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ANTIMAGIC LABELINGS ON GRAPHS WITH ASCENDING SUBGRAPH
DECOMPOSITION

SIGIT PANCAHAYANT ", RINOVIA SIMANJUNTAK * AND SALADIN UTTUNGGADEWA

ABSTRACT. Let ¢ and ¢ be positive integers that satisfy (‘}') < ¢ < (*1?) and G be a simple and
finite graph of size ¢. G is said to be an ascending subgraph decomposition (ASD) graph if G can be
decomposed into ¢t subgraphs Hi, Ha, ..., H; without isolated vertices such that H; is isomorphic to a
proper subgraph of H;41, for 1 <¢ <t —1.

In this paper, we introduce a new type of antimagic labeling based on the notion of ASD. Let G be
an ASD graph and f : V(G)UE(G) — {1,2,...,|V(G)|+|E(G)|} a bijection. The weight of a subgraph
Hi (1 <i<t)isw(Hi) =3, cvmy f(V) + X eenar,) fle). If the weights of all Hys (1 < <t) form
an arithmetic progression with the smallest weight a and common difference d, then f is called an
(a,d)-ASD antimagic labeling and G is an (a, d)-ASD antimagic graph.

We provide an upper bound for d in an (a,d)-ASD antimagic graph. We define and utilize the
(t,d)-ascending antibalanced multisets to label some product graphs, including disjoint union, vertex

amalgamation, edge amalgamation, subgraph amalgamation, and extended chain of graphs.

1. Introduction

Let G be a simple and finite graph and H = {H; | i = 1,2,3,...,t} be a collection of ¢ subgraphs of

G such that each H; is isomorphic to the same graph H. If each edge of G is contained in at least one

MSC(2010): Primary: 05C.

Keywords: ascending subgraph decomposition (ASD), antimagic labeling, (a,d)-ASD antimagic labeling.

Article Type: Research Paper.

Communicated by Ebrahim Ghorbani.

*Corresponding author.

Received: 31 October 2024, Accepted: 01 September 2025, Published Online: 11 January 2026.

Cite this article: S. Pancahayani, R. Simanjuntak and S. Uttunggadewa, Antimagic labelings on graphs with ascending subgraph
decomposition, Trans. Comb., 15 no. 4 (2026) 317-333. https://dx.doi.org/10.22108/toc.2025.143242.2219 .

317


https://toc.ui.ac.ir
https://www.ui.ac.ir
https://orcid.org/0009-0009-4276-1207
https://orcid.org/0000-0002-3224-2376
https://orcid.org/0009-0007-0491-0908
https://dx.doi.org/10.22108/toc.2025.143242.2219

318 Trans. Comb.15 no. 4 (2026) 317-333 S. Pancahayani, R. Simanjuntak and S. Uttunggadewa

subgraph H;, then G is said to admit an H-covering [10]. More specifically, if {E(H}),..., E(H;)} is
a partition of E(G) then G is said to admit an H-decomposition [5]. Note that both H-covering and
H-decomposition of a graph require that all the subgraphs are isomorphic. However, in 1987, Alavi
et al. [1] proposed a type of graph decomposition in which all subgraphs are not isomorphic to each

other.

Definition 1. [1] Let t and q be two positive integers that satisfy (tgl) <gqg< (1‘22) and G be a
simple and finite graph of size q. G admits an ascending subgraph decomposition if G can be
decomposed into t subgraphs Hy, Ho, ..., Hy without isolated vertices such that H; is isomorphic to a
proper subgraph of H;1q for 1 <i <t—1. In this case, G is called an ASD graph and Hy, Hs, ..., H;

are the ascending subgraphs of G.
In the same article, Alavi et. al. proposed the following conjecture.
Conjecture 1. [1] Every graph of positive size has an ascending subgraph decomposition.

The conjecture remains open to this day, even though many families of graphs have been proven to
be ASD (see the survey by Liang and Fu [9]).

We denote by |V (G)| and |E(G)| the order and size of G, respectively, and o(G) = |V (G)|+ |E(G)|.
Let f: V(G)UE(G) - {1,2,...,0(G)} be a bijection. We call the sum of labels of all vertices and
edges of a subgraph H its weight, denoted by w(H). If G admits an H-decomposition in which all the
weights under f are distinct, then G is said to admit an H-antimagic total labeling [6]. Furthermore,
if those weights form an arithmetic progression starting from a with difference d, then G admits an
(a, d)-H-antimagic total labeling [6].

Combining the definitions of ascending subgraph decomposition and antimagic labeling leads us to

define a new type of antimagic labeling of an ASD graph.

Definition 2. Let G be an ASD graph with H = {H; C G | i = 1,2,3,...,t} a set of its ascending
subgraphs and f : V(G) U E(G) — {1,2,...,0(G)} be a bijection. If the weights of subgraphs in H
form an arithmetic progression with the smallest value a and difference d, then G admits an (a,d)-ASD

antimagic labeling.

In this paper, we observe an upper bound for d in an (a,d)-ASD antimagic graph. We also define
and utilize (¢, §)-ascending antibalanced multisets to label some product graphs, which include disjoint
union, vertex amalgamation, edge amalgamation, subgraph amalgamation, and extended chain of

graphs.

2. An Upper Bound

We start by observing an upper bound for the difference d in the (a,d)-ASD antimagic labeling on
an ASD graph.
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Theorem 2.1. Fort > 2, let G be an ASD graph and H = {H; | i = 1,2,...,t} be a collection of
ascending subgraphs of G. If G is (a,d)-ASD antimagic, then

o(Hy)[20(G) — o(Hy) + 1] — o(Hy)[o(H1) + 1]

d = 20t — 1)

Proof. 1f G is (a,d)-ASD antimagic, then the largest possible weight is a + (¢t — 1)d = w(Hy), in which

the labels used are 0(G) —o(Hy) +1,0(G) —o(Hy) +2,...,0(G) —2,0(G) — 1,0(G). Therefore,
o(Hy)[20(G) — o(Hy) + 1]

a+(t—1)d < 5 .

On the other hand, the smallest weight is @ = w(H1), in which the labels used are 1,2,...,0(H1). So,

0> U(Hl)[aéHl) + 1].

Therefore,

(t-1)d < o(Hy)[20(G) — o(Hy) +1] — o(H)[o(Hh) +1]
- 2

Since t > 2,

o(Hy)[20(G) — o(Hy) + 1] — o(Hy)[o(H1) + 1]

¢ = 26— 1)

3. (t,9)-Ascending Antibalanced Multisets

Recall that a multiset is a set that allows multiple identical elements. Let X and Y be multisets,
then the union of X and Y, X Y = {a | o € X; € Y} is also a multiset that lists all the elements
in both X and Y. Moreover, define > X = >"__y z, as a summation of all elements of X.

Inayah et al. in [8] proposed a concept of (¢, §)-antibalanced as a tool to construct H-(a, d)-antimagic

total labelings.

Definition 3. [8] Let t,§ € N. A multiset X is said to be a (t,0)-antibalanced multiset if there exist
t submultisets of X, say X1, Xo, X3,..., Xy, such that for every i € [1,t], |X;| = @, Wi X = X,
and for i € [1,t — 1] satisfies > Xit1 — Y, X; = 0.

In the previous definition, all submultisets have the same cardinality. In this paper, we propose an

analogous definition where all submultisets have different cardinalities.

Definition 4. Lett,§ € N and let X be a multiset consisting of positive integers. Then X is said to be
a (t,0)-ascending antibalanced multiset if there exist t submultisets of X, say X1, Xa, ..., X} such

that for every i € [1,t — 1], | X;] < |Xis1|, S0y | X = X, Wo, Xi = X, and 3" X;1 — >, Xi = 0.

https://dx.doi.org/10.22108/toc.2025.143242.2219
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Note that Definition 4 also may apply to sets that are not multisets. We construct some multisets
that are (¢,0)-ascending antibalanced in the following lemmas. All these multisets will be utilized to

construct (a,d)-ASD antimagic labelings of some product graphs in Section 4.
Lemma 1. Let k,t € N. The set of integers X = [1,tk] is (t, k)-antibalanced.
Proof. For i =1,2,...,t, set
Xi={i+(G—-Dt|je[Lk]}
Hence, ¥ Xi = Y5 i+ (j — 1)i] = & (z n @) and 0 = Xj1 — S X, = k. 0

To illustrate Lemma 1, let t = 5 and & = 3, and so X = {1,2,...,15}. Decompose X into 5
subsets of cardinality 3: X; = {1,6,11}, Xy = {2,7,12}, X3 = {3,8,13}, Xy = {4,9,14}, and
X5 = {5,10,15}. The sumsets of the subsets are > X1 = 18, Y Xy =21, Y X3 =24, > Xy = 27,
and ) X5 = 30. Therefore, X is (5, 3)-antibalanced.

Lemma 2. Let t € N. The set of integers X = [1,t(t + 1)] is (¢,t> +t + 1)-ascending antibalanced.

Proof. Set X = UE:I X;, where X; = XZ'71 U Xi72, and

. (-1 S .
X o= {G-00- Y enay
(i1
Xig = {t(t+2—j)+‘7(‘72)+1—i|j€[1,i]}.
Then,
_ Ny . ij(j—l) 2
ZX“ = Zyt—tz—ZT—i—z
Jj=1 j=1
Y Xip = ti(t+2)—ijt+iw+(l—i)i.
’ . . 2
7j=1 7=1
Therefore, ZXZ = ZXi,l +ZX1"2 = (t2 +14+ 1)2 and § = ZXiJrl — ZXZ =t +t4+ 1. Il

To illustrate Lemma 2, let t =5, and X = {1,2,...,30}. Decompose X into 5 subsets:

Xi = {1,30},
X, = {2,6,25,29},
X; = {3,7,10,21,24,28},

X, = {4,8,11,13,18,20,23,27}, and
X; = {5,9,12,14,15,16,17,19,22,26}.

The sumsets of the subsets are Y X7 = 31, > Xy =62, > X3 =93, > X4 =124, and ) X5 = 155.
Therefore, X is (5,31)-ascending antibalanced.

https://dx.doi.org/10.22108/toc.2025.143242.2219
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Combining the constructions in the proofs of Lemma 1 and 2 provides the following corollary.

Corollary 1. Let k,t € N. The set of integers X = [1,t(t +k + 1)] is (t,t> + t + k + 1)-ascending

antibalanced.

Proof. Set X = U';f:l Xi, where X; = X; 1UX;2UX; 3, fori=1,2,3,...,t. We utilize the construction
in the proof of Lemma 2 for X;; and X; > and that in the proof of Lemma 1 for X; 3 (by shifting to
[t2+t+1,t(t+k+1)]). That is,

. Jj—1 . .
X = (G-00- Y enay
1
X@Q = {t(t+2—j)+m2)+1—i]j€[1,i]},and
Xis = {+jt+iljelk]}
Then,
-1
d X = Z]t Z(‘]Q )+z‘2
7j=1
ZX@Q = ti(t+2)— Zt—l—Z] + (1 —14)i, and
7=1
tk(k+1
S Xz = k:z‘+(2+)+t2k:.
Therefore, for i = 1,2,3,...,t, >, X; = (t2+t+k+1)i+w. And so we obtain 6 = Y X, —
X =tP+t+k+ 1 O

For example, let ¢ = 5 and k = 1. The set of integers X = [1,35] is (5,32)-ascending antibalanced
by considering the five subsets of X,

X; = {1,30,31},

X, = {2,6,25,29,32},

X; = {3,7,10,21,24,28,33},

Xy = {4,811,13,18,20,23,27,34}, and

X5 = {5,9,12,14,15,16,17,19,22,26,35}.
The sumsets of these subsets are Y | X1 =62, > Xo =94, > X3 =126, Y X4 = 158, and > X5 = 190.
Hence, § = 32.

The following corollary 2 is another implication of Lemma 2.

Corollary 2. Let k,t,s € N, and S = {s,...,s} be a multiset containing t copies of s. Then, the
multiset X = [1,t(t + k)] W S is (t,t% + t + k)-ascending antibalanced.

https://dx.doi.org/10.22108/toc.2025.143242.2219
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Proof. For k > 2, set X = U§:1 Xi, where X; = X;1 U X;2U X;38 X4, fori =1,2,3,...,t. We

utilize the set X;; and X;2 as mentioned in the proof of Lemma 2.

X = {(j—1)(t)—j(j2_1)+z’|je[1,z]}, and

-
X;p = {t(t+2—j)+‘7(‘72 ) f1—iljeqma
We then define X; 3 and X, 4 as the following:
X3 = {*+jt+ilje[l,k—1]}; and

XZ'74 = {8}

Note that X; 3 = () when k = 1. Then, we have

Y Xin = ijt—ti—i‘j(‘j;l)ﬂ'?
j=1 i=1

A 7 (i1
S Xip = ti(t+2)—2jt+zj(]2 )t (1=
j=1 j=1

GE)

5 ; and

ZXZ;:’, = (k=D +1i)
ZXiA = S.

Hence, Y X; = 2+t + k)i + BV 4+ & +s,fori=1,2,3,...;,tand § = > X;41 — > X; =
2

2+t + k.

O

For example, let t =5, k = 1, and s = 31. The multiset of integers X = [1,30] w {31, 31,31, 31,31}

is (5,31)-ascending antibalanced with the following five subsets of X,

X, = {1,30,31},

X, = {2,6,25,29,31},
Xs = {3,7,10,21,24,28,31},
X, = {4,8,11,13,18,20,23,27,31}, and

Xs = {5,9,12,14,15,16,17,19,22,26,31}.

The sumsets of these subsets are Y | X1 =62, > X2 =93, > X3 =124, )" Xy = 155, and > | X5 = 186.

Hence, § = 31.

Lemma 3. Lett € N. If A= {1,1,...,1} and B = {2,2,...,2} are the multisets containing t — 1
copies of 1 and 2, respectively, then the multiset X = [1,t> + 2] W AW B is (t,t%> — t + 4)-ascending

antibalanced.

https://dx.doi.org/10.22108/toc.2025.143242.2219
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Proof. We define X1 = {1,2,4> 42}, and X; = XitUX;2UX; 3, fori=2,3,...,¢ set, where

Xi,l = {172}7
(7 —1 . .
Xip = (G-~ D ity e i), and
_ , iG=1 : .
Xiz = {t(t—]+1)+T—Z+3|j€[1,1]}.
Then, we obtain the following sumsets
d Xin o= 3
S )
Y Xip = Z(jt—t—j+1)—ZT+(z —1); and
Jj=1 j=1
o — - 1)
_ 2 ; —
S Xig = Pty T
7j=1 7j=1
1
+(t2—ti+t)+z(12 ) 243

Hence, > X1 = 2 +5and Y. X; = (2 —t+4)i+t+ 1, for i = 2,3,...,t. Therefore, we have
§=>X;y1— > X; =t>—t+4. Moreover, |X;| = 2i+1, for i = 1,2,...,t. This concludes that X is
(t,t? — t + 4)-ascending antibalanced. O

For example, let ¢ = 4. The multiset X = {1,1,1} W {2,2,2} W {1,2,...,18} can be decomposed
into four submultisets X; = {1,2,18}, Xo = {1,2,14,17}, X3 = {1,2,4,6,11,13,16}, and X, =
{1,2,5,7,8,9,10,12,15}. The sumsets of these submultisets are Y X7 = 21, Y Xy =37, > X3 = 53,
and > X4 = 69. This shows that X is (21,16)-ascending antibalanced.

Lemma 4. Lett € N and A = {1,1,...,1} and B = {2,2,...,2} be two multisets containing t — 1
copies of 1 and 2, respectively. The multiset X = [1,(t +1)2 + 1]W AW B is (t,t> + t + 4)-ascending

antibalanced.

Proof. We set X1 = {1,2,t> +2} and, for i =2,3,...,t, X; = 4: X, i, where
] 1 5]

Xi1 = {1,2},
Xig = {(j—l)t—j(j;D+i+2|j€[1,i]},and
X = {0+ + D ey

https://dx.doi.org/10.22108/toc.2025.143242.2219
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Then, the sumsets of all submultisets are
g X1 = 3,

i

> Xig o= > (jt—t) - i: ‘7(‘721) + (1% + 2i), and

j=1 j=1

7 7 L.
B 9 . . . Jji—1)
Y Xis = Z(t —]t+3t—]+4—z)+272
7=1 7=1
i(i+1)

HE+2)(t—i)+ = +3.

Hence, for i = 1,2,3,...,t, we have Y. X; = (t* + ¢+ 4)i + (¢t + 1)2 + 5. Therefore, we obtain the
difference § = 3" Xj1 — > X; =2+t + 4. O

To illustrate this lemma, let ¢ = 4. The multiset X = {1,1,1} W {2,2,2, } W {1,2,...,26} can be

decomposed into four submultisets:

X, = {1,2,3,22,26},

X, = {1,2,4,7,18,21,25},

X; = {1,2,5,8,10,15,17,20,24}, and
X, = {1,2,6,9,11,12,13,14, 16,19, 23}.

The sumsets of these submultisets are > X; = 54, >~ Xo = 78, >~ X3 = 102, and ) X4 = 126. This
shows that X is (54,24)-ascending antibalanced.

Lemma 5. Let k,t e N. If X = [L,t(t+k)+1] andY = [t(t+ k) — (t —2),t(t + k)], then W = X WY
is (t,t? —t + k + 3)-ascending antibalanced.

Proof. For i =1, weset Wy ={t(t—1)+ (G —1)t+1|je[L,k+1]}U{t(t+k—1)+2}. Next, for
1=2,3,...,t, set W; = Wi71 U WLQ U Wi73 ) Wi,4a where

Wip = {G-1t—

WD ijemi-p,

Wio = {tt—j)+ U
Wis = {tt—-1)+ (G —-1t+i|je[l,k+1]}, and

)

+1—i|je[l,i—1]},

Wia = {tlt+Ek—1)+1+i}.
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Then,
WG = ek 0y D
S Wi = (i—t)(i—1)+ti(i2_1)_§j(j;‘1)’
s
S Wip = (tz—i+1)(i—1)_”'(i21)+§j(j2+1)7
S Wi = (t2—2t+i)(k+1)+t(k+1)2<k+2)’ and

SWia = tlt+k-1)+1+i.

Fori=2,3,...,1t, ZVVZ-:(tQ—t+k‘+3)i+t2(k5+1)—t(k+2)+w. Therefore, we have
§ =S W1 =S W; =t>—t+k+3and |W;| = 2i + k. So, Wis (t,t> — t + k + 3)-ascending

antibalanced. O

For example, let ¢ = 5 and k = 1. The multiset X = [1,31] W {27,28,29,30} is (5,24)-ascending
antibalanced with the following five subsets of X,

X, = {21,26,27},

X, = {1,20,22,27,28},

X; = {2,5,16,19,23,28,29},

X, = {3,6,8,13,15,18,24,29}, and
Xs = {4,7,9,10,11,12,14,17,25,30,31}.

The sumsets of these subsets are Y J X1 =74, > Xo =98, > X3 =122, )" Xy = 146, and > | X5 = 170.
Hence, § = 24.

4. The (a,d)-ASD Antimagic Labelings of Product Graphs

In this section, we employ the (¢, d)-ascending antibalanced multisets constructed in Section 3 to
label some (a,d)-ASD antimagic graphs. The product graphs under consideration are disjoint union,
vertex amalgamation, edge amalgamation, subgraph amalgamation, and extended chain of graphs.

Let H ={H; |1 <i <t} be a collection of disjoint graphs where o(H;) < o(H;), for 1 <i<j <t
The disjoint union of the graphs in A is denoted by |Ji_, H;. We provide the (a,d)-ASD antimagic
labeling for such graphs in the following.

Theorem 4.1. Let H={H; |i=1,2,...,t} be a collection of graphs such that o(H;) = 2i+ k, where
ke {1,3,4}. If G = U'_, H; is ASD, then G is (t* +t + k + 1) + FCEETD 42 4 4 4} 4 1).49D
antimagic.

https://dx.doi.org/10.22108/toc.2025.143242.2219
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Proof. Since o(H;) = 2i+ k,i =1,2,...,t and there is no intersection between H; and H; for every
i # 7, then G needs 22:1(2i+k:) = t(t+k+1) labels of positive integers for its vertices and edges. Now,
let f:V(G)UE(G) — X ={1,2,...,t(t+k+1)} be a mapping. Partition the label set X = |Ji_; X;
as mentioned in the proof of Corollary 1. To label H;, we set f(H;) = X, for all i € [1,t]. Consequently,
we can directly derive that f is a bijection with w(H;) = >, X; = (2 +t+k+1)i + w and
a=w(H) = (2 +t+k+1) + HELED
d=w(Hiy1) —w(H;) =t>+t+k+1fori=1,2,...,t— 1. Therefore, G is (a,d)-ASD antimagic. [J

as the subgraph with the smallest weight. So, we obtain

Note that in Theorem 4.1, k # 2, since otherwise the graph H; will contain an isolated vertex.
Furthermore, k < 4, since otherwise H will not satisfy the ASD requirement.

Figure 1 illustrates an example of a union of disjoint graphs that admits an (a,d)-ASD antimagic
labeling. The graph is G = |J2_, H; where o(H;) = 2i + 1 and G is (62, 32)-ASD antimagic.

310 32 330 P10 o 50
30| 25 | 2 1323 OB
ool 208 /s o 2734
H, Hy Hs Hy Hs
w(Hy) = 62, w(Hs) = 94, : , w(Hs) =190

FIGURE 1. A (62,32)-ASD antimagic labeling of a disjoint union of graphs

Barragan-Ramirez et al. defined the vertex, edge, and subgraph amalgamations of graphs in [2] as

follows.

Definition 5. [2] Let {G;} be a family of graphs with a common induced subgraph J and embedding
Ji, where V(G;) = {u b V() = {vg}, and V(J;) = {vi}. We define the subgraph-amalgamation
of {G;} over J or J-amalgamation of {G;}, denoted by II{(G; | J;)}, as the graph with vertex set

VA{(Gi | ] = VG- )| V)

and edge set
E@{(G; | J)}) = JE(G: — )| JEW) | vk | vk € V(J) and uivj, € B(G;)}.

This means we identify the vertices in the corresponding copies of J; and preserve the adjacencies
(here, the importance of J being an induced subgraph). In the case that the commonly induced
subgraph is a vertex (J = {v}) or an edge (J = {vw}), we speak about vertex-amalgamation or
edge-amalgamation of graph, respectively; denoted by v — amal{G;,v} and e — amal{G;,vw},
respectively.

https://dx.doi.org/10.22108/toc.2025.143242.2219
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The next theorem provides the existence of (a, d)-ASD antimagic labeling for the vertex-amalgamation
of graphs. While Theorems 4.3 and 4.4 construct (a, d)-ASD antimagic labelings for vertex-amalgamation

and edge-amalgamation of cycles.

Theorem 4.2. Let H = {H; | i = 1,2,...,t} be a collection of graphs where o(H;) = 2i + k, for
i=1,2,...,t and k =1 or k = 3, where each H; contains a terminal vertezx v. If G = v—amal{H;,v}
is ASD, then G is (1> +t +k + %(Zt —k+1)+ 1,12+t + k)-ASD antimagic.

Proof. Since o(H;) = 2i+k,i =1,2,...,t, and each H; has a mutual vertex v as terminal, then G needs
St (2i+ Kk —1)+1 =t(t+k)+1 labels of positive integers. Let t(t+k)+ 1 be the label for v, which
means this label will be counted ¢ times. Thus we have S = {t(t+k)+ 1,t(t+k)+1,...,t(t+k)+1}
and a multiset X = {1,2,...,¢(t+ k)} W S to label the vertices and edges of G.

Let f:V(G)UE(G) — X be a mapping. Partition the label set X = |J'_, X; as mentioned in the
proof of Corollary 2. To label H;, we set f(H;) = X; for all i € [1,t]. Consequently, f is a bijection
withw(H;) =Y X; = (2 +t+k)i+ &2t —k+1)+1and a = w(H) = > +t+k+5 (2t —k+1)+1 as
the smallest weight. So, we obtain d = w(H;y1) —w(H;) =t>+t+k for i =1,2,...,t — 1. Therefore,
G is (a,d)-ASD antimagic. O

Note that in Theorem 4.2, k # 2, since otherwise the graph H; will contain an isolated vertex.
Furthermore, k < 3, since otherwise H will not satisfy the ASD requirement.
For example, let G = v — amal{H;,v} with ¢(G) = 31 as shown in Figure 2. G can be decomposed

into 6 ascending subgraphs and labeled such that it admits a (62,31)-ASD antimagic labeling.

12 1
40 5 014
Hy
18
84
10
H:) = 186
78 w(Hs)
O
7 24
H 21
3
C H, Ol w(Hy) =62
w(Hy) = 93

FIGURE 2. A (62,31)-ASD antimagic labeling of a vertex-amalgamation of graphs
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Theorem 4.3. Let C = {C; | i = 3,4,...,t + 1} be a collection of t — 1 cycles with vw a common
induced edge. If G = e — amal{C;,vw} is ASD, then G is (1> + 5,t> — t + 4)-ASD antimagic.

Proof. Since each C; has one mutual edge vw, then G needs Y.73(2i — 3) + 3 = > 4 2 labels of
positive integers for its vertices and edges. Define two multisets A = {1,1,...,1}, B = {2,2,...,2},
and construct X = {1,2,...,t> + 2} W AW B. Partition the label set X = U§:1 X; as mentioned in
the proof of Lemma 3. Let f : V(G) U E(G) — X be a mapping, where f(v) =1 and f(w) = 2. To
label H;, set f(H;) = X; and f(V(H;)) = X;1 U X, 2 for all i € [1,¢]. Consequently, f is a bijection
with w(H;) = Y. X; = (t2 =t +4)i+t+ 1 and a = w(H;) = t*> + 5 as the smallest weight. So, we
obtain d = w(H; 1) —w(H;) =t*—t+4 fori=1,2,...,t— 1. Therefore, G is (t* +5,t> —t +4)-ASD

antimagic. O

To illustrate Theorem 4.3, let C = {C5,C4,C5,Cs, }. An (a,d)-ASD antimagic labeling of the
e — amal{C;,vw} graph is given in Figure 3. The common induced edge vw is indicated by the black

line.
C={C3,C4,C5,Cs}

Hy = Py, w(Hy) = 30

H3 = P4, w(Hg) =78
Hy = Ps, w(Hy) =102
H5 = P@, w(H5) =126

FIGURE 3. A (30,24)-ASD antimagic labeling of the e — amal{C;, vw}

Theorem 4.4. Let C = {C; | i = 5,6,...,t + 4} be a collection of t — 1 cycles, where each cycle
contains a common induced subgraph J = Ps. If G = II{(C; | J)} is an ASD graph, then G is
(2t2 + 3t + 10,t> +t + 4)-ASD antimagic.

Proof. Since each C; in C = {C; | i =5,6,...,t 4+ 4} contains a common induced subgraph J = P3, G
needs Zfié(% —5) +3 = (t+1)2 + 1 labels of positive integers to label its vertex set and edge set.
Let v and w be the end vertices of J. Define two multisets A = {1,1,...,1}, B = {2,2,...,2}, and
X ={1,2,...,(t+1)>+ 1} AW B. Partition the label set X = |J;_, X; as mentioned in the proof of
Lemma 4. Let f : V(G)UE(G) — X be a mapping where f(v) = 1 and f(w) = 2. To label H;, we set
f(V(H;)) = X1 UX; o, for all ¢ € [1,¢]. Therefore, we obtain that f is bijection, with the weight of
each subgraph w(H;) = Y. X; = (t*+t+4)i+(t+1)?2+5 and a = w(H;) = 2t>+3t+10 is the smallest
weight. Moreover, we obtain the difference d = w(H;y1) — w(H;) =2 +t+4 fori =1,2,...,t — 1.
This concludes that G is (2t + 3t + 10, + ¢ + 4)-ASD antimagic. O
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To illustrate Theorem 4.4, let C = {Cj5,Cgs, C7}, where each C; contains J = P3;. An (a,d)-ASD
antimagic labeling of II{(C; | P3)} is given in Figure 4. The common induced subgraph J = Pj is
indicated by the green path.

~ Py, w(H;) = 102

FIGURE 4. A (54,24)-ASD antimagic labeling of the subgraph amalgamation of cycles

The last graph product under consideration is the extended chain graph. This product was first
introduced as the chain graph in 2002 [3] and the extended version was defined in 2017 [4], both by

Barrientos.

Definition 6. [4] Suppose that G = {G; | 1 < i < t} is an ordered collection of connected graphs
and, for every 1 < i <t, let u;,v; € V(G;). An extended chain graph of G is a graph resulting by
identifying the verter v; with u;41, for each 1 < i <t —1. The collection of extended chain graphs of
G is denoted by ExChain{G;}_,.

Note that an extended chain graph of G can vary depending on the choice of u; and v; for each G;.
The existence of (a,d)-ASD antimagic labelings for the extended chain graph is discussed in the next

theorem.

Theorem 4.5. Let H = {H; | i = 1,2,...,t} be an ordered collection of connected graphs such that
o(H;) =2i+k, where k=1 or k=3. If G € ExChain{H;} is ASD, then G is ((t> —t + 1)k + (2t> —
3t+3) + t(kH)QM, t2 —t + k + 3)-ASD antimagic.

Proof. Consider that o(H;) = 2i + k,i = 1,2,...,t, where k = 1 or 3. For every z,y € [1,t], where
|z —y| > 2, H, and H, do not have a common vertex, while for every ¢ € [1,¢t — 1], H; and H;;1 have
exactly one common connecting vertex. In this case, there will be ¢ — 1 labels that are used twice, and
H needs t(t + k) + 1 labels for its vertices and edges.

Construct a multiset of labels W = [1,¢(t + k) + 1] W [t(t + k) — (t — 2),¢(t + k)] and let f :
V(G) U E(G) — W be mapping. Using Lemma 5, label the ¢ — 1 connecting vertices using the
elements of W; 4. To label H;, we set f(H;) = W;. As a result, f is a bijection, with the weight of
each subgraph w(H;) = (1> —t +k+3)i +t>(k +1) —t(k +2) + W and the smallest weight is
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a=w(Hy) = (t2—t+1)k+ (262 =3t +3) +t BEUEID Pherefore, d = w(Hiyr) —w(H;) = (2 —t+k+3
and G is (a,d)-ASD antimagic. O

Note that in Theorem 4.5, k # 2, since otherwise the graph H; will contain an isolated vertex.
Furthermore, k < 3, since otherwise H will not satisfy the ASD requirement.

Figure 5 illustrates an extended chain graph with six ascending subgraphs that is (a,d)-ASD an-

timagic.
1 20
20| 16 8
26 | 22 | 23 <
21 27 28 29
H,
19 18
w(Hy) =74
2
w(Hz) = 98
Hs Hy Hs

FIGURE 5. A (74,24)-ASD antimagic labeling of an extended chain graph

Note that the product graphs of Theorems 4.1, 4.2, 4.3, 4.4, and 4.5 are required to be ASD. The

following two theorems provide examples where such requirements are fulfilled.

Theorem 4.6. Let G be an ASD graph with H = {H; | 1 < i < t} as its ascending subgraphs
collection. If

1) ¢ = Uﬁzl Hi,

(2) G' =v —amal{H;,v},

(3) G' € ExChain{H;}!_,,
then G' is ASD.

Proof.

(i) Since H is collection of ascending subgraphs, the disjoint union U§=1 H,; maintains the structure
of every H;, that is for 1 < i < t—1, H; is isomorphic to a proper subgraph of H; 1. Therefore,
G’ =Ji_, H; is an ASD graph.

(i) Since v belongs to every H;, G' = Amal{H;,v} can be decomposed into t ascending subgraphs
Hy, Hs, ..., H; where H; is isomorphic to a proper subgraph of H;1; for 1 < ¢ < ¢t — 1.
Therefore, G’ = v — amal{H;,v} is an ASD graph.
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(iii) Let c¢1,¢2,...,c—1 are connecting vertices and each ¢; replaces the two embedding vertices
v; and u;y1. To decompose G' = ExChain{H;}!_, into ¢ ascending subgraphs, set H, = H;
for every 1 < ¢ <t and set ¢; to be a vertex in both V(H;) and V(H;4+1). Thus we obtain
H' ={H!|1<i<t}is a collection of ascending subgraphs of G’ and therefore G’ is ASD.

g

Theorem 4.7.
(i) Let C = {C; | 3 < i <t+ 1} be a collection of t — 1 cycles, where each cycle has a common
edge e. Then G' = e — amal{C;,e} is ASD.
(ii)) Let C ={C; | 5 < i < t+4]} be a collection of t — 1 cycles, where each cycle has a common
induced subgraph J = Ps. Then G' = II{(C; | Ps)} is ASD.

Proof.

(i) Since every C; has a common edge e, G' = e —amal{C};, e} can be decomposed into ¢ ascending
subgraphs H; = P;yq, for 1 <4 <t. This implies that H; is isomorphic to a proper subgraph
of Hiy1. Therefore, G' = e — amal{C};, e} is an ASD graph.

(ii) Since every C; has a common induced subgraph J = P, G' = II{(C; | P3)} can be decomposed
into ¢ ascending subgraphs H; = P, 9, for 1 < i < t. This implies that H; is isomorphic to a
proper subgraph of H;i1. Therefore, G' = II{(C; | P3)} is an ASD graph.

O

5. Conclusion and Open Problems

Previously in Section 2, we provided an upper bound for the values of the difference d of an (a, d)-
ASD antimagic graph (Theorem 2.1). We compare the upper bounds and the actual values of d for all
(a,d)-ASD antimagic product graphs studied in Section 4 and present them in Table 1. It is obvious
that the values of d are much less than the upper bounds, which suggests the problem of finding a
better upper bound.

TABLE 1. Upper bounds for d of (a,d)-ASD antimagic product graphs

product graph d upper bound for d
2t+k)[4t> +2t+2th—k+1 2
G=U"_,H 2+ t+k+1,for ke {1,3,4} | &Rl o Rk I Siphik
2t+k)[2t%>+2kt—3k+3 6+5k+k>
G =v — amal{H;,v} t2 +t+k, for k € {1,3} (2t+k)] ;(:__Dt 3] _ ;é_—’i) )
G=e—amal{Cia}l_; | > —t+4 202+t + 4
G =1I{(C; | P5)} t2+t+4 212 + Tt + 12
G = ExChain{H;}'_, |2 —t+k+3, for ke {1,3} <2t+’“>(2t2232_”f)*2t*’“+3) _ <6;g’“_+1§2>
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In this paper, we introduce the notion of (a,d)-ASD antimagic labeling, which arises from the
ascending subgraph decomposition. Our preliminary results provide some (a, d)-ASD antimagic prod-
uct graphs. For further research, we ask the following questions connected to (a,d)-ASD antimagic

labelings of graphs.
Problem 1. Find a better upper bound for the difference d of an (a,d)-ASD antimagic graph.
Problem 2. Find a “good” lower bound for the difference d of an (a,d)-ASD antimagic graph.

Problem 3. Let G be an ASD graph, with H = {H; | i = 1,2,...,t} the collection of ascending
subgraphs. Find other graph products of H that preserve the ASD property and decide whether the
product graphs are (a,d)-ASD antimagic.
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