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THE RELATION BETWEEN DISTANCE LAPLACIAN SPECTRAL RADIUS
AND INTEGER i-MATCHING NUMBER IN GRAPHS

YANHONG ZHANG ', LEI ZHANG =~ AND HAIZHEN REN "~

ABSTRACT. Let G be a graph with order n. Aouchiche and Hansen first proposed the distance Lapla-
cian matrix of G, defined as L(G) = diag(Tr) — D(G), where D(G) is the distance matrix and
diag(Tr) = diag(Tr(v1),Tr(v2),...,Tr(vs)) is the diagonal matrix of the vertex transmissions of
G, and the largest eigenvalue of £(G) is called the distance Laplacian spectral radius of G, written
as pc(G). By using the equitable quotient matrix of £(G), Tutte Theorem and Tutte-Berge Formula
of integer k-matching, we establish the lower bound for the distance Laplacian spectral radius of G
among all n-vertex graphs with given integer k-matching number and characterized the correspond-
ing extremal graph. This generalizes the results of Wang et al. [Lower bounds of distance Laplacian
spectral radii of n-vertex graphs in terms of matching number, Linear Algebra Appl., 506 (2016) 579—
587.] and Liu et al. [Lower bounds of distance Laplacian spectral radii of n-vertex graphs in terms of

fractional matching number, J. Oper. Res. Soc. China., (2023) 1-8.].

1. Introduction

Graphs considered are connected, simple and undirected. Let G be a graph and we respectively
denote the vertex set and the edge set of G by V(G) and E(G). The distance between u,v € V(G),
denoted by d(u,v), is the length of a shortest path between w and v. The transmission Tr(u) of u €
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V(G) is defined as the sum of distances of u to all other vertices of V/(G), i.e., Tr(u) = Yyey(q)d(v, u).
Suppose that V(G) = {v1,ve,...,v,}. The distance matrix D(G) of G is an n x n real symmetric
matrix with the (4, j)-entry being d(v;, vj).

The study of distance eigenvalues can be traced back to 1971 by Graham and Pollack [7] and
they described a relationship between the number of negative distance eigenvalues and the addressing
problem in data communication system. Since then, the study of distance eigenvalues of a graph
has become a research subject of enormous interest. For more results on the distance matrix and its
spectral properties, we refer the reader to the excellent surveys ([3],[8]).

Aouchiche and Hansen [1] first proposed the distance Laplacian matrix of G, defined as £(G) =
diag(Tr) — D(G), where D(G) is the distance matrix and the diagonal matrix of the vertex transmis-
sions is diag(Tr) = diag(Tr(vy), Tr(va),...,Tr(v,)), and the largest eigenvalue of £(G) is called the
distance Laplacian spectral radius of G, written as pz(G). Since then, the research about the distance
Laplacian matrix of graphs have attracted much attention. Aouchiche et al. [2] described some ele-
mentary properties for distance Laplacian eigenvalues of graphs. Nath and Paul [13] considered the
graphs with complement graph a tree or a unicyclic of order n and characterized the graphs among
them having the second smallest distance Laplacian eigenvalue n+1. Silva et al. [17] characterized the
graphs such that the largest distance Laplacian eigenvalue has multiplicity equal to n — 2. Fernandes
et al. [6] characterized the graphs such that the second distance Laplacian eigenvalue has multiplicity
equal to n — 2, they also determined all graphs having multiplicity n — 3 for the largest distance
Laplacian eigenvalue. Pirzada and Khan [16] obtained the upper bounds for the sum of k largest and
the lower bounds for the sum of k smallest non-zero, distance Laplacian eigenvalues of graphs in terms
of vertex number, diameter and Wiener index of graphs, they also characterized the extremal cases of
these bounds.

A matching in G is a collection of vertex-disjoint edges of G. The matching number of G, written
a(G), is the size of a maximum matching in it. As a natural generalization of matching, integer
k-matching was first proposed by Lu and Wang [12]. The integer k-matching of a graph defined as

follows.

Definition 1.1. Let k be a positive integer. An integer k-matching of a graph G is a function
[ E(G) = {0,1,...,k} such that for any v € V(G), Ycep,w) [ (€) < k where Eg(v) = {e €

E(G) : e is incident with v in G}. The integer k-matching number of G is ap(G) = max{ > f(e):
e€cE(G)
f is an integer k-matching of G}.

An integer k-matching f is perfect if > . Eow) | (e) = k for any vertex v. Therefore, we easily

obtain the following observation.
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Observation 1.2. An integer k-matching f is perfect if and only if
Y fe)=kIV(G)/2
e€E(G)

In the spirit of the general problem of Brualdi and Solheid [5], one can ask how large or how small
can be the distance Laplacian spectral radius of graphs with some specific properties. Lin and Zhou
[9] determined some extremal graphs with minimum distance Laplacian spectral radius among several
classes of graphs: graphs with fixed number of pendent vertices, trees with fixed bipartition, graphs
with fixed edge connectivity at most half of the number of vertices, graphs with fixed connectivity. Niu
et al. [14] determined the extremal graphs with minimum distance Laplacian spectral radius among
n-vertex bipartite graphs with given matching number or given vertex connectivity, respectively. Tian
et al. [18] obtained the lower bound of their distance Laplacian spectral radius and characterized
the extremal graphs with minimum distance Laplacian spectral radius among n-vertex graphs with
given matching number. Pirzada et al. [15] characterized the extremal graphs with minimum distance
Laplacian spectral radius among all graphs with fixed chromatic number. Recently, Yan et al. [19]
gave the lower bound of the distance Laplacian spectral radius among all n-vertex graphs with given
fractional matching number and characterized the extremal graphs with minimum distance Laplacian
spectral radius. Along this line, we consider a relation between integer k-matching and the distance
Laplacian spectral radius in graphs.

This paper is organized as follows. First, some necessary notations and useful results are presented
in section 2. Then, in section 3, by using the Tutte’s Theorem and Tutte-Berge Formula of integer
k-matching and the property of distance Laplacian spectral radius in graphs, we establish the lower
bound for the distance Laplacian spectral radius among all n-vertex graphs with given integer k-

matching number and characterized the corresponding extremal graph.

2. Preliminaries and Lemmas

Let G be a graph and we respectively denote the vertex set and the edge set of G by V(G) and
E(G). The order of G is written as |V(G)|. We denote by K, a complete graph on n vertices and
Kqp a complete bipartite graph with bipartition (X,Y), |X| = a and |Y| = b. The complement of
G is denoted by G. Specially, K,, is a graph with n isolated vertices. For two subsets S,T C V(G),
let E(S,T) = {uww € E(G)|lu € S,v € T} and E(S) = {uv € E(G)|u,v € E(G)}. Denote by Ng(u)
the set of vertices of G' adjacent to u € V(G) and by d(u) the degree of u, i.e., d(u) = |[Ng(u)|. Two
distinct vertices u and v of G are called twin points if Ng(u) = Ng(v). Generally, a subset S of V(G)
is called a set of twin points if Ng(u) = Ng(v) for any u,v € S. For X C V(G), we denote by G — X
the subgraph of G obtained by deleting all the vertices of X and the edges incident to vertices of X.
We also denote by G — uv the subgraph of G obtained by deleting the edge uv. Let E(G) — E(X)
be the set of edges of E(G) obtained by deleting all edges of G[X], where G[X] denotes the induced
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subgraph of G on X. Let G; U G4 be the vertex-disjoint union of graphs G; and Ga, and G1 V G2 be
the graph obtained from G U G2 by joining each vertex of G to each one of G.

Next, we list some useful results on distance Laplacian matrix and integer k-matching of G, which
will be applied in this paper.

We first present a fundamental relation to compare the distance Laplacian spectral radius of a graph

and its spanning subgraph.

Lemma 2.1. [1] Let G — uv be the graph obtained from G by deleting an edge uv between u and v.
Then pr(G — wv) = pe(G).

In the same paper, Aouchiche et al. also obtained the distance Laplacian spectral radius for the

complete graph K, and the complete bipartite graph K, .
Lemma 2.2. [1] (1) pp(Ky) =n; (2)pe(Kap) = 2a + b, where a > b > 2.

Aouchiche et al. obtained the relationship between an eigenvalue of £(G) and the transmission of

twin vertices in G.

Lemma 2.3. 2] Let G be a graph of order n. Let vq,...,v, be a set of twin points in G such that
N(v;) = N(vj) for 1 <1i,j <p, then Tr(v;) = Tr(vj) for 1 <i,5 <p and Tr(v;) + 2 is an eigenvalue
of L(G) with multiplicity at least p — 1.

The following result is the famous Interlacing Theorem obtained by Brouwer and Haemers.

Lemma 2.4. [4] Let A be a real symmetric matriz of order n and M a principal submatriz of A with

order s(<n). Then
pi+n—s(A) < pz(M) < Pz(A),l <1 <s,

where p; denotes the i-th largest eigenvalue.
Yan et al. gave the distance Laplacian spectral radius of the special graph G;.

Lemma 2.5. [19] Let Gs = KsV (Kp, UKy, U---UK,, ) and n = s+n1 +ng +---+ny, where s and

every n; are positive integers. Then pp(Gs) = 2n — s.
Lu et al. obtained the Tutte’s Theorem for perfect integer k-matching of graphs.

Lemma 2.6. [12] Let k > 1 be odd. A graph G has a perfect integer k-matching if and only if
odd(G —S)+ k-i(G—S) <E|S| for all S CV(G),

where odd(G —S) denotes the number of odd components with order at least three of G—S and i(G—1S)

is the number of isolated vertices of G — S.
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Liu et al. obtained the Tutte-Berge Formula of integer k-matching number of graphs for even k.

Lemma 2.7. [10] Let k > 2 be even. A graph G has the integer k-matching number ax(G) =
EIV(G)| — max{i(G — S) — |S| : S € V(G)}), where i(G — S) is the number of isolated vertices of
G-S.

Recently, Liu et al. gave the Tutte-Berge Formula of integer k-matching number of graphs for odd
k.

Lemma 2.8. [11] Let k > 1 be odd. A graph G has the integer k-matching number oy (G) =
3 (k|V(G)| —max{odd (G — S) +k-i(G—5)—1|5]: S CV(G)}), where odd(G—S) denotes the num-
ber of odd components of G— S with order at least three and i(G — S) is the number of isolated vertices

of G—S.

3. The lower bound of the distance Laplacian spectral radius among all n-vertex graphs

with given integer k-matching number

Let Go* = {G | G is a graph on n vertices and ax(G) = ai}. According to the definition of the
integer k-matching number, we know the integer k-matching number «aj, of Go* satisfied 0 < o < %"

We also know «ay must be an integer by its definition. Now we give the main results of this paper.

Theorem 3.1. Let G € G*, where k is an odd positive integer.
(1)If n = %% then pp(G) > n. Equality holds if and only if G = K.
(1)If n > %% then pc(G) > 2n — Sk, Equality holds if and only if G = H V Kn_%, where H is a

spanning subgraph of Koy .
k

Proof. We first show the proof of (1). Let G € G&* be a graph with the integer k-matching number
ag. It is clear that ps(G) > pre(Ky) = n by Lemma 2.1. Besides, by the Observation 1.2, we have G
has a perfect integer k-matching with order n = %%

Let G € G3* and G # K,,. Next, we prove pg(G) > n. Let K,, — uv be the graph obtained from
K, by deleting the edge uv. It is easy to see that the vertices w,v are twin points in K,, — uv and
Tr(u) =Tr(v) =n. Then we get Tr(u) + 2(= n + 2) is an eigenvalue of K,, — uv by Lemma 2.3, and
thus we have

pe(Kp —uwv) >n+2>n.
If G € GO and G # K, then G is either isomorphic to K, —uv (when G and K,, — uv have the same

size), or isomorphic to a subgraph of K,, — uv obtained by deleting some edges of K,, — uv. Hence, we
know that ps(G) > pe(K, —uv) > n by Lemma 2.1, as required. Therefore, this proves that K, is
the unique graph in G* which attains the lower bound n.

In the following, we will give the proof of (11). Let G be a graph with the integer k-matching number

oy, and order n > %%
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By Lemma 2.8, there exists a vertex subset Sy C V(G) such that
kn —2ar = max{o(G—-S)+k-i(G—-S)—k|S|:SCV(G)}
= o(G = 50) + k- i(G — So) — k[Sol,
Let |So| = s, o(G — Sp) = ¢ and i(G — Sp) = d, then
(3.1) kn —2ap = c+ kd — ks.

Therefore, we have ¢ + kd > ks by n > 1%
Claim 1. 1 < s < 9.

Proof. Tt follows that kn — 20y, = ¢ + kd — ks > 1 from equality (3.1). Indeed, if s > 9%, it is clear
that kn = 2ay + (kn — 2ay) < ks + ¢ + kd, which contradicts kn > ks + kc + kd. O

Suppose Hi, Ha, ..., Hiye, Hivet1, - - -, Hy are all components of G — Sy. Let n; = |V(H;)| for any
1<i<tand Gy =KsV (Kp, UK, U---UK,,). Then G is a spanning subgraph of Gs. By Lemma
2.1, pe(G) = pe(Gs).

If 1 <s < 95, by Lemma 2.5, whether % is an integer or not satisfies that ps(G) > pc(Gs) =
2n — s > 2n — 9k, That is, p(G) > 2n — 92 if 1 < s < G%. Therefore, we only consider s = & in the
following.

Claim 2. ¢ =0.

Proof. According to equation (3.1), we have k(n—s—d) = cif s = 3. Next, we will prove that ¢ = 0.
Indeed, if ¢ > 1, then we have ¢ = ak, where a is a positive integer. Then it is clear that n = s+ d+a,

which contradicts n > s+ d + c. O

In this case, we have G = K,V K,,_, according to equation (3.1) and Claim 2. If G = G, it follows
that ps(G) = 2n — s by Lemma 2.5. If G # G, let uv € E(Gs) — E(G) and G’ = G5 — uv. Then G is
a spanning subgraph of G’. By Lemma 2.1, then ps(G) > pe(Gs) = 2n — s.

Next, we will characterize the corresponding extremal graph with equality holds.

Let I'y = E(K;) and 'y = E(V(K,),V(K,—_s)). We distinguish the following two cases.

Case 1: wv €1I.

It is clear that n — s > s according to n > %% = 2s, then we get pg(Kp—s,s) = 2n — s by Lemma
2.2(2). By Lemma 2.1 and Lemma 2.5, we have that

2n — s = pe(Kn-ss) > p(G) > pe(G') > pr(Gs) = 2n — s.

Therefore, it follows that p.(G) = 2n — s.
For the following subcase, by Lemma 2.1, we discuss the lower bound of the distance Laplacian
spectral radius of the graphs with as many edges as possible. Hence, we assume that 'y C E(G) in

the following.
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Case 2: uv € I'y, where u € V(K,) and v € V(K,_g).
Let Jxn be a m X n matrix such that its every entry is equal to 1 and I, a unit matrix with order

n. If m = n, then we denote J,,xn by J,. Thus, we have

2n—s—1 —2J1><(n_3_1) -2 _JIX(S—I)

LG = “2Jm-s—yx1 (2n—8—=2)Ins 1 —2Jn_s-1)x1 —J(n—s—1)x(s-1)
-2 _Jlx(nfsfl) n _Jlx(sfl)
—J(s—1)x1 —J(s—1)x (n—s—1) —J(s—1)x1 (n— 1)1

take a principal submatrix M from £(G")

M= Tre(v) -2 _[(2n—s—1 -2
-2 Tre(v) -2 m—s—2)

where v/ € V(K,,—s) — {v}. By Lemma 2.1 and calculation, it follows that

17-3
+W2

pc(G) > pr(G) > p(M) =2n—s > 2n — s.

Therefore, the statement in (ii) holds. O

Theorem 3.2. Let G € Go*, where k is even.
(1) When a(G) = ka, where a = 3(|V(G)| — max{i(G — S) — |9|}),

(i) if n = 2a then pp(G) > n. Equality holds if and only if G = Ky;

(ii) if n > 2a + 1 then pe(G) > 2n — a. Equality holds if and only if G = HV K,,_,, where H is a
spanning subgraph of K,.
(1) When ai,(G) = k(a+ 3), where a+ 5 = 3(|V(G)| — max{i(G — S) — |S]}),

(i) if n = 2a + 1 then ps(G) > n. Equality holds if and only if G = Ky;

(ii) if n > 2a+2 then p(G) > 2n—a+1. Equality holds if and only if G = HV (K3UK,_4_2),where
H is a spanning subgraph of K,_1.

Proof. We can assume that S is a vertex subset of G such that i(G — Sp) —|So| = max{i(G—S5)—|S| :
S CV(G)}. Let s =[Sy and d = i(G — Sp).

(1) (i) In this case, we have G has a perfect integer k-matching by the Observation 1.2. By Lemma
2.2(1), pe(Ky) =n. Let G € G and G # K,. Then there exists an edge uv € E(K,) — E(G). Let
G’ = K,, — uv. Then G is a subgraph of G'. Thus, Trg (u) = Trq (v) = n. According to Lemma 2.3,
n + 2 is an eigenvalue of pg(G’). By Lemma 2.1, ps(G) > pe(G') > n.

(1) (ii) Let n > 2a + 1.

Claim 1. 1 < s <a.

Proof. By Lemma 2.7, we have that kn — 2ka = kd — ks, i.e.,

(3.2) n—2a=d-—s.
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Since n > 2a + 1 and G is connected, d > s > 1. If s > a, then n = 2a + (n — 2a) < s + d, which
contradicts n > s +d. O

Let Hy,Ho,...,Hq,Hji1,...,H; be all components of G — Sy, n; = |V (H;)| for any 1 < i < d
and Gy = Ks V (K, UKy, U---UK,,). Then G is a spanning subgraph of G5. By Lemma 2.1,
pc(G) = pr(Gs).

If 1 <s <a-1, by Lemma 2.5, then pg(G) > pe(Gs) = 2n—s > 2n —a = pp(G,). That
is, po(G) > 2n—a if 1 < s < a— 1. Therefore, we only consider s = a in the following. Then
G, = K,V K,_4 according to equation (3.2).

Let w € E(G,) — E(G) and G' = G, — uv. Then G is a spanning subgraph of G’. Thus,
pre(G) > pe(G'). Let Ty = E(K,) and T's = E(G,) — I'1. We distinguish the following two cases.

Case 1: uv € 'y, where u € V(K,) and v € V(K,_,).

Take a principal submatrix M from £(G")

M= Tre(v) -2 _[(2n—a—1 -2
—2  Tre@) -2 m—a—2)

where v/ € V(K,,—q) — {v}. By Lemma 2.1 and calculation, it follows that

V1T-3
2

pc(G) = p(G') = p(M) =2n —a + >2n - a.

Hence, we can assume that I'y C E(G) in the following. Therefore, we can obtain that K, is a
spanning subgraph of G.

Case 2: uv € 'y, where u € V(K,) and v € V(K,_,).

Then a > 2. By Lemma 2.2(2) and Lemma 2.1, we get that

2 —a = pr(Kn-aa) > pe(G) > pe(@) = pr(KaV Knsy) =20 — .

Hence, p(G) > pr(Gq) = 2n — a. Therefore, the statement in (i)(b) holds.

(11) (i) In this case, we have G has a perfect integer k-matching by the Observation 1.2. By the
same reasoning as in (i)(a), the statement in (ii)(a) holds.

(1) (ii) Let n > 2a + 2.
Claim 2. 1<s<a-1.

Proof. By Lemma 2.7, we have that kn — 2k(a + %) = kd — ks, i.e.,
(3.3) n—2a—1=d-s.

Since n > 2a + 2 and G is connected, d > s > 1. In fact, if s > a + 1, then n — a < d due to (3.3).
Thus, n = a + (n —a) < s — 1 + d, which contradicts with that n > s+ d. And if s = a, we get that
d =n — a — 1 according to equation (3.3). It follows that d = i(G —Sp) =n+a—14+1=n—a, a
contradiction. O

https://dx.doi.org/10.22108/toc.2025.143292.2221
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Let Hy,Ho,...,Hq,Hyy1, ..., H; be all components of G — Sy, n; = |V (H;)| for any 1 <i < d and
Gs=K;V (K, UKy, U---UK,,). Then G is a spanning subgraph of Gs. By Lemma 2.1, we have
that pz(G) = p(Gs).

If 1 < s <a—2, by Lemma 2.5, then we get that ps(G) > pr(Gs) =2n—s > 2n—a+1 = pg(Ga—1)-
That is, p£(G) > 2n —a+ 1 if 1 < s < a — 2. Therefore, we only consider s = a — 1 in the following,.

We have Gy 1 = K, 1V (Kn_q_2 U K3) according to equation (3.3). Let uv € E(Gy_1) — E(G)
and G = G4—1 — uv. Then G is a spanning subgraph of G'. Thus, we have that p.(G) > ps(G).

Let Ty = E(K3), Ts = E(V(Ko_1),V(Kp-a_2)), U3 = E(V(Kq_1),V(K3)) and Ty = B(K,_1). We
distinguish the following four cases.

Case 1: wv e€1I7.

Let V(K3) = {u,v,w} and S} = Sop U {w} = V(K4—1) U {w}. Then it follows that |S;1| = a and
i(G" = S1) = n — a. According to Lemma 2.7, we have that

ar(G) = g(n —max{i(G — 5) — |S]| < g(n — max{i(G' — S1) — |S1]|) = ka.
Then ay(G) < ax(G’) < ka, which contradicts with that oy, (G) = k(a+ 1). Therefore, we can assume
that T'; C E(G) in the following.

Case 2: uv € I'y, where u € V(K,—1) and v € V(K,_q—2).

Take a principal submatrix M from p.(G")

M= Tre (v) —2 _[(2n—a —2
-2 Tre((V) -2 2n—a-1)’

where v' € V(K,,_q—2) — {v}. By Lemma 2.4 and calculation, it follows that

17 —
pL(G)Zpg(G’)Zp(M):Qn—a—i-l—l—\/>23>2n—a+1.

Hence, we can assume that I'y; C E(G) in the following.

Case 3: uv € I's, where u € V(K,_1) and v € V(K3).

Let A = (aij)(a=1)x(a=1)s B = (bij)(a—1)x3» C = (cij)3x3 be a matrix, respectively, such that
ag—1,a-1 = 1,bq-11 = 1, c11 = 1, otherwise a;; = 0, b;; = 0 and ¢;; = 0. By direct calculation, we note
that Trg, ,(x) =n—1forany x € V(Kq-1) \ {u}, Trg, ,(x) =2n—a—3 for any =z € V(K3) \ {v},
Trg, ,(x) =2n—a—1 for any z € V(K,_4—2), Trg,_,(u) = n and Trg,_,(v) = 2n — a — 2. Thus,

we have

det(L(G') —tI,)

(271 —a+1- t)In—a—Q —2Jp a2 _J(nfa72)><(a71) _2J(n7a72)><3
= ~J(a—1)x(n—a—2) (n—t)ly1—Ja1 +A —Jia—1)xs — B
—2J3><(n_a_2) _J3><(a—1) - BT 2n—a—-2-t)Is—Js+C
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Firstly, for each 2 < i < n, add the i-th column to the first column. Secondly, multiply the first column by f%.

Thirdly, add the first column to other columns. Finally, expand along the first column. Then we have

(n—1tI,—1+A Ja—1)x3 — B

det(L(G") —tI,) = (-)(2n —a+ 1 — )" %3 )
&) )= =01 ) -BT 2n—a—2—t)I3+J3+C

By carrying out the same elementary column transformations continuously as above, we get

det(L(G') —tI,)

n+1-—t 0 1 1
-1 2n—a—t 1 1
=(-t)2n—a+1—-t)""*3(n—-t)*?
1 2n—a—1-—t 1
0 1 1 2n—a—1-—1t

=(-)2n—a+1—-t)"""3n-1)"22n—a—-2—-t)[(n+1—-t)2n—a—t)> +2(—n — 2 +1t)].

Let f(t) = (n+1—1)(2n —a —t)?> +2(—n — 2 +t). Note that f(t) is a cubic function, f(—oc) > 0,
f(+0) <0, f(n+1) =—2 < 0and f(2n—a+1) = n—a—2 > 0. So we have that three roots of f(t) lie
in (—oo,n+1), (n+1,2n—a+1) and (2n—a+1, +00), respectively. Hence, pz(G) > pe(G') > 2n—a+1.
Next, we can assume that I's C E(G) in the following. Therefore, K,_1V (K3UK,,_,_2) is a spanning
subgraph of G.

Case 4: uv € I'y.
In this case, let G* = K, 1V (K3 UK,,_, 2). It is easy to check that Trg:(z) = n + a — 3 for

any x € V(K4—1), Tre«(z) = 2n —a — 3 for any = € V(K3) and Trg«(z) = 2n — a — 1 for any

x € V(Kp—q—2). Hence, we have

det(L(G*) — t1,,)

(n+a—-1—t)Ia_1 —2J41 ~J(a=1)x3 —2J(a-1)x(n—a-2)
= —J3%(a—1) 2n—a—2—t)I3—J3 —2J3x (n—a—2)
_J(n—a—2)><(a—1) _2J(n—a—2)><3 (2n —a+1- t)Infa72 —2Jp_a—2
(277,70,72 7t)13 7<]3><(n—a—2)

=(-t)(n+a—1—1t)""2
_J(n7a72)><3 (27’l —a+1- t)ln—a—Q — Jn—a—2
=(-t)n+a—1-t)""2(n—t)2n—a—-2—-t)*2n—a+1—t)" "%
Then pg(G*) = 2n — a+ 1. By Lemma 2.1, we have
2n—a+1=ps(G*) > pe(G) > pe(Ke—1V (KsUKp—q—2)) =2n—a+ 1.
Hence, we get ps(G) = 2n — a + 1. Therefore, the statement in (11)(ii) holds. O

https://dx.doi.org/10.22108/toc.2025.143292.2221


https://dx.doi.org/10.22108/toc.2025.143292.2221

Trans. Comb. 15 no. 2 (2025) 125-136 Y. Zhang, L. Zhang and H. Ren 135

Acknowledgments

The authors would like to thank the anonymous referees for their constructive corrections and valuable
comments on this paper, which have considerably improved the presentation of this paper. This work
was supported by the Chunhui Program Cooperative Research Project of Ministry of Education (Grant
Nos. HZKY20220448) and the National Natural Science Foundation of China (Grant Nos. 12161073).

REFERENCES

[1] M. Aouchiche and P. Hansen, Two Laplacians for the distance matrix of a graph, Linear Algebra Appl.,
439 no. 1 (2013) 21-33.
[2] M. Aouchiche and P. Hansen, Some properties of the distance Laplacian eigenvalues of a graph, Czechoslovak
Math. J., 64 no. 3 (2014) 751-761.
[3] M. Aouchiche and P. Hansen, Distance spectra of graphs: A survey, Linear Algebra Appl., 458 (2014)
301-386.
[4] A. E. Brouwer and W. H. Haemers, Spectra of graphs, Universitext. Springer, New York, 2012.
[5] R. A. Brualdi and E. S. Solheid, On the spectral radius of complementary acyclic matrices of zeros and
ones, SIAM J. Algebraic Discrete Methods, T (1986) 265-272.
[6] R. Fernandes, M. Freitas, J. Silva and R. Del-Vecchio, Multiplicities of distance Laplacian eigenvalues and
forbidden subgraphs, Linear Algebra Appl., 541 (2018) 81-93.
[7] R. L. Graham, H. O. Pollack, On the addressing problem for loop switching, Bell System Tech. J., 50
(1971) 2495-2519.
[8] H. Lin, J. Shu, J. Xue and Y. Zhang, A survey on distance spectra of graphs, Adv. Math. (China), 50 no.
1 (2021) 29-76.
[9] H. Lin, B. Zhou, On the distance Laplacian spectral radius of graphs, Linear Algebra Appl., 475 (2015)
265-275.
[10] Y. Liu and X. Liu, Integer k-matchings of graphs, Discrete Appl. Math., 235 (2018) 118-128.
[11] Y. Liu, X. Su and D. Xiong, Integer k-matchings of graphs: k-Berge-Tutte formula, k-factor-critical graphs
and k-barriers, Discrete Appl. Math., 297 (2021) 120-128.
[12] H. Lu and W. Wang, On Perfect k-Matchings, Graphs Combin., 30 no. 1 (2014) 229-235.
[13] M. Nath and S. Paul, On the distance Laplacian spectra of graphs, Linear Algebra Appl., 460 (2014)
97-110.
[14] A. Niu, D. Fan and G. Wang, On the distance Laplacian spectral radius of bipartite graphs, Discrete Appl.
Math., 186 (2015) 207-213.
[15] S. Pirzada and S. Khan, On distance Laplacian spectral radius and chromatic number of graphs, Linear
Algebra Appl., 625 (2021) 44-54.
[16] S. Pirzada and S. Khan, On the sum of distance Laplacian eigenvalues of graphs, Tamkang J. Math., 54
no. 1 (2023) 83-91.

https://dx.doi.org/10.22108/toc.2025.143292.2221


https://dx.doi.org/10.22108/toc.2025.143292.2221

136 Trans. Comb. 15 no. 2 (2025) 125-136 Y. Zhang, L. Zhang and H. Ren

[17] J. Silva, M. Freitas, R. Del-Vecchio, A note on a conjecture for the distance Laplacian matrix, Electron. J.
Linear Algebra., 31 (2016) 60-68.

[18] F. Tian, D. Wong and X. Ma, Lower bounds of distance Laplacian spectral radii of n-vertex graphs in
terms of matching number, Linear Algebra Appl., 506 (2016) 579-587.

[19] J. Yan, Y. Liu and X.-L. Su, Lower bounds of distance Laplacian spectral radii of n-vertex graphs in terms
of fractional matching number, J. Oper. Res. Soc. China, 11 no. 1 (2023) 189-196.

Yanhong Zhang
Department of Mathematics and Statistics, Qinghai Normal University, 810008, Xining, China
Email: yhzhangl693@163.com

Lei Zhang

Department of Mathematics and Statistics, Qinghai Normal University, 810008, Xining, China
The State Key Laboratory of Tibetan Information Processing and Application, Xining, China
and

Academy of Plateau, Science and Sustainability, 810008, Xining, China

Email: shuxuezhanglei@163.com

Haizhen Ren

Department of Mathematics and Statistics, Qinghai Normal University, 810008, Xining, China
and

The State Key Laboratory of Tibetan Information Processing and Application, Xining, China
Academy of Plateau, Science and Sustainability, 810008, Xining, China

Email: haizhenr@126.com

https://dx.doi.org/10.22108/toc.2025.143292.2221


https://dx.doi.org/10.22108/toc.2025.143292.2221

	1. Introduction
	2. Preliminaries and Lemmas
	3. The lower bound of the distance Laplacian spectral radius among all n-vertex graphs with given integer k-matching number
	References

