, % is partitioned into 2¥ — 2 equivalent classes, and each equivalent class is denoted by [f ].
For example, if n = p%p§p3p4p§ and | = (p§p4> is the representative ideal then, the corresponding
equivalent class [I] is the set X; = {(p'p3paps®) : 0 <71 <1, and 0 < 75 < 3}.

Lemma 2.10. Let K and L be two vertices of any two of the 25 — 2 equivalent classes, say [f] and

[M] respectively. Then K and L are adjacent in &z, if and only if Z; NEy = ¢.
The next theorem gives the structure of the induced subgraph &z (% ).

Theorem 2.11. [17] Let n = p{"'py"? ---p,'*, where py < py < --- < pj are primes, k > 2, and
m; > 1 for at least one i.Then, the induced subgraph Ez, (%) is the generalized join of certain null
graphs given by,

2, (%) =G, (LT, - €2, ([(P)), €z, ([P 5D - -
En, ([P M), s S (05 - p o)),
where &z, ([I]) = K H for the representative ideal I(vertex of 9) of the equivalent class [I].
m;
ig=;
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The following theorem determines the structure of £z, as the join of a complete graph induced by

the essential ideals of Z,, and the induced subgraph &z, (%).

Theorem 2.12. [17] Let n = p{" p5'? - p"*, where p1 < py < --- < py are primes, and m; > 1 for
at least one i. Then, the essential ideal graph &£y, = K,, V H, where K, is the complete graph on

m = H;C:l m; — 1 vertices and

H = g[gzn(prlnl”)? s 7SZn(KpZLk)])van(Kp?lnlpgw”)? SRR

&z, (O D), Ez (e -+ D o))

3. Metric Dimension of &,

In this section, we compute the metric dimension of the essential ideal graph of Z,.

Theorem 3.1. Let R be a commutative ring with unity. Then, dim(ER) is finite if and only if R is
finite.

Proof. If R is finite, obviously, dim(Eg) is finite. Conversely, suppose that dim(Eg) = k < oo. This
ensures that each vertex of ) has a unique k-vector metric representation with respect to a minimum
resolving set W of cardinality k. Since diam(Er) = 3 < oo, for every vertex v € V(Er)\W, there are
only 4% choices for r(v|W). Hence, |V (ER)| < 4% + k.

U

The next result follows directly from Theorems 2.6 and 3.1.

Corollary 3.2. Let R be a commutative ring with unity. Then, dim(ER) is finite if and only if every
vertex of Eg has finite degree.

Lemma 3.3. Let n = pipa -+ - pr, where p1 < pa < --- < pg are primes, and let dy and do be two
distinct nontrivial proper divisors of n. Then, ged(dy,ds) =1 if and only if n | (%)(%)

Proof. Assume that ged(d;,ds) = 1. Then, there exist integers « and y such that 1 = dyx + day. Now,

n

n
2y = d
() =nar+ ()
n n
2y —(2yd
(3) ()i +ny
n.,n
and hence (=)(=) =n(z1 + 2nzy + 1),
di1’do
where 21 = (%)dlﬁ, Yy = (g—l)dggf. Thus, n|(7)(g;). For the converse, suppose that ged(dy, ds) =
d > 1. Then d = p;,pi, - - - pi,, Where p;,,Di,, - ,D;, are primes such that i; < i < --- < 44 and
1 <i4; < k so that dy = r1d, and ds = rod. Consequently, both divisors (%) and (%) of n do not have
d as a factor, and hence n { (Z)(%)- O
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k

Theorem 3.4. Let Ry = HE-, where each F; is a field and let Ry = Z,, for n = pips--- pr, where
pi’s are distinct primes forlillg i < k. Then, Er, = Er, = AIG(R2).
Proof. We first note that the vertices of g, are the nonzero proper ideals of the ring Hle F;, given
by I = Hle I;, where I; = (0) for at least one i and I; = Fj for at least one i. Thus, |V (Eg,)| =
2k —2 = |V (Er,)| = |V(AIG(Ry))|. Also,
V(Er,) = V(AIG(R2)) = {(d) : d is a positive proper divisor of n}. For the divisor d of n, define a
map ¢ : V(Er,) — V(AIG(Rz)) by d — % (divisor conjugate of d). Since each divisor d of n has a
unique divisor conjugate 7, and 1 < 5 < n for 1 < d < n, it follows immediately that ¢ is both one-one
and onto. Now, Lemma 3.3 assures that two vertices (d;) and (da) are adjacent in £, if and only if
©((d1)) and ¢({d2)) are adjacent in AIG(Rz). Thus, ¢ is an isomorphism and hence g, = AIG(R2).

Now, for each vertex I = Hle I; of ER,, we define a subset ©; of the index set {1,2,...,k}

. (0), ifieO; : . s ; : . :
such that I; = Obviously, two distinct vertices I and J are adjacent in &g, if and

F;, otherwise.

only if ©; N0 ; = ¢. Define a map ¢ : V(Eg,) — V(AIG(Rz)) by Y(I) = (H pi). Clearly, 9 is

i¢0;
a well defined bijection preserving adjacencies and nonadjacencies in Eg, and AIG(Rz), and hence
Er, = AIG(Ry). O
k
In [2], the authors computed the metric dimension of the annihilating ideal graph of the rings H F;
i=1
and Zpn, n = pip2 - - Pk-
k
Theorem 3.5. [2] For R = HFZ or L, n = p1p2 - - - Pk, the following hold:
i=1
(1) dim(AIG(R)) =k —1 for1 <k <A4.
(2) dim(AIG(R)) =5 for k =5.
(3) dim(AIG(R)) < k for k > 6.
k
The proof is developed by showing that the annihilating ideal graph AIG(R) for R = H F; or Z,,
i=1

k
n = pipe - - - P is isomorphic to the zero divisor graph (ZDG) of the boolean ring H Zo and applying
i=1
k

the result on metric dimension of zero divisor graph of HZQ [Proposition 6.2 and Theorem 6.3 of
i=1
[23]]. Hence by Theorems 3.4 and 3.5, we can have the following result.

k
Proposition 3.6. Let R = HE or L, n = pip2 -+ pr. Then,
i=1
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(1) dim(Er) =k —1 for 1 <k < 4.
(2) dim(Eg) =5 for k =5.
(3) dim(Er) <k for k > 6.

In the following theorem, we give another proof for computing the metric dimension of &z, for
n = pip2---pk, kK > 6, by finding a minimal resolving set of £, . For this, we make use of the

following Lemma.

Lemma 3.7. Let R = Zy, n=pips---pr. Then, for any two vertices I and J of Er
(1) d(I,J) =2 if and only if [+ J # R and INJ # 0.
(2) d(I,J) =3 if and only if I +J # R and I N J = 0.

Proof. (i) First, suppose that d(I,.J) = 2. Obviously, I + J # R. Thus, it remains to prove that
InJ # 0. If possible, let INnJ =0. Then, any prime not in the generator of the ideal I must be
in the generator of the ideal J and vice versa. Hence, if K is a vertex adjacent to the vertex I , then
it cannot be adjacent to the vertex J as the generators of both K and J have at least one common
prime factor. This leads to the conclusion that d(f , J ) > 2, is a contradiction. Thus, InJ =% 0. For
the converse, assume that [ +J # R and I NJ # 0. Then d(f, j) > 1. Since I NJ # 0, there must
exist at least one prime number p; such that ps is not a prime factor of generators of both ideals I
and J. Thus, if S = (p,), we have I ~ § ~ J. Consequently, d(I,J) = 2.

(73) Result follows as a direct consequence of the proof of Case 1. O

In the following theorem, we give another proof for computing the metric dimension of &z, for

n=pip2- - pPk.

Theorem 3.8. Let n = pips - - - px, where p1 < pa < --- < pi are primes and k > 6. Then dim(Ez,) <
k.

Proof. Consider the set W consisting of all minimal ideals of £z, as in the following order:

W = {(pip2- - pr—1), (P1P2 " - - Dk—2Dk), - - - (P2D3 - - - Pk) }-

claim: W is a resolving set of &,

We need to show that each vertex v € V(&z, )\IW has a unique representation of distances with
respect to W. For this, take any two vertices of V(&z, )\W of the form I = (piypiy * - pi,) and
J = (Pj1Pjo -+ * Djs)» Where pi 1, Digs .., Digs Dj1s Pjas - - - » Dj, are primes such that i; < ip < -+ < i; and
J1 < ja < -+ < js not necessarily distinct and 1 < 44, js < k — 2. Then three cases may occur: t < s,
ort=s,0rt>s.

Case 1:t<s

Then, there exists at least one prime p; which is in the generator of J but not in that of 1. Now,

consider a vertex P in W such that pj, is not in the generator of P. Then d(f ) ]5) = 2, by Lemma 3.7

https://dx.doi.org/10.22108/toc.2025.141755.2182
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(1). That is, I ~ (p;) ~ P. However, since J is not adjacent to the vertex (p;) to which P is only
adjacent, d(j , ]5) = 3. Then, the coordinate corresponding to the vertex P of W in the k-vector of
both I and J are distinct. Hence, r(I|W) # r(J|W).

Case2:t=s

In this case, at least one prime is not common in the generators of both I and J. Without loss of
generality, assume that p;, is in the generator of I but not in that of J and pj, is in the generator of J
but not in that of I. Consider the vertex Q € W such that the generator of Q contains pj, as a factor
but not p;,. Then, Q is adjacent only to the vertex (p;,) and the latter is not adjacent to I. Hence,
by Lemma 3.7, d(f, Q) =3 and d(j, Q) =2.

Case 3:t>s

Here, there is at least one prime p;, in the generator of I but not in that of J. Then, by Lemma 3.7,
d(I,K) =3, and d(J, K) = 2, for the vertex K € W having p;, not in the generator of K. This proves
that r(I|W) # r(J|W), for any two distinct vertices I and J in V(Ez, )\W. Hence W is a resolving
set of cardinality k and dim(&z,) < k. O

Proposition 3.9. Let T = |V (Ez,)|. Then, dim(Ez,) =T — 1 if and only if either n = p™, m > 1

orn = pipa.

Proof. 1t is obvious that dim(&z,) = T — 1 when n = p™, m > 1 or n = pips. For the converse,
assume that dim(Ez,) =T — 1. Then, &, is complete by Theorem 2.4. Suppose n # p1p2. To prove
n = p™, m > 1, assume to the contrary that n = p{*p5?---p*, k > 2 and o; > 1 for at least two
i (say, o, ). Now, consider the two vertices I = (p7') and J = (p{'p5?). Obviously, I and J are

nonadjacent in &z, contradicting the fact that &z, is complete. O

By Theorem 2.12, &7, = K,, VY[T'1,Ta,...,Dor_y], where T; = &, ([I]) for each of the equivalence
class [I] of the partition on the set of nonessential ideals of &,. This can be further viewed as
&z, 2 YG[Km,'1,Ta,...,Tor_s], since the vertices of the subgraph K, are adjacent to all the vertices
of the subgraphs I'; for 1 < i < 2% — 2. Also, note that the vertices in each of the induced subgraphs
K, and T; for 1 <4 < 2% — 2 are distance similar so that V(€z,) is partitioned into 2% — 1 distance
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similar classes X, X1, Xo,..., Xor_o as follows.
X ={(p'p?---pif) : 0<r; <my—1for 1 <i<kP\Zy,

Xy =Xmy = {"py? - pk) 0 <ry <my —1 for 2 <i <k},

Xpt1 :X<prln1pv2nz> ={(p mlpg” sy 10 <1 <my — 1 for 3<i <k},

X2k_2 :X<p;n2p;”k> = {<p§1p72ﬂ2 . p;;nk> :0 S ™ S mi — 1}

Here, X = V(K,,) and X; = V(I';) = [I] for each of 2¥ — 2 equivalent class [[]. By Theorem 2.5,
any resolving set W of £z, must contain all but at most one vertex from each of the partitioned sets
X, X;fori=1,2,...,2F — 2. Hence, for any resolving set W,

(W 2IX[ =1+ [Xa| = 14 [Xof =1+ 4 [Xoe 5| = 1
>m—1+T-m-1—-1---—1

2k _2 times

(3.1)

>T — (2% - 1).
Now, we identify the values of n for which these bounds are attained by computing the metric

dimension of &7,,.

Theorem 3.10. Let n = p{"'py?---p,'*, where p1 < pa < --- < pj are primes, k > 2, and m; > 1

for at least one i. Then

) T— (28 —1), ifm; > 1 for at least two 1,
dim(&z,) =
T — (28 —2), ifm; > 1 for exactly one i.

Proof. By Equation (1), we see that any resolving set of £z, must contain at least 7' — (2¥ — 1) vertices
consisting of all but at most one vertex of each of the distance similar partitioned sets. Case 1: m; > 1
for at least two ¢
Here, it remains to show that there exists a resolving set of cardinality 7 — (28 — 1). Take W as
an ordered set consisting of m — 1 vertices of X, followed by |X;| — 1 vertices of the sets X;, for
1 < <2k — 2. Without loss of generality, let

W X\{( mi— 1p£n2 1. mk 1 }UXl\{ mi mg 1. mk 1}U
Usz M ! Py’ Pk )}
Since (p"™~ 1p§”2 L. kT 1) is the only essential ideal of the set V\W, we see that
(g T T HIW) = (L1, 1) # (o W) for any v € VAW.
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Now, take any two vertices I and J of VAW with respective index sets Z; and Z j- we claim that
r(I|W) # r(J|W). For I and J, either 5; NE; = ¢ or Z;NE; # ¢. If Z;NE; = ¢, then there
exist at least two distinct primes p; and p; such that p;" € I but ¢ J and p;-nj e J but ¢ I.
Now, d(I,v) = 2 and d(J,v) = 1 for any v € X<p;ni>. Consequently, r(I|W) will have 2 in all the
co-ordinates corresponding to the elements from the set X (™) whereas r(J|W) will have 1 in the
respective coordinates. So r(I|W) # r(J|W). If £; NE; # ¢, then it can be either Z; or Z; or none
of these. Let Z; NE; = Z;. Since Z; # =, there exists at least one prime p; such that p;nj is in J
but not in I. Hence, r(I|WW) will have 1 in all the co-ordinates corresponding to the elements from

the set X and r(j |W) will have 2 in all the co-ordinates corresponding to the elements from the

<p;nj )
set X<pmj>. Thus, #(I|W) # r(J|W). Through a similar argument, we see that r(I|W) # r(J|W)
Whenev]er E;NE; = E;. Now, in the last case, there must exist at least two primes p; and p; such

that p;" is in I but not in J and p;nj is in J but not in I leading to r(I|W) # r(J|W).
Case 2: If m; > 1 for exactly one ¢

without loss of generality take n = p{"'ps---pg, m1 > 1. We know that any resolving set contains
all but at most one vertex of each of the distance similar partitioned sets and by Equation (1),
W| > T — (2% — 1), for any resolving set W. At first, we show that there is no resolving set of
cardinality T — (2¥ — 1). For this, take I/ as an ordered set consisting of m — 1 vertices of X followed

by | X;| — 1 vertices of X; for each i. That is,

W ={(p1), (p1), (07" ), (p2), (1p2), - (T 2p2) - (D) (Papw)s - (D7 i)

m1—2

(p2p3), (P1p2p3), - - -y (DT 2 pap3), -« o (D203 - DEYs - -5 (DT 2p2ps -+ pr) }-

Consider the vertices I = (pi" ') and J = (p™) of V\W. Since I is essential, r(I|W) = (1,1,...,1).
For J, Z; = {1} and for any vertex w € W, 1 ¢ =Z,. Consequently, d(J,w) = 1 and r(J|W) =
(1,1,...,1) = #(I|W). Thus, there is no resolving set of cardinality T — (2% — 1). Now, take W’ as
an ordered set obtained by adjoining one more vertex (say (p7")) to W. Let I and .J be two distinct
vertices of V\W with index sets Z; and =; respectively. Then there may occur two cases- either
E;NEj = ¢ or Z;NE; # ¢. Proceeding in the same manner as in the proof of case 1, we see that W’

is a resolving set of £z, of minimum cardinality. O

Corollary 3.11. Let n = pi"'p5"?, where p1 < pa be primes. Then

) 2m — 2, if mi =m > 2,mg = lor vice versa,
dim(&z,) =
mime +mi +mo — 4, if my,mg > 1.
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Example 3.12. e Consider the graph &z, for n = p{"'py?ps, mi,mg > 1. Then the distance
similar partition of vertices is given by,

{p1p2>:Ogigmi—lfori:1,2}\Zn,\X|:m1m2—1
={

={{p'p5?) : 0 <71y <my — 1}, |Xo| = my,

py?) 1 0 <71y <mg — 1}, |X1| = mo,

X4 f{ 1P )}

={
X ={

(
(i’
(
X3 —{<P§ py’p3) 1 0 <1y <my; —1 fori=1,2},|X3] = mima,
(py
(1" pyPps) 1 0 < 1o <mg — 1}, | X5 = meo,

(P1'pyPp3) 1 0 <rp <myg — 1}, Xe| = ma.

Since any resolving set W contains all but at most one vertex of each of the distance similar

vertex partitioned sets, take W as follows:
W =X\{(p" oy U X\ s ) X\ s )} Xa\ {0 o5 ps)}
U X\ {7052 pa) } | X6\ { (07" "0 ps) ), [W ] = 2(mamg +my +mg) = 7T=T =7

To prove W is a minimum resolving set, it is enough to show that each vertex of VAW has a

unique metric representation. The representations of the seven vertices of VAW are given as

follows:
ey [y 1
r({py W) =(1, 1),
T—Ttimes
r((pMpe Y W) =(1,1,...,1,2,2,...,2,1,1,...,1,1,1,...,1,2,2,...,2,1,1,..., 1),
mimeo—2 mo—1 mi1—1 mimao—1 mo—1 mi1—1
r((pM ) W) =(1,1, -+ ,1,1,1,...,1,2,2,...,2,1,1,...,1,1,1,...,1,2,2,...,2),
mimao—2 mao—1 mi1—1 mimao—1 mo—1 mi1—1
r((pT 2 ) W) =(1,1, ..., 1, 1,1, L 1,2,20000,2,2,2,000,2,2,2,..0,2),
—_— Y Y
mimo—2 mo—1 mi1—1 mima—1 mao—1 mi1—1

PP YWY =(1,1,...,1,2,2,...,2,2,2,...,2,1,1,...,1,2,2,...,2,2,2,...,2),
H/—/%/—/

mimo—2 mo—1 mi1—1 mimo—1 mo—1 mi1—1
r((pMp2 ps) W) =(1,1,...,1,2,2,...,2,1,1,...,1,2,2,...,1,2,2,...,2,2,2,...,2),
—_——— —

mimao—2 mo—1 mi1—1 mimeo—1 mo—1 mi1—1
r((PM T p) W) =(1,1,...,1,1,1,...,1,2,2,...,2,2,2,...,1,2,2,...,2,2,2,...,2).
—_——— —

mimao—2 mo—1 mi1—1 mimeo—1 mo—1 mi—1

It can be seen that any two distinct vertices of V(Ez, )\W have different metric representations

with respect to W. Thus W is a resolving set having T — 7 = 2(mimg + mq + mg) — 7
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vertices. Also, any resolving set must contain more than T — 7 elements, we conclude that
dim(gzn) =T-71.

o Let n = p"paps, m1 > 1. Then the distance similar partition of vertices of &z, is given by:

X={{pi"):1<r <my —1},|X|=m — 1,
2

pi'p2) 0 <1 <my — 1}, | Xo| = my,

X1 ={
Xo ={

piips) 10 <1y <my — 1}, | X5 =my,

pi"'p2)} X5 = {1 p3)},

Piipaps) 1 0 < < my — 1}, | Xg| = my.

X3 ={
Xy ={

o~ o~ o~ o~ o~ o~

X ={

Now, take Was an ordered set consisting of first my — 2 vertices of X, first my — 1 vertices of
X, and so on. Then, for the vertices (P~ ') and (pT™) of V(Ez, ) \W,

r(pM Y W) = (1,1,...,1,1,1,...,1,1,1, ..., 1,1,1, ..., 1) = (M)W
(" )W) = ( ) =r({p") W)

mi1—2 mi—1 mi1—1 m1—1

Hence, W cannot be a resolving set of £z, . Without loss of generality, take W' = W U{(p|"")}.
That is,

W' =X\ X XM o) X\ @ s} U Xe\ o1 paps) }-
The representations of vertices of V(Ez, )\W' are given by,

r((p™ Y W) =(1,1,...,1,1,1,1,...,1,1,1,...,1,1,1,..., 1),

mi1—2 mi1—1 mi1—1 mi1—1
r((pT1_1p2>|W’) =(1,1,...,1,1,2,2,...,2)1,1,...,1,2)2,...,2),
———
mi1—2 mi1—1 mi—1 mi1—1
7'(<p71n1_1p3>|W’) =(1,1,...,1,1,1,1,...,1,2,2,...,2,2/2,...,2),
—_—
mi1—2 mi1—1 mi1—1 mi1—1
r((PMp) W) =(1,1,...,1,2,2,2,...,2,1,1,...,1,2,2,...,2),
N—— —— —,— Y—
mi1—2 mi1—1 mi1—1 mi—1
7"(<p71mp3)]W/) =(1,1,---,1,2,1,1,...,1,2,2,...,2,2,2,...,2),
mi1—2 mi1—1 mi—1 mi1—1

r((pgm_lpgpgﬂW') =(1,1,...,1,1,2,2,...,2,2,2,...,2,2,2,...,2).
N—— ——

mi1—2 mi1—1 mi1—1 mi1—1

This unique representation of vertices of V(Ez,)\W' ensures that W' is a minimum resolving set
of &z, . Hence, the metric dimension of &, is 4(my —1) =T — 6.
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4. Zagreb Indices of &7,

In this section, we calculate the 1st and 2nd Zagreb indices of £z, . Since both indices rely on vertex

degrees, we start by calculating the degrees of vertices in £7,. By Theorems 2.11 and 2.12, we have

derived the structure of £7, as the join of a complete graph and a multipartite graph. When n = p™,

m > 2, the graph &z, reduces to a complete graph, for which the Zagreb indices are already well
known. For other values of n, the graph &, either reduces to a multipartite graph or is the join of a

complete graph and a multipartite graph. Thus, we aim to calculate the Zagreb indices for all values

of n except n = p™.

e Forn=pipy---pg, k > 2.
Based on Lemma 2.7 and Theorem 2.11, it is evident that the graph &z, is a k — 1-partite

graph, wherein the partite sets are structured as follows.

Vi={{pi):1<i<k},
Vo= {(pipj) : 1 <i<k—landi+1<j<Ek},
Vs={(pipjm) :1<i<k—-2,i+1<j<k—1landj+1<I<k},

Vi1 = {(p1p2p3 - - P—1), (P1P2D3 - - Pk—2DPk)+ - - - » (P2P3 - - - D—1Dk) }-

Clearly |V1| = (’f), |Va| = (g), ooy and |Vipq| = (kﬁl) Also, by Lemma 2.7, two vertices
(x) and (y) of &, are adjacent if and only if the generators z and y have no prime factors in
common.

For a vertex v € V(&z, ),

k=1 _ 1, ifveV,
262 _ 1, ifve Vs,
deg(v) =
3, if v e Vi_o,
1, ifve Vi_q.

Also,

2 kY or—i 2
Z deg(v)” = <z>(2 — 1)~
veV;

e When n = pi"'py?--- p™*, where p; < ps < --- < pj, are primes, k > 2 and m; > 1 for at least

one 1.
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By Theorem 2.12, &, = K,,, V¥9[I'1,T2,...,T9x_5], where K, is the subgraph induced by
the set X of essential ideals of Z,, and I'; = £, (X;) for each of the 2¥ — 2 equivalent class
X; of the set . Thus, V(&z,) = X U; X;, where the union is taken over all the equivalent
classes. Then, for any vertex v € X, deg(v) =T — 1 and by Lemma 2.10,

(4.1) for any vertex v € X;, deg(v) = | X| + Z 1 X 51,
j: EfﬁEj:¢

where the summation runs over all J such that = iNEj;=¢.

The subsequent theorems determine the first and second Zagreb indices of £z, by applying the condi-

tions specified above to n.

Theorem 4.1. Let n = pip2---pg, k > 1. Then, the first and second Zagreb indices of &z, are,

M

(1) My(&z,) :k 1()2’“— 1)2

i=1
(2) My(&z,) é( ) (2" - )[i(kt_t)(zk—t1)+§(k5_t)(2k—81)y

Proof. From definition,

veVy veVs veEVE_1
k—1

_ 2

=> "> deg(v)
i=1 veV;

Hence we proved (1).
(2) For a fixed t, 1 <t < L%J, Lemma 2.7 assures that any vertex u € V; are adjacent only to (k;t)
vertices of Vi for t < s < k —t. Then, for u,v € V4, 1 <t < LgJ,

(4.2) S deg(u)deg(v) = ;(i) (k N t) (2t 1)2.

u~v
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Now, consider u € V; for a fixed ¢ such that 1 <t < L%J Then we have,

Z deg(u)deg(v Z deg(u)deg(v Z deg(u)deg(v -+ Z deg(u)deg(v
vevs eV, veViia eV
LOEN (R =1\ okt y2 o (FY[(F =1\ oht k—(t+1)
—= ok—t _ 1 2k—t _ 1)(2 )4
T
. R (k=1 okt ¢
2 12" -1
() (G2 e -ne -
_1 <"“> <k - t> (28t —1)2 4+ <k> (28t —1) kz_‘j (2k=s — 1)
2\t ¢ t '
s=t+1
By Equation (4.3),
My(Ez,) = > deg(u)deg(v)
u,veu\’/v(lézn)
= Z deg(u)deg(v) + Z deg(u)deg(v) + - -+ + Z deg(u)deg(v)
wevy, vevs ueVy, veVs uGVLuTUUEVs
15] 15] k—t
1 RN (F =1\ ok—t _ 1y2 kY okt k—=t\ ok—s
1 _ 9 1
s () e (D)o () e
t=1 t=1 s=t
15] k—t
kY okt Lik—=1t\ okt k—=t\ ok—s
= 2 1 2 1 2 1
> (i)er ity e e (F) e

O

Example 4.2. (i) Let n = pipaps. By Theorem 4.1, the first and second Zagreb indices are given

by,
My(Es,) = Z (e -y
:(i’) 3% + (;’) = 30,
and
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(ii) Let n = pipapsps. Then

and

This can be easily verified from FIGURE 1.

FIGURE 1. &, for n = H?:l p; and n = H?Zl i

mi, m

Theorem 4.3. Let n = p{"'py~ - -p?k, where p1 < po < --+ < pg are primes, k > 2 and m; > 1 for

at least one i. Then,

(1) Mi(&z,) =m(T -1+ > |Xjlm+ > |1X;)%
I J: ;N2 ;=¢
(2)
Ma(ez) = )T mT - Plm Y )
I j:EfﬂEj:¢

57 . 1, fZ;NE; =9,
+§1|Xf||Xj] Z deg(u)deg(v), where 6] = ‘
uvEW 0, otherwise,

and deg(u) = | X| + Z | X ;| for any vertex v € X; of % .
J: E;NE ;=¢
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Proof. From definition,

Mi(&z,) Zdeg + Z deg(v)?

veX ’UEUfo
2 2
(@12 + Y IXm+ S X))
f j: Eiﬂaqub
where the summation runs over all the equivalent classes. Hence we proved (1).

(2) First, consider v € X. Since, | X| =m and there are (")) pairs of elements in X , we have

(4.4) 3" deg(u)deg(v (’;) (T — 1)

u,veX

For each of the equivalent classes X;, every vertex u € X is adjacent to every vertex v € X;.Then,

deg(u)deg(v) = (T = 1)(m+ > |X;]),

j: EfﬂEj:(z)
and hence,
> deg(u)deg(v) =Y m(T = D|Xi(m+ > |Xj)
uex i J: E;nE ;=6
(4.5) e T
=m(T - 1) _[X;|(m+ > |1X;).
I J: EpNE5=¢

Now, if we take u,v from the vertex subset % = (J X}, then v € X; and v € X ; for some equivalent

i
classes X; and X ;. By Lemma 2.10, u and v are adjacent if and only if =; N=; = ¢ and hence

1, ifENE = ¢,
(4.6) Z deg(u)deg( )—5]|X I|X 5 Z deg(u)deg(v), where &) = iN=j=9¢

wve uVEY 0, otherwise.
Using Equations (4.4), (4.5) and (4.6), we have
Males,) = - desubdeg(v)+ 3 degludiea) + 3 degtuldes()
u,vEX ueX urv
veEU u,vEU
m
:<2>(T1)2+m(T1)Z|Xf|(m+ S XD
I JE;NE j=¢
: 1, if=EinE; =9,
FOIXGIXG) Y deg(u)deg(v), where 6] = 1N=5=¢
uVEY 0, otherwise,
deg(u) and deg(v) are given by Equation (4.1). O

Corollary 4.4. Let n = p|"'py'?, where p1 < pa are primes and m; > 1 for at least one i. Then
(1) Ml(an) = m(T — 1)2 +mq (m + m2)2 + mg(m + m1)2
(2) Ma(&z,) = (5)(T = 1) + m(T — 1)[m(my + ma) + 2mima] + myma(m + mq)(m + ma).
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Example 4.5. Let n = p?p3p3. Then, T = |V (Ez,)| = 34, and &z, = K, V9 [Kg, K4, Ko, K2, K3, Ko,

where m = 11. The partitioned sets of nonessential ideals of Z,, are

X1 =Xz = {{pip5tpy?) : 0 < vy << my for i = 2,3} [Xq| =6,

°)
Xy =X = {(PV030*) : 0 < vy <my fori =1,3}; |Xa| =4,
X3 =X = {(P1'5p3) : 0 < vy <my fori=1,2}; |X3| =6,
Xa =Xy = {plpaps’) 1 0 < vg <ms}; | Xa| =2,
X5 =X(p22) = {(ipyp3) 1 0 < rp <ma}s |Xs| =3,

Xo :X<p§p§) = {<p?p%p§> (0 <r<mi}; | Xg| =2
11+ | Xo| + | X3| + | X6| = 23,  foru e Xy,

11+‘X1‘—|—‘X3‘—|—‘X5‘ =26, forué€ X,
11+|X1|+|X2|+‘X4‘ =23, forué€ Xs,

deg(u) =
11+ | X3] =17, for u € Xy,
11 + | X5| = 15, foru € Xs,
11+ |X,| =17, for u € Xe.
\

Then, by Theorem 4.3,
Mi(Ez,) =11 x 332 + 6 x 232 +4 x 26% + 6 x 23 + 2 x 172 + 3 x 152 + 2 x 17?
=22, 862.

Ms(&z,) = (121

FO6X6X23Xx23+6Xx2x23 X 17T+4Xx6x26x23+4xXx6x%x26x23+4x3x26x15

1
>332+11><33[6><23+4><26+6><23+2><17+3><15+2><17]+2[6><4><23><26

+6 X6 X23XxX234+6X4Xx23X264+6X2X23x17+2Xx6x17x234+3x4x15x 26
+2 X 6 x 17 x 23]
=3, 00, 666.

5. Conclusion

In this article, we have proved that the metric dimension of the essential ideal graph £r of a commu-
tative ring R is finite whenever each vertex of g is of finite degree. Also, for the ring Z,, it is identified
that the graphs &, and AIG(Z,,) coincide (up to isomorphism) when n is a product of distinct primes.
Furthermore, we have calculated the metric dimension of &£z, . Additionally, an alternative method
has been provided to establish an upper limit for dim(€z,) when n = pips---pg; k > 6. Finally, the

first and second Zagreb indices of £z, are computed for arbitrary values of n.
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