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ABSTRACT. Graph labeling is a process of assigning numerical values, typically integers, to the elements
of a graph. This study focuses on a specific type of labeling called graceful labeling. In graceful labeling,
each vertex of the graph is assigned a unique number such that the absolute differences between these
numbers assigned to the end vertices of each edge result in unique values. This article introduces a
new graph structure called the Vee graph, which is formed by attaching two grid graphs at one of their
corresponding end edges. We demonstrate that the Vee graph can be labeled gracefully, meaning that it
satisfies the criteria of graceful labeling. Additionally, the paper provides examples to illustrate graceful

labeling for different variations of Vee graphs.

1. Introduction

Graph theory is a field of mathematics that explores the properties and attributes of graphs and was
first introduced by a Swiss mathematician, Leonhard Euler, in 1736, when he also tried to solve the
Konigsberg bridge problem. Euler attempted to discover a way to traverse all of the Konigsberg bridges
only once, beginning and ending at the same vertex. A graph G is a structured combination of two
components: a finite and non-empty set of vertices, denoted by V (G), and a set of edges, represented
by E (G) [21]. In other words, G can be written in the form G = (V (G), E (G)). For any two vertices v
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and w in G, any edge connecting them can be denoted as vw € E(G). Furthermore, |V (G)| represents
the number of vertices on G, and |E(G)| represents the number of edges on G.

Graph theory has evolved into a dynamic field of mathematics, steadily advancing and producing
numerous discoveries over time. A notable area of rapid development within this field is graph labeling,
which involves assigning integers to the elements of a graph, whether vertices, edges, or both, according
to specific conditions. This process has attracted substantial interest due to its practical applications
across various fields, including communication networks, design theory, cryptography, parallel computing,
neural networks, combinatorics, X-ray crystallography, radar, coding theory, astronomy, circuit design,
and network addressing, as noted by Gayathri and Amuthavalli [4]. More applications of the graph on
decision making can be found in [10] as well as in [15], and the application in psychological sciences can
be seen in [11].

Graceful labeling is a notable graph labeling concept, attributed to Rosa [17] in 1967. Following this
breakthrough, numerous researchers have exhibited significant interest in investigating various constructs
and variations of graceful labeling. However, it is important to note that not all graphs possess graceful
labeling. As demonstrated in Zhou's research [24], the majority of graphs lack graceful labeling. A graph
G is called a graceful graph if it possesses a graceful label.

Numerous relevant studies on graceful labeling have explored various graph types, including path
graphs [7], star graphs [19] [23], ladder graphs [20], pendant graphs [6] [1], W graphs [5], torch graphs
[12], wheel graphs [14], and Swastik graphs [8]. In a study by Gallian [3], there is evidence of another
group of graphs recognized for their graceful labeling. Motivated by these studies, we introduce a novel
graph construction called the Vee graph in this article. The Vee graph, V,,, is formed by attaching two
grid graphs (P2 x P,) and (P2 X P,4+1) at one of their corresponding end edges, where P,, denotes the
path graph of order n. Specifically, the attachment is performed such that the last column of the first
grid graph is merged with the first column of the second grid graph, preserving adjacency. This study
demonstrates that the Vee graph satisfies the graceful labeling properties, thus classified as a graceful
graph. Moreover, the paper provides multiple instances of graceful labels for several classes of Vee graphs.

The novelty of this paper lies in the introduction of the Vee graph, a previously unexplored graph
structure formed by attaching two grid graphs at one of their corresponding end edges, and demonstrating
that it can be gracefully labeled. While graceful labeling has been studied in various simple and well-
known graph structures, the application of graceful labeling to more complex remains a largely unsolved
problem. This research bridges that gap by expanding the class of graphs for which graceful labeling is
feasible, offering both a new graph structure and proof that it can meet the criteria for graceful labeling.
Recently, more advanced constructions have also been explored. For instance, Sehgal et al. investigated
the graceful labeling of the power graph of the group Zg_l X Z4 [18], and Renu et al. studied the graceful
labeling of the prime index graph of the group Z, x Zyn [16]. These works further expand the application
of graceful labeling into algebraic graph theory, motivating the search for new graph classes like the Vee

graph. Additionally, the paper provides practical examples for different variations of the Vee graph,
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making it a significant advancement in the study of graceful labeling theory. This work opens the door
for further exploration of graceful labeling in other or more intricate graph forms.

The structure of the remaining chapter is as follows: after this introduction, we present the related
definitions in Section 2, followed by the main results, discussion, and examples in Section 3. Conclusively,

we outline some concluding remarks in Section 4.

2. Preliminaries

Before engaging in the discussion, it is crucial to comprehend the following definitions—graph labeling,
graceful labeling, and Cartesian product—which have been adopted from the works of Eshghi [2] and
Pasaribu et al. [13].

Definition 2.1. [2] A labeling of a graph G = (V(G), E(G)) is a one-to-one mapping v from the set of

vertices V(G) to the set of some non-negative integers.

Definition 2.2. [13] A function ¢ is called a graceful label of a graph G = (V(QG), E(G)) if ¢ : V(G) —
{0,1,...,|E(G)|} is an injective function such that * : E(G) — {1,2,...,|E(G)|} defined as *(uv) =
|(u) — P (v)| for each edge uv € E(G), is a bijective function.

A graph G is referred to as graceful if it admits a graceful labeling. Hereafter, we present a description
of the Cartesian multiplication of two graphs, based on Kaneria et al. [9]. This concept serves as
the foundation for the grid graph’s definition, which will be used to define the Vee graph in the next

discussions.

Definition 2.3. [9] The cartesian product of two graphs G and H, denoted by G x H, is a graph with
a set of vertex V(G) x V(H) = {(u,v)|u € V(G) and v € V(H)} and vertex (u,v) adjacent with vertex
(u',0") if and only if u =" and edges uu' € E(G) or v =1" and vv’ € E(G).

3. Main Results

This section is devoted to the introduction and construction of Vee graph as our main results in this
research. We also present the graceful labeling of Vee graph.

Let P, and P,, be path graphs of order n and m, respectively. The grid graph with mn vertices,
represented as (P, x P,,), is formed by taking the Cartesian product of two path graphs P, and P,,.
Now, we proceed to introduce the Vee graph, V,,, with the following definition.

Definition 3.1. A graph G which is obtained from two Grid graphs (Py x P,) and (Py X P,y1) which
are attached at the edge, define syty, is called a Vee graph, which is denoted by V,,. Vee graph V, has
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4(n + 1) vertices and 2(3n + 2) edges. The set of vertices and edges, respectively are
V(V) = {sili=0,1,2,.... 20} U{t;|j =0,1,2,...,2n+2};
E(V,) = {sitjli=5=0,1,2,...,n}U
{sitjli=n,n+1,....2n; j=n+2,n+3,...,2n+2} U
{sisicali=0,1,2, ... 2n— 1} U {t;t;p1]j = 0,1,2,...,2n + 1}.

Furthermore, presented below are examples of Vee graph V,, when n is an odd number, as demonstrated

in Example 3.2, and for even values of n, as shown in Example 3.3.

Example 3.2. Provided here are examples of Vee graph V,, for cases where n is an odd integer, specifically
taking on values of 1 and 3. Figure 1 illustrated an example of Vee graph V,, for n = 1 which contains

from two Grid graphs (Py x Py) and (P2 X Py) and attached in an edge siti. This graph has 8 vertices
and 10 edges.

82 S0

by to

lg

FIGURE 1. Vee Graph, V;

Figure 2 illustrated an example of Vee graph V,, for n = 3 obtained from two grid graphs (P2 x P3)
and (Py x Py) which are attached at an edge ssts. It can be seen that V3 has 16 vertices and 22 edges.

Se S0

FIGURE 2. Vee Graph, V3

Example 3.3. Presented below are illustrations of Vee graph V,, where n is an even, specifically n being
2 and 4. Figure 3 depicted an example of Vee graph V,, for n = 2. It is constructed from two Grid graphs
(P2 x P2) and (P2 X P3) attached in an edge soto with 12 vertices and 16 edges.
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FIGURE 3. Vee Graph, V;

Now for n = 4, the construction of Vy is obtained from two Grid graphs (P x Py) and (Py X Ps) as

seen in Figure 4 which there are 20 vertices and 28 edges.

FIGURE 4. Vee Graph, V}

Now we are moving to the graceful labeling of Vee graph based on Definitions 2.2 and 3.1. The

following theorem and its corresponding proof showcase the graceful characteristic of the Vee graph, V,.

Theorem 3.4. For any natural number n > 1, the Vee graph V, is a graceful graph.

Proof. Consider a Vee graph V;,, constructed by connecting both ends of two grid graphs (P x P,)
and (P2 X Py41). In the graph V;,, there are 2 types of vertices, s; and tj, where i = 0,1,...,2n and
j=0,1,...,2n + 2. Suppose sg, ty are the initial vertices of the adjacent graph V,,, and so,, ton+o are
the end vertices of the adjacent graph V,,. We can determine the number of vertices in the graph V,, as
|V (Vn)| =4 (n+ 1), and the number of edges in the graph V,, is |E (V},)| = 2 (3n + 2). Figure 5 displays
a visual representation of the graph V.
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FIGURE 5. Vee Graph, V,,.

The labeling of the vertices on the graph V,, is defined as the mapping ¢ : V (V,,) — {0,1,...,q},
where ¢ = |E (V,,)].

0, i =0;
q—2, i=1;

(3.1) b(s:) = P(si—2) —4, i=mn+1, n even;
Y(si—2) +4, i=n+1, nodd;
¥(si—2) +3, i others, i even;

\1/1(31‘—2) — 3, 1 others, 7 odd.
.

q, 7 =0;

L, i=1

Y(tj—1) — 2, j=n+1, neven;
Y(tj—1)+2, j=n+1, nodd;

(3.2) W(t;) = Y(tj—1)+1, j=n+2, neven;
Y(tj-1) —1, j=n+2, nodd;
Y(tj—4) +3, j=n+3, neven;
Y(tj—a) —3, j=n+3, nodd;
Y(tj—2) —3, j others, j even;
Y(tj—2) +3, j others, j odd.

Based on the vertex labeling formula (3.1) and (3.2) of the graph V;,, it is obvious that each vertex has
a unique label and is a subset of the set {0,1,...,q}. Thus, the function ¢ : V (V,,) — {0,1,...,q} is
injective. Following that, we consider the induction mapping of ¢, denoted by ¢* : E(V,,) — {1,2,...,q},

https://dx.doi.org/10.22108/toc.2025.143231.2220
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serving as the edge labeling for the graph V,, where ¢* (uv) = |9 (u) — 1 (v)| for each edge wv € E (V).

Now, we consider the odd and even n cases.

Case 1. Edge labeling formula for n = 1:

(3.3)

(3.4)

(3.5)

Y*(sitg) = [ (si) — ¢ ()| =

Y (sisir1) = ¥ (i)

P (titj1) = ¥ (t) — ¥ (tj1)| =

Case 2. Edge labeling formula for n > 2, n even:

(3.7)

V(sisit1) = ¥ (si) — ¥ (si1)] =

lql, i=7=0

lg — 3] i=j=1;

lg —P(tj—1) — 1], i=mn, j=n+2;
[Y(si—2) —Y(tj—a) + 7|, i=n+1, j=n+3.

=¥ (sit1)| =

|q - 1|7 j - 07
2], J=1
[W(tj—1) — () +3],  j=n+1

[Y(tj—1) —(tj—3) +2|, j=n+2.

)

lal, i=j=0

g — 3| i=j=1

[h(si—2) —p(tj—1) +2], i=n, j=n+2

[(si2) =U(tj—a) = 7|, i=n+1, j=n+3;

| (si—2) —(tj—2) + 6|, 1,j others, i,j even;

| (si—2) —(tj—2) — 6], 1,j others, 7,7 odd.
lg — 2|, i =0;
lg — 51, i=1
[(si—2) —¥(si—1) + 7|, i=n,n+1, ieven;
[(si—2) —¥(si—1) = 7|, i=mn,n+1, i odd;
|t(si—2) — ¥ (si—1) + 6|, i others, i even;
[t(si—2) — ¥ (si—1) — 6|, i others, i odd.
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J=mn;
j=n+1
Jj=n+2
j=n+3;

j others, j even;

j others, j odd.

t1=n+1, j=n+3;
1,7 others, i, j even;

1, J others, 4, j odd.

(3.10)

(3.11)

Y (sisir1) = [P (8i) — ¥ (si41)| =

V(titj) = [¥ () — ¥ ()| =

t=mn,n+1, ¢ even;
t=n,n+1, i odd;
1 others, 7 even;

i others, ¢ odd.

j=n+1;
, J=n+2;
j=n+3;
j others, j even;

, j others, j odd.

https://dx.doi.org/10.22108/toc.2025.143231.2220
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Applying the edge labeling formulas (3.3)-(3.11) to the V,, graph reveals that every edge is assigned
a unique label and spans all the elements in the set {1,2,...,¢}. This implies the surjectivity property
of these edge labels. So, we can conclude that the mapping induction of 1, denoted as ¢* : E(V,) —
{1,2,...,q}, is bijective. Since the vertex labeling function, v, is injective and it induces a bijective
labeling function ¥*, based on the Definition 2.2, the labeling pattern on the graph V,, is a graceful
labeling. Thus, the graph V,, is a graceful graph. U

Next, we demonstrate several instances of graceful labeling for the Vee graph, V,,, illustrating cases
where n is an odd integer, as presented in Example 3.5, and for even n values, as depicted in Example
3.6.

Example 3.5. Graceful labeling for cases where n is an odd integer, specifically taking on values of 1
and 3 are presented in this example. Figure 6 illustrated an example of Graceful labeling for the Vee
graph V,, where n = 1. In this case, we have ¢ = 10 and according to the proofing part of Theorem 3.4

forn =1, we have the following graceful labeling in Figure 6.

FIGURE 6. Graceful Labeling on Graph V}

Meanwhile, Figure 7 illustrates an example of Graceful labeling for the Vee graph V,, where n = 3. In
this case, we have q = 22, therefore, by the proofing part of Theorem 3.4, the labeling of V3 is as follows:

10 0

FIGURE 7. Graceful Labeling on Graph V3
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Example 3.6. This example shows the graceful labeling where n is an even value, specifically n being 2
and 4. Figure 8 describes an example of Graceful labeling for the Vee graph V,, where n =2 and q = 16.
Thus, we have the following labeling.

FIGURE 8. Graceful Labeling on Graph V5

Next, we have an example for n = 4. Figure 9 presented the graceful labeling for V4 and we consider

q = 28. Following Theorem 3.4, we obtain the following labeling.

FICURE 9. Graceful Labeling on Graph V}

This study introduces the Vee graph, formed by attaching two grid graphs at one of their corresponding
end edges, and demonstrates that it can be gracefully labeled. The research not only proves that this
labeling is possible for the Vee graph but also provides examples for different variations of the graph.
Building on previous studies that explored graceful labeling in simpler structures like path graphs [7]
this research expands the scope to more complex. Demonstrating that a combination of simpler grid
graphs can still be labeled gracefully in a more intricate form, pushes the boundaries of graceful labeling
theory. The results contribute practical examples and extend previous findings, showing that graceful

labeling can apply even to more complex graph structures.

4. Concluding remarks

In this paper, a novel graph construction termed the Vee graph is introduced. Future research could

explore the potential extensions of the Vee graph construction by examining its properties under different

https://dx.doi.org/10.22108/toc.2025.143231.2220
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graph operations and transformations. Additionally, investigating the applicability of the Vee graph in
practical problems, such as network design and optimization, could provide valuable insights. Further
studies might also focus on developing efficient algorithms for computing the labeling functions for larger
instances of Vee graph and exploring the existence of other graceful graph constructions related to the
Vee graph.

Additionally, recent progress in algebraic graph theory by Yadav et al. [22] has resolved a well-known
open problem (Problem 8.1 from Selected Topics in Graph Theory, Volume 3) concerning the chromatic
polynomial of grid graphs, specifically the Cartesian product of path graphs. This progress highlights
the importance of structured graphs like grid graphs in enumerative and coloring problems. Given the
structural similarity between grid graphs and the Vee graph proposed in this paper, future research
could investigate whether similar matrix-based approaches can be extended to determine the chromatic

polynomial of Vee graphs or their variants.
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