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THE LAPLACIAN AND DISTANCE MATRIX OF A SIGNED TREE

ZIXUAN HONG, YAOPING HOU * AND ZHUANG XIONG

ABSTRACT. Let N and D be net Laplacian and net distance matrices of a signed tree, respectively.
The inverse (resp. group inverse) of D is obtained if it is nonsingular (resp. singular), which extend the
inverse formula obtained by Graham and Lovész for distance matrix of a unsigned tree. The interlacing

inequality connecting the eigenvalues of D and N of a signed tree is also obtained.

1. Introduction

A signed graph G is a pair (G, o), where G = (V, E) is a simple graph called the underlying graph,
and 0 : E — {1,—1} is the signature. An edge e € E of G is called positive (resp. negative) if
o(e) = +1 (resp. o(e) = —1). We use |E;C| (resp. |Eg|) to denote the number of positive (resp.
negative) edges of G. The number of vertices of G is denoted by n. We use i ~ j to denote that vertex
1 is adjacent to vertex j. While ¢ ~ j means that vertex ¢ is not adjacent to vertex j.

For a signed graph G = (G,0), the degree ¢§; of a vertex i of G is the number of its neighbours.
The positive degree (resp. negative degree) §; (resp. §; ) is the number of positive (resp. negative)
neighbours of ¢. The net degree of ¢ is defined to be 5? = 4 — ;. The adjacency matrix A = (a;;) of
G is obtained from the adjacency matrix of its underlying graph by reversing the sign of all 1s which
correspond to negative edges. The net Laplacian matrix is defined as N = A% — A, where A¥ is the
diagonal matrix of vertex net degrees. For basic properties of the net Laplacian matrix, we can refer
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[11, 12]. The Laplacian matrix is L = A — A, where A denotes the diagonal matrix of vertex degrees.
One can see [9] for basic properties of the Laplacian matrix of unsigned graphs.

Recall that the distance d(i,j) between the vertices ¢ and j of G is the length of a shortest path
from i to j. The distance matrix D = (d;j) of G is an n x n matrix, where d;; = d(4,j) and
di; = 0, 1,7 = 1,2,...,n. We can refer [3] for basic properties of distance matrix. Let T be a
signed tree with n vertices and we recall that any two vertices ¢ and j are joined by a unique path
Pij. In a signed tree T, for two vertices i and j, d(i,j) = Zeer- o(e) denotes the net distance
between i and j, specially, d(i,i) = 0, ¢ = 1,2,...,n. The net distance matrix of a signed tree T
is defined as D = (dij), where ciij = cZ(i,j),l < 4,5 < n. Recall that for an n x n matrix M, the
group inverse of M, when it exist, is the unique n x n matrix X satisfying the matrix equations
(O)MXM =M, (1i)XMX = X, (1it) MX = X M. It is customary to denote the group inverse of M by
M#.

Graham and Pollak [7] have shown that if 7" is a tree on n vertices with distance matrix D, then
the determinant of D is (—1)"!(n — 1)2"2, which depends only on the order of T, independent
of the structure of T. They also take into account the inertia of D which is a triple of integers
(n+(D),no(D),n_(D)), where ni (D), no(D) and n_(D) denote the number of positive eigenvalues of
D, the multiplicity of 0 as the eigenvalue of D and the number of negative eigenvalues of D, respectively.
[6] obtained a formula for D~!, that is, D™ = —%L + ﬁﬂj, where 7 = (11, 72,..., ), i =
2—0;, i=1,2,...,n. See [2] also. The formula establishes the relationship between the inverse of the
distance matrix and Laplacian matrix of a tree. Merris [10] gave the interlacing inequalities connecting
the eigenvalues of distance and Laplacian matrices of a tree. Atik et al. [1] investigated some properties
of the distance matrices of matrix weighted trees in connection with the Laplacian matrices, incidence
matrices, and g-inverses, and they derived an interlacing inequality for the eigenvalues of distance
and Laplacian matrices for the case of positive definite matrix weights. More related about distance
matrix D of a tree, see [2, 4, 8, 13].

In this paper, we generalize the above results to a signed tree. Different from the results above,
the weight of a edge may be a negative number. The paper is organized as follows. In Section 2,
we obtain the determinant of the net distance matrix D of a signed tree and D is nonsingular if
and only if ]E;] #* \E,;] Furthermore, if D is nonsingular, then D! = —%N + 2(p17q) 777, where
|E;f\ = p, ]E,;| =gqand 7is an x 1 vector with , = 2—6;, 1 = 1,2,...,n. In Section 3, we
obtain the explicit formulas for N# and D#, that are, N# = —%]_N? DlJ + 5 (DJ + JD) and
D# = 1N — 7(—7]\[7)—27'7' + 5 (N 777 + 77T N). In Section 4, we drlve a interlacing inequality

connecting the eigenvalues of D and N of a signed tree.

https://dx.doi.org/10.22108/toc.2025.137241.2061
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2. The formula for D!

In what follows we assume that \E; | =pand |[E;| = ¢ for a signed tree T. We know that there
is a unique path between any two vertices of 7. Let 0(1) = 0 and (i) (i > 2) be the sign of the last
edge of the path Py ;. Define the n X n matrix B by

0 0(2) 3) -+ 6(n)
0(2) —20(2) 0
B=| 63 0 203 - 0
O(n) 0 0 <o —=20(n)

Let P = (pi;) be an n x n matrix such that p;; = 1 if di; = di; + d;j, and p;; = 0, otherwise. Thus,
pi; = 1 if and only if the unique path from 1 to j contains 4. It is obvious that for a signed tree, P is
a nonsingular matrix and det(P) = 1.

In this section, following the method of [6] for finding the inverse of distance matrix for a unsigned
tree, we first show that D = PTBP and also obtain the determinant of D. Furthermore, we get the

inertia of D. At last we have the formula for D~! when it is nonsingular.
Lemma 2.1. Let T be a signed tree of order n with net distance matriz D. Then
D =PTBP.

Proof. We prove this identity by stating that the entries on the left and right are equal. Let BP =
(¢ij), B = (bi;). Then we obtain c¢ij = > ;_; bigpr; = Zeem,j o(e) = dij, while for i > 1, ¢;; =
Sy bikpr; = 0(i) — 20(i)p;;. Writing PTBP = (cij); we get

iy = Zpkickj = pric1j + me(f)(k) — 20(k))pr;
k=1 k=2

=dij+ > prif(k) =2 pripr;0(k)
k=2 k=2

:J1j+d1i—2 Z 0'(6) :(LJ
e€P1,iNP1,j

g

Remark 2.2. According to the above lemma, we have det(D) = det(B) = (—1)P(p — q)2" 2, which
depends only on the number of positive and negative edges, and not on the structure of the signed tree.

The inertia 0fl~) is the same as B. D is nonsingular if and only if p # q. Then, for a signed tree with

https://dx.doi.org/10.22108/toc.2025.137241.2061
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p positive edges and q negative edges, the inertia of D is given by

(¢+1,0,p), p>gq,
(ny(D),no(D),n_(D)) = (¢,1,p), p=gq,
(¢,0,p+1), p<q.

The following lemma gives the inverse of matrix P.

Lemma 2.3. [6, Fact 2] The inverse of P, denoted by P~' = (pj;), is the n x n matriz defined as

follows.
L, if =7,
pfj = —1, ’Lf 7 Nj and dlj = U(eij) + Jli;
0, otherwise.
The following lemma gives a connection between the diagonal matrix diag(0,6(2),...,0(n)), N and

P, which will be used in the sequel.

Lemma 2.4. Let T be a signed tree on n vertices with net Laplacian matriz N = (nij). Then

Proof. We prove the lemma by stating that the entries on the left and right are equal. Let
Pdiag(0,60(2),...,0(n))(P~HT = X = (24)).

Then according to the definition of matrix multiplication we have z;; = > ;_; pka(k)pjk. Ifi =7, we
obtain @y = S p_, (p5)20(k) = Y-y, 0(ki) = 65 = ny;. If i # j, we cannot have p}j = Pji # 0. Thus,

the only nonzero contribution can occur if pj, = —p;k, i~ j, then x;; = —o(ij) = nyj. O

Remark 2.5. For a signed tree with p positive edges and q negative edges, by Lemma 2.4, we have

the inertia of N is (p,1,q), which was obtained in [5].
Let 7 be an n x 1 vector defined by 7 = (2 — 81,2 — 8a,...,2 — §,)7.
Lemma 2.6. Let T be a signed tree with n vertices and & = (2,1,.. ., T, Then
e (P =177

Proof. We prove the lemma by stating that the entries on the left and right are equal. The (i, 7) entry
of PT1eeT (P~ is (2pfy + ply + -+ 03,) (2051 + Pl + -+ - +pj,) which is (2 — ;)% if i = j = 1, and
(2 — 8;)(2 — 4;), otherwise. It is corresponding to the entry of 7. O

https://dx.doi.org/10.22108/toc.2025.137241.2061
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For a signed tree T' with p = q, the corresponding matrix B is nonsingular and its inverse is

4 2 2 2

1 ~(p—q)0(2) +1 1 1

B_lzm 2 1 —(p—q)0(3)+1 --- 1
2 1 1 o =(p—q)f(n) +1

Using D1 = P~'1B~1(P~HT and the previous lemmas, we obtain the following formula for D1,

which appeared in [8] in term of weighted form.

Theorem 2.7. Let T be a signed tree of order n with p # q. Let N and D be net Laplacian matriz

and net distance matriz of T, respectively. Then

~ 1 1
Dl'=_--N4+__——— T
2 2(p—q)

Proof. For p # ¢, the matrices B and D are nonsingular. By Lemma 77, it follows that

ﬁ—l — P_lB_l(P_l)T

4 2 2 2
, —(p—¢q)0(2)+1 1 1
" 200 P ! ~(p—a)0(3) +1 1 (P~H"
2 1 1 —(p—¢q)f(n)+1
0
1 = —(p—q)0(2) T
- 2(p - Q)P )
—(p—q)0(n)
4 2 2
1 Pfl (Pfl)T
2(p—q)
2 1 1
0 2
__lpa o) (P~ HT + Q(pl—q)P_l ! ( 2 1 1 )(P—l)T
O(n) 1
_ 1 1 7
N 2(p — q)

https://dx.doi.org/10.22108/toc.2025.137241.2061
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O

Example 2.8. We consider a signed tree (see Figure 1) of order 6 with p = 3, q = 2. In figures of
signed graphs below, dashed lines represent the megative edges and solid lines represent the positive

edges.

FIGURE 1. A signed tree of order six with p =3, ¢ =2

The net distance matrixz and the net Laplacian matriz are given by

0 -1 0 0 —10 -1 1 0 0 0 0
-1 0 1 1 0 1 1 1 -1 -1 0 0
~ 1 0 2 2 0 -1 1 0 0 0
D= , N= :
1 2 0 —-10 0 -1 0 0 1 0
-1 0 1 -1 0 1 0 0 1 0 -1
0 1 2 0 0 0 0 0 -1 1
and 7 = (1,-1,1,0,0,1)T. Then
1 -1 41 0 o0 3
-1 0 0 3 0 -1
1 1
~ 0 0 0 o 1 1 1
D7t = 2 2 =—-N+ o
o L o0 o0 -1 o 2 2p—q
o 0 0 -3 o 1
1 1 1 1
z 322 0 3 0

3. Formulas for N# and D#

Let 1 be all ones vector and J be all ones matrix. Let A[{i}|{i}] be the principle submatrix
obtained from A by deleting its i-th row and i-th column. If i is a vertex of T, then T'\{} denotes the
signed graph obtained from 7" by removing 4. In this section, we first drive the eigenvector associated
with eigenvalue 0 of D when D is singular. Furthermore, we obtain the group inverses of N and 15,
respectively. The following proofs of Lemmas 3.1 and 3.2 are similar to those of unsigned trees [2, 3, 8].

For the completeness, we provide the proofs here.

https://dx.doi.org/10.22108/toc.2025.137241.2061
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Lemma 3.1. Let T be a signed tree with p positive edges and q negative edges, and D be the net

distance matriz of T. Then

Dr = (p—q)l.
Proof. We prove the result by induction on the number of vertices n = p+ ¢+ 1 of T. When n = 1

~ 0 1 1 ~
the result is clear. For n =2, if D = ( . 0),thenp:1,q:(),7‘: ( ) ),WegetDTzl. When

~ 0 -1 1 _
D:< 1 0 ),thenpzo,(]:LT:<1>7wegetD7-:_1‘ SOleth?)andhypothesize

the conclusion is true for signed trees with less than n vertices. Next we consider a signed tree with
n vertices. Without losing generality, we assume that the vertex n is pendant and adjacent to vertex
n—1inT. Thus, 7, = 2 — d,, = 1. Partition D and T as

5 D[{n}l{n}] « (7
B oT o) " \1 )

B ( Dl{n}|{n}}? +a )

al?

Then

The net distance matrix of T\{n} is D[{n}|{n}]. While the degree of vertex n — 1 in T\{n} is
dp_1 — 1. Let 7 = 7 4 (0,0,...,1)T. According to the inductive hypothesis, we get D[{n}|{n}]7 =
(p—q—o(n—1,n))1. Let 8 be the last column of D[{n}|{n}], then

Dl{n}[{n}](7 + (0,0,...,1)") = D[{n}|{n}}7 + B.
It follows that
D({n}{n})? = (p—q—o(n—1,n)1-B.
Since d;;, = Ji,n—l +o(n—1,n), i=1,2,...,n—1, then a« = f+ o(n —1,n)1. It follows that
Di{n}{n}li+a=(p—g—on—1,n)1-B+B+0o(n—1,n)1=(p—ql

Since a signed tree on n (n > 3) vertices has at least two pendant vertices, it is possible to repeat
the above argument for another pendant vertex. Thus the equation holds for a signed tree with n

vertices. 0

According to the above lemma, we know that if D is singular then 7 is an eigenvector associated

with eigenvalue 0.

Lemma 3.2. Let D and N be the net distance matriz and the net Laplacian matrix of T with n

vertices, respectively. Then
ND+2I=71".

https://dx.doi.org/10.22108/toc.2025.137241.2061
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Proof. For vertices i, j € {1,2,...,n}, we suppose that the degree of vertex i is ¢, and without loss
generality, let vertex i be adjacent to 1,2, ..., . If i # j, the graph T'\{:} is a forest with £ components.
Without losing generality, we assume that vertex j is in the component of T\{z} containing vertex 1.

Then, we have d,; = di; + o(1i) + o(vi) = dij + o(vi), v =2,3,...,£. So

n J4
(ND + 2[)1] = (ND)U = ankdk] = 5}(% — ZU(iU)JUj
k=1 v=1
~ Z ~ ~
=0 di; — Y o(iv)(dij + o(iv)) — o(il)dy,
v=2
~ ~ g ~
= (Slidw — ZO‘(i’U)dij - Z 1-— O’(’il)dlj
v=2 v=2

l
= ((5?: — ZU(Z'U))dNU + a(z’l)c@j — (6 — 1) — U(il)czlj
1

=0 (i1)(dij — dy;) — £+ 1
=o(il)?—l+1=2—(=m.

When ¢ = j we have

(ND +21)i; = 6Fds; — (0(i1)dy; + - - - + o (if)dy) + 2
= —[o(i1)?+---Fo(i)) ] +2=2—L =T,

In conclusion, for any 4, j, we have (Nﬁ + 21);; = 7;. Therefore, ND +2I =717, O

For a signed tree, recall Remark 2.5, rank(N) = n — 1. The following theorem gives a formula for

N#_ which can be represented as the sum of —%IN) and two matrices with rank 1.

Theorem 3.3. Let D and N be the net distance matriz and the net Laplacian matriz of a signed tree

T with n vertices, respectively. Then

1~ 17D1
—-D—

N# = —
2 2n2

1 ~ ~
—(D D).
J+ 5-(DJ + D)

Proof. Let H = —%IN) = 12T£1J + ﬁ(ﬁJ + Jﬁ) We prove the theorem by the definition of group

inverse. In fact

https://dx.doi.org/10.22108/toc.2025.137241.2061
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1 ~ ~
NH == ND = = —5=NJ + o -(NDJ + NJD)
n n
1 1
=——(r1T —2) + —(r1T —21
5(T )+2n(7 )J

1 1 1
=T 4141t ——J
2 2 n

ol
n
and
HN = —2DN - @JN + i(f)JN + JDN)
2 2n? n
1 T 1 T
=——(rf —on+ —JgarT —ar
2(7 )+2nJ(T )
1 1 1
=1l 414177 - =
> T+ —1-2 T nJ
1
=1— =,
n
hence
NH = HN.
While
NHN =(I —=J)N =N
n
And we have
1 1~ 1'D1 1~ ~
HNH = (- ~-J)(-=D—- ——""J+ —(D D
1 ~ 17Dh1 1~ 1 ~
—H+ —JD+-—""JJ——JDJ - —JJD
+2nJ * 2n3 JJ 2n2J 7 2n2JJ
1 ~ 17D1 17D1 1~
—H+ —JD — — _—JD
+2nJ + 2n? J 2n2 J QnJ

Thus H is the group inverse of N.

For a signed tree with the same number of positive edges and negative edges, D is singular. The

following theorem give the explicit formula of group inverse D# of 5, which extend to the inverse

D7 Yif D is nonsingular.

Theorem 3.4. Let T be a signed tree on n vertices with net distance matriz D and net Laplacian

matriz N. Suppose \E;] =p, ]E;\ = q and p = q. Let D* be the group inverse of D. Then

1 TN
T T TTT+

p#_ Ly TNT
2 2(r77)2 21Tt

(NTTT + TTTN).

https://dx.doi.org/10.22108/toc.2025.137241.2061
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Proof. Let H = —%N 27(-7'%\77’ 32 T + 5or- (N 777 + 77T N). We prove that H is the group inverse of
D by the definition of group inverse. In fact

(ZN?NTTT + 157'7'TN)

1 T NT T
2 2(rTr)? 21T r

1
g (17T —2D)rr T

and

~ ~ 1
HD=—--ND—- ———77'D + 5

1 1
== Tt g 1l — et

thus

DH = HD.

Then

and

Hence H is the group inverse of D. O

Remark 3.5. Since D is a symmetric matriz, the group inverse ofﬁ is the same as Moore-Penrose
inverse of D. Kurata and Bapat [8] showed the relation D¥# = IN— D#I +%(]_~)# 17T +7 1T D#),
which is a relationship between D# and N. However, our result is an eacplicit formula for D# in term

of N and .

https://dx.doi.org/10.22108/toc.2025.137241.2061
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FIGURE 2. A signed tree of order five with p = ¢ = 2

Example 3.6. For a signed tree in Figure 2, we have 7 = (1,—1,1,0,1)", and

1 -1 0 0 0 0 1 0 0 1
-1 -1 1 1 0 1 0 -1 -1 0
N=| 0 1 -1 0 0 |,D=]0 -1 0 -2 -1
0 0 -1 0o -1 -2 0 1
0 0 -1 1 1 0 -1 1 0
We have
3 1 3
0 5§ 0 -3 3§
1 1 4o
- 1 T Nr 1
# 1 1 1 _ 1+ T T T
D 0 -3 0 -7 —3 2N 2(7‘T7‘)2TT —|—27_T7_(N7'7' + 77" N).
1 1 _1 o 1
i 1 1 1
1 11 1
s 0 % 1 —1

4. The eigenvalues of D and N

In this section we obtain the interlacing inequality connecting the eigenvalues of D and the eigen-
values of N of a signed tree, which extend the interlacing inequality connecting the eigenvalues of
distance matrix and Laplacian matrix of a tree in [9]. Note that the interlacing inequality connecting
the eigenvalues of the distance matrix and the Laplacian matrix of a weighted tree has been shown
in [1, Theorem 3.8 and Corollary 3.9]. In these results, there exists a restriction that the weight
is positive definite matrices or positive numbers. The theorem below consider the situation of that

weight of edge may be negative, which provides a new sight to investigate the interlacing inequality.

Theorem 4.1. Let T be a signed tree of order n with p positive edges and q negative edges. Let D
and N be net distance matriz and net Laplacian matriz of T, respectively, and the eigenvalues of D
and N be arranged by p1 > po > -+ > py and Ay > Ao > -+ > Ay, respectively. Then

2
)‘p

2 2 2
Mlz_)\+22”22"’Z_YZNn—pZ_rlzﬂn—p+1Z“'2_ > Hn.
p n

https://dx.doi.org/10.22108/toc.2025.137241.2061
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Proof. Recall that the inertia of N is (p,1,q). Then the eigenvalues of N# are /\—11) > > /\% >0 >

ﬁ > > le Let @ be an orthogonal matrix such that

1 11 1
TATH N — s

N#Q = diag(—, ..., ~—,0,~—,...,——).

Q' N"Q g(Ap VR >‘p+2)

Then (p + 1)th column of J@ is non-zero and remaining columns equal to zero. By Theorem 3.3, we

have _

~ 1"D1 1 ~ ~

D= —-2N* - =——=J+ —(DJ + JD).

n n
~ . TN ~ = :

Hence QTch = dzag(—%, 0= —APQH)— L2LQTIQ+1(QTDJIQ+QTIDQ). While
matrix —%QTJQ + %(QTDJQ + QT JDQ) has entries of (p + 1)th column, (p + 1)th row non-
zero and the others equal to zero. It follows that diag(—%, e —/\%, —%, e _/\p2+2) is a principal
submatrix of QTﬁQ of order n — 1. By interlacing theorem, we have pu; > — /\:H > g > > —% >
,UJnpr_)%ZMnfp+1Z"'Z_/\lpZ:un- 0

For the signed tree in Example 2.8, p = 3, ¢ = 2. The eigenvalues of D are 3.862 > 1.613 > 0.478 >
—0.872 > —2 > —3.018 and the eigenvalues of N are 2.481 > 1.732 > 0.689 > 0 > —1.170 > —1.732.
We have i > =& > pp > =2 >3 > =2 > > -2 > ps > =2 > pue.

For the signed tree in Example 3.6, p = 2, ¢ = 2. The eigenvalues of D are 2.828 > 1.414 > 0 >
—1.414 > —2.828 and the eigenvalues of N are 1.872 > 1.370 > 0 > —0.797 > —2.446. Thus we get

MlZ—A%ZM2Z—,\2*52M3Z—,\*21ZM42—,\%2M5-

Acknowledgments

This research is supported by the National Natural Science Foundation of China (No. 12331012). The

authors would like to thank the anonymous referees for their valuable comments and suggestions.

REFERENCES

[1] F. Atik, M. Kannan and R. B. Bapat, On distance and Laplacian matrices of trees with matrix weights,
Linear Multilinear Algebra, 69 no. 14 (2021) 2607-2619.

[2] R. B. Bapat, S. J. Kirkland and M. Neumann, On distance matrices and Laplacians, Linear Algebra Appl.,
401 (2005) 193-2009.

[3] R. B. Bapat, Graphs and matrices, 2nd edition, Hinduston Book Agency, New Delhi, 2018.

[4] Z. Du and J. Yeh, Another simple proof of Graham and Pollak’s theorem, Discrete Math., 343 (2020)
111994.

[5] M. Fielder, Eigenvalues of acyclic matrices, Czech. Math. J., 25 (1975) 607-618.

[6] R. L. Graham and L. Lovész, Distance matrix polynomials of trees, Adv. Math., 29 (1978) 60-80.

[7] R. L. Graham and H. O. Pollak, On the addressing problem for loop switching, Bell System Tech. J., 50
(1971) 2495-2519.

https://dx.doi.org/10.22108/toc.2025.137241.2061


https://dx.doi.org/10.22108/toc.2025.137241.2061

Trans. Comb. x no. x (202x) xx-xx Z. Hong, Y. Hou and Z. Xiong 13

[8] H. Kurata and R. B. Bapat, Moore-Penrose inverse of a hollow symmetic matrix and a predistance matrix,
Spec. Matrices, 4 (2016) 270-282.

[9] R. Merris, Laplacian matrices of graphs: a survey, Second Conference of the International Linear Algebra
Society (ILAS) (Lisbon, 1992), Linear Algebra Appl., 197/198 (1994) 143-176.

[10] R. Merris, The distance spectrum of a tree, J. Graph. Theory, 14 no. 3 (1990) 365-369.

[11] Z. Stanié, On the spectrum of the net Laplacian matrix of a signed graph, Bull. Math. Soc. Sci. Math.
Roumanie (N.S.), 63(111) no. 2 (2020) 205-213.

[12] Z. Stanié, Net Laplacian controllability for joins of signed graphs, Discrete Appl. Math., 285 (2020) 197-203.

[13] W. Yan and Y. Yeh, A simple proof of Graham and Pollak’s theorem, J. Combin. Theory Ser. A, 113 no.
5 (2006) 892-893.

Zixuan Hong
MOE-LCSM, CHP-LCOCS, School of Mathematics and Statistics, Hunan Normal University Changsah, China
Email: 2686617330@qq.com

Yaoping Hou
MOE-LCSM, CHP-LCOCS, School of Mathematics and Statistics, Hunan Normal University Changsah, China

Email: yphou@hunnu.edu.cn
Zhuang Xiong

MOE-LCSM, CHP-LCOCS, School of Mathematics and Statistics, Hunan Normal University Changsah, China

Email: zhuangxiong@hunnu.edu.cn

https://dx.doi.org/10.22108/toc.2025.137241.2061


https://dx.doi.org/10.22108/toc.2025.137241.2061

	1. Introduction
	2. The formula for D"0365D-1
	3. Formulas for N# and D"0365D#
	4. The eigenvalues of D"0365D and N 
	References

