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MATCHING INTEGRAL GRAPHS WITH MAXIMUM VERTEX DEGREE FOUR

SOMAYEH KHALASHI GHEZELAHMAD

ABSTRACT. The matching polynomial of a graph has coefficients that give the number of matchings in
the graph. In this paper, we determine all connected graphs with maximum vertex degree four whose
matching polynomials have only integer zeros. A graph is matching integral if the zeros of its matching
polynomial are all integers. We show that there are exactly two matching integral graphs with maximum

vertex degree four.

1. Introduction

Let G = (V(G), E(G)) be a simple graph with vertex set V(G) and edge set E(G). By order and
size of G, we mean the number of vertices and the number of edges of GG, respectively and we denote
it by |V(G)| and |E(G)|, respectively. The maximum degree of G is A(G) (or A if G is clear from the
context). We denote the complete graph of order n by K, and the star graph of order n+ 1 by K ,. For
any vertex u of G, we use deg(u) to denote the degree of u. An r-matching in G is a set of r pairwise
non-incident edges. The number of r-matchings in G is denoted by p(G,r). It is consistent to define
p(G,0) = 1. The matching polynomial of G is given by

l3]
w(G,x) =) (~1)"p(G, )27,
r=0
where n = |V (G)|. By way of example, the matching polynomial of a path on four vertices is z* — 322 +1.

The roots of u(G,x) are called the matching roots (or matching zeros) of G. The notation mult(f, G)
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is used for the multiplicity of 6 as a zero of u(G,z). We also denote the multiset of the roots of the
matching polynomial of G by R(G). We use exponent symbol to show the multiplicities of the elements
of R(G).

The matching polynomial is related to the characteristic polynomial of G, which is defined to be the
characteristic polynomial of the adjacency matrix of G. In particular, these two coincide if and only if
G is a forest [7]. Also the matching polynomial of any connected graph is a factor of the characteristic
polynomial of some tree [6]. The theory of mathcing polynomial is well elaborated in [3, 4, 6, 7, 8, 9].

A graph is said to be integral if eigenvalues of its adjacency matrix consist entirely of integers. The no-
tion of integral graphs dates back to Harary and Schwenk [10]. Furthermore, several explicit constructions
of integral graphs of special types appear in the literature, see [2] and references therein.

The idea of studying graphs with integer matching polynomial zeros was first appeared in [1], where
Akbari, Csikvari, etc., introduced the concept of matching integral graphs. A graph is called matching
integral if all zeros of its matching polynomial are integers. They characterized all traceable graphs which
are matching integral. They studied matching integral regular graphs and showed that for £ > 2 there is
only one connected matching integral k-regular graph, namely K7\ (E(Cs) U E(Cy)). Furthermore, it has
been proved that there is no matching integral claw-free graph and K5 is the only connected matching
integral graph with a perfect matching.

Matching integral graphs of small order have been studied by the author. It has been shown that there
are exactly ten connected matching integral graphs up to eight vertices and there are four connected
matching integral graphs with maximum vertex degree at most three, see [12, 13]. Motivated by the
previous works, we are interested to characterize matching integral graphs with maximum vertex degree
four. In this paper, we determine such graphs and we show that there are only two connected graphs
with maximum vertex degree four whose all matching zeros are integers. Our work has been organized
into two sections. Section 2, contains necessary background information and various preliminary-type
results including matching polynomial of a graph. Section 3, is devoted to studying matching integral

graphs with maximum vertex degree four.

2. Preliminaries
In order to establish our results, we need the following theorems and lemmas:

Remark 2.1. A graph with odd order has 0 as a matching root and if 0 is a matching zero of a graph,

then so is —0.

Remark 2.2. Let n and m be the order and size of a graph G, respectively. Let 01, ..., 0y be the positive
zeros of (G, x), not necessarily distinct. Then m = p(G,1) = Zle 02 and p(G,2) = Dot 9226’]2.

Theorem 2.3. [11] For any graph G, the zeros of u(G,x) are all real. If A > 1, then the zeros lie in
the interval (—2v/A — 1, 2¢/A —1).

Theorem 2.4. [5] If G is a connected graph, then the largest zero of u(G,x) has multiplicity 1. In other

words, it is a simple zero.
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Let t(G) be the number of vertices of a longest path in the graph G.

Theorem 2.5. [11] Let G be a graph. Then the following holds:

(a) The mazimum multiplicity of a zero of u(G, x) is at most equal to the number of vertez-disjoint paths
required to cover G.

(b) The number of distinct zeros of (G, x) is at least t(G).

(¢) In particular, if the graph G is traceable then all zeros of u(G,x) are simple.

Theorem 2.6. [6] If 6 = 0, then mult(0,G) is the number of vertices in G missed by a mazimum

matching.

Theorem 2.7. [11] Let G be a graph and u be a vertex of it. Then the zeros of u(G \ u,x) interlace
those of (G, x), i.e if 1 > 03 > --- >0, andn > 1ng > -+ > nu_1 are matching zeros of G and G \ u,
respectively, then

h>m>02>2mm> =012 0,

Theorem 2.8. [14] For a connected graph G, if mult(6, G) > 2 then there is a vertex u of G such that
mult(0, G\ u) = mult(d, G) + 1.

Theorem 2.9. [1] Let G be a connected graph whose matching polynomial has only simple integer zeros.
Then G is one of the following graphs: K1, Ko, K7\ (E(C3) U E(Cy)), Gy or Ga, where

G S AN

In particular, this is the list of matching integral traceable graphs.

The following theorem, describes all connected matching integral graphs of order at most eight.

Theorem 2.10. [12, 13] Let G be a connected matching integral graph whose order is at most eight.
Then G is either K14, or one of the graphs listed in Theorem 2.9 or one of the following graphs:

IQUI S &

Theorem 2.11. [1] If a graph G has a perfect matching, then its matching polynomial has a zero in the

interval (0,1]. If it has no zero in the interval (0,1) then it is the disjoint union of some Ks.

It follows from Theorem 2.11 that, the only connected matching integral graph which has a perfect

matching is Ko.
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By following Ghorbani’s definition [4], G(r, k,t;p,q) is the set of graphs obtained by adding a new
vertex u to the graph rK; j, UtK; and joining it to the other vertices by p edges such that the resulting
graph is connected and u is adjacent with exactly ¢ centers of the stars. Clearly, r+t <p <r(k+1)+1t
and 0 < ¢ < r. The notations K(k,t;1) and K'(k,t;l) are used for the graphs G(1,k,t;1 + ¢,0) and
G(1,k,t;1+t+1,1), respectively. Their matching polynomials are

(2.1) w(K (k1)) = 2872 — (k+t+ D2 + ([ + ) (k— 1) + 1),

(2.2) (K (k,t;0), ) = "2t — (k4 t+ 14+ Da? + (14 t)(k— 1)+ t).

It is easily seen that A(K (k,t;1)) = Max{t + [, k} and A(K'(k,t;1)) = Max{t + 1+ 1,k + 1}.

The graph G(r,1,0; s, q), where ¢ = s—r and r < s < 2r is denoted by S(r, s). Its matching polynomial
is
(2.3) w(S(r,s),x) = x(z® — s — 1)(x? —1)"L

The graph G(r, k,0;7,7) is denoted by T'(r, k) and its matching polynomial is
(2.4) w(T(r k), z) = 2" F D (22 — ¢ — k) (2 — k)L

It is easy to see that A(S(r,s)) = s and A(T'(r, k)) = Max{r,k + 1}.

For any G € G(r,3,t;p, q) the set of graphs obtained by adding s copies of K3 to G and joining them
by [ edges to the vertex u of G to make a connected graph is denoted by H(r, s, t;p, q,1). The notation
L(t,1) is used for the graph #(0,1,¢;¢,0,1), for { = 1,2,3 and its matching polynomial is
(2.5) w(L(t,1),z) = 2 (z* — (t+1+3)x? + 3t +1).

We have A(L(t,1)) = Max{t + [, 3}.

Theorem 2.12. [4] Let G be a connected graph and z(G) be the number of its distinct matching zeros.
i) If 2(G) = 2, then G = Ka.

ii) If 2(G) = 3, then G is either a star or Ks.
iii) If 2(G) =4, then G is a non-star graph with 4 vertices.
iv) If 2(G) = 5, then G is one of the graphs K(k,t;1), K'(k,t;1), L(t,1), T(r k), S(r,s), for some

integers k, t, 1, r, s or a connected non-star graph with 5 vertices.

(
(
(
(

3. Matching Integral Graphs with Maximum Vertex Degree Four

In this section, we characterize all connected matching integral graphs with maximum vertex degree
four. In addition, we determine all matching integral graphs whose longest path avoids exactly one vertex.
From (2.3) and (2.4), it follows that:

Lemma 3.1. The Graph S(r,s) is matching integral if and only if s + 1 is square.

https://dx.doi.org/10.22108/toc.2025.143470.2225
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Lemma 3.2. The Graph T(r, k) is matching integral if and only if k and r + k are square.
Theorem 3.3. The only connected matching integral graphs with A = 4 are K 4 and K7\(E(Cs) U E(Cy)).

Proof. Let n and m be the order and size of GG, respectively. Since A = 4 and G is matching integral, by
Theorem 2.3 matching zeros of G, lie in the interval [—3,3]. Thus z(G) < 7. Note that, if n < 8, then by
Theorem 2.10, we find that G is either Ky 4 or K7\ (E(C3) U E(Cy)). Hence we may assume that n > 9.
Now, from Theorem 2.12, we deduce that z(G) > 5. Furthermore, Theorems 2.11 and 2.6, imply that G
does not have a perfect matching and so zero is a matching root of G. This excludes the possibility of
2(G) = 6. We consider two cases:

Case 1. z(G) = 5. Hence in view of Theorem 2.12 (iv), one of the following cases may occur:

(a) G is one of the graphs K (k,t;1), K'(k,t;1) or L(t,1) for some integers k,t,l. First note that since
n > 9, m > 8. Furthermore, from (2.1), (2.2), (2.5) we see that the root system of G is of the form
R(G) = {07, +a,4+8}, r > 2,0 < a < B < 3. Thus m = o® + % € {10,13}. Now, if G is a K(k,t;1),
then since m = k+t+1 and A = Max{t+ [, k} = 4, we get m < 8, a contradiction. If G is a K'(k,t;1),
then since m =k +¢+1+4+1and A = Max{t+ [+ 1,k+ 1} = 4, we have m < 7, a contradiction. If G is
an L(t,1), then from m =t 41+ 3 and A = Max{t+ [,3} = 4, we obtain m = 7, a contradiction.

(b) G is a T(r, k) for some integers r, k. Now, by Lemma 3.2 we know that G is matching integral if
and only if k and r + k are square. However, it is easy to see that since A = Max{r,k + 1} = 4, this is
not possible.

(¢) G is an S(r,s) for some integers r, s. Since A = s = 4, by Lemma 3.1, we see that G is not

matching integral.

Case 2. 2(G) = 7. Thus Theorem 2.4 yields that R(G) = {0%, (£1)", (£2)%,+3} where ¢, 7, s are
positive integers. We have n = ¢+ 2(r + s+ 1) and m = r +4s + 9. Let a; be the number of vertices
with degree 7. Then a; =0if ¢ > A or i =0 (G is connected), and > a; = n and ) ia; = 2m. Moreover,
p(G,2) = (%) -2 (degZ(“)), which implies that " i%2a; = Y deg(u)? = m(m + 1) — 2p(G,2). It is seen
that one of the following cases may occur:

(a) r=s=1. Hence n =t + 6, m = 14 and p(G, 2) = 49. We have

4 4 4
D ai=t+6, > ia; =28, ) i’a; =112,
=1 i=1 =1

Then

sot=1and n =7, a contradiction.
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(b) r>2,s=1. Thus n =t+2r +4, m =7+ 13 and p(G,2) = (3) + 13r + 36. Therefore

4 4 4
Stai=t+2r+4, Y ia=2r+26, Y i%a; = 2r +110.
=1 =1 =1

Then

0>3 (i - 1)(i — 4)a;

NE

1

4 4
i2az~> -5 (Z iai> +4 ( ai>
i=1 i=1 i=1

= 4t — 4,

-.
Il

and so t = 1. Now, by Theorem 2.8 there is a vertex u of G such that R(G —u) = {(£1)" !, +n}, for
some 7, which by interlacing, 2 < 1 < 3. Let m/ be the size of G — u. Thus m’ = n? 4+ r + 1. Moreover,
since G —u has more that four vertices, Theorem 2.12 (iii) implies that G — u is not connected. It follows
that G — u = rKy U G1, where G is a connected graph on four vertices with R(G1) = {£1,£n}. Now,
by Theorem 2.3 we find that n < 2v/2. This yields that m — m/ > 4, which contradicts A = 4.

(¢c) r =1, s > 2. Hence m = 4s + 10. Now, by Theorem 2.8 there is a vertex u of G such that either
R(G —u) = {01 (£2)**1} or R(G — u) = {071, (£2)*T! £n}, for some 7, 0 < < 1. Let m’ be the
size of G — u. In the former, we have m’ = 4s + 4 and so m — m/ = 6, a contradiction. In the latter, we

have m’ = 1% + 4s + 4. Thus m — m/ > 5, a contradiction.

(d) r,s > 2, t = 1. It follows that there exists a vertex u of G such that either R(G — u) =
{(£1)",(£2)5T} or R(G — u) = {(£1)"71, (£2)5T1, £n}, for some , 0 < n < 1. In the former, we
have m/ = 4s + 7 + 4 and so m —m’ = 5, a contradiction. In the latter, we have m’ = n? + 4s +r + 3.

Hence m — m/ > 5, a contradiction.

(e) 7,5, > 2. Therefore there is a vertex u of G such that R(G — u) = {01, (£1)", (£2)5+1},
R(G —wu) = {01 (£1)"71 (£2)5F1} or R(G —u) = {011, (£1)" L, (£2)5*, £}, for some n, 0 < 5 < 1.
Let m’ be the size of G — u. We distinguish three cases:

If R(G —u) = {01, (£1)",(£2)*}, then m’ = r + 45 + 4, and so m — m/ = 5, a contradiction.
If R(G —u) = {0 (£1)"L, (£2)*+1}, then m’ = r + 45 + 3, and so m — m’ = 6, a contradiction.
If R(G —wu) = {071, (£1)"1, (£2)*T £n}, then m/ = n? +4s +r + 3. Now, since 0 < 7 < 1,

m —m' > 5, a contradiction. This completes the proof. O

In [1], matching integral traceable graphs have been characterized. In the following theorem we deter-

mine all matching integral graphs whose longest path avoids only one vertex.

Theorem 3.4. Let G be a connected graph on n vertices whose length of its longest path isn—1. If G

is matching integral, then it is one of the following graphs:
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Proof. We have t(G) = n — 1. Now, Theorem 2.5 implies that, the number of distinct matching zeros of
G is at least n — 1 and multiplicity of each zero is at most two.

First, assume that G has n distinct matching zeros, i.e., all zeros are simple. Now, by Theorem 2.9,
we see that G is traceable, a contradiction. Next, assume that G has n — 1 distinct matching zeros. It
follows that R(G) = {02 £01,...,460.}, where 0 < 61 < --- < 6, and for each 4, 1 < i < k, 6; is an
integer. Note that, G is not a complete graph. We have n = 2k + 2 and

k

WG, z) =2 [](=* - 67)

i=1
— $2k+2 _ (6% N 9]%)1:216

4o (=1)F0F - 0222

Hence

6

=15 (3 1) -1

It follows that for n > 14, m > (g), a contradiction. We consider three cases:

k k
o k(k+1)(2k+1)
_ 2 2 _
m=y Y-
=1 =1
n

Case 1. n < 8. In this case, G is one of the graphs on eight vertices in Theorem 2.10.

Case 2. n = 10. Since A < 9, Theorem 2.3 implies that matching zeros of G lie in the interval
[—5,5]. As m = 03 + 03 + 603 + 07 < 45, the positive matching zeros of G are either 1,2,3,4 or 1,2,3,5.
In the first case, we have u(G,z) = 22(z? — 1)(22 — 4)(2? — 9)(2® — 16). In the second case, we have
w(G,z) = 2%(2? — 1)(2? — 4)(2? — 9)(2% — 25). However, a computer search shows that such graphs do
not exist.

Case 3. n = 12. Since A < 11, Theorem 2.3 implies that matching zeros of G lie in the interval
[—6,6]. As m = 03 4 03 + 03 + 07 + 02 < 66, we find that the positive matching zeros of G are 1,2, 3,4, 5.
Hence (G, x) = 22(2? — 1)(2% — 4)(2® — 9) (22 — 16)(2? — 25). But, by a computer search we find that

such graph does not exist. O
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