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ZERO FORCING NUMBER AND PROPAGATION TIME DISCREPANCY OF

SOME GRAPHS

FATEME KHEYRIDOOST AND EBRAHIM VATANDOOST ∗

Abstract. In this paper, we study zero forcing number and propagation time of corona product G⊙K1

and star-like trees. We give a sharp bound for minimum propagation time of corona product G ⊙ K1.

We prove zero forcing number of G⊙K1 and G are equal if and only if minimum propagation time of G

is 1. Also we obtain propagation time discrepancy of star-like trees.

1. Introduction

In this paper, all graphs are assumed to be finite, simple and undirected. We will often use the

notation G = (V,E) to denote the graph with non-empty vertex set V = V (G) and edge set E = E(G).

For a graph G, n(G) denotes the number of vertices (order) of G and m(G) denotes the number of edges

(size) of G (we use m and n when G is clear from context). An edge of G with end vertices u and v is

denoted by u ∼ v. The open neighborhood of a vertex denoted NG(v), is {u ∈ V (G) : u ∼ v ∈ E(G)}
and the close neighborhood of vertex v ∈ V (G), NG[v], is NG[v] = NG(v)∪{v}. For a set T ⊆ V (G), the

open neighborhood of T is NG(T ) = ∪x∈TNG(x) and the closed neighborhood of T is NG[T ] = NG(T )∪T.
The degree of a vertex x ∈ V (G) is degG(x) =

∣∣NG(x)
∣∣. The minimum degree and maximum degree of

a graph G denoted by δ(G) and ∆(G), respectively. A leaf is a vertex of degree one.

The notations Pn, Cn and Kn are used for path, cycle and complete graph, respectively.
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Let G = (V,E) be a graph and F ⊆ E. If we place a new vertex on each edge F, we denote the resulting

graph by S(G,F ). If F = E, we call it a subdivision of the graph and denote it by S(G) and if F = {e},
we denote it by S(G, e).

The corona product of G and H is the graph G⊙H obtained by taking one copy of G, called the center

graph, |V (G)| copies of H, called the outer graph, and making the i− th vertex of G adjacent to every

vertex of the i− th copy of H, where 1 ≤ i ≤ |V (G)|.
A tree is called star-like if it has exactly one vertex of degree greater than two. We denote by

St(ℓ1, ℓ2, . . . , ℓr) the unique star-like tree such that St(ℓ1, ℓ2, . . . , ℓr) \ v = Pℓ1 ∪ Pℓ2 ∪ · · · ∪ Pℓr , where

Pℓi is the path on ℓi vertices (i = 1 · · · r) and v is the vertex of degree greater than two.

The set of n × n real symmetric matrices will be denoted by Sn(R). For A ∈ Sn(R), the graph of

A = (aij), denoted by G(A), is a graph with vertices {1, . . . , n} and edges {ij| aij ̸= 0, 1 ⩽ i, j ⩽ n}.
Note that the diagonal of A is ignored in determining G(A).

The set of symmetric matrices of graph G is defined by

S(G) = {A ∈ Sn(R) | G(A) = G}.

The maximum nullity of G is

M(G) = max{null(A) | A ∈ S(G)}

and the minimum rank of G is

mr(G) = min{rank(A) | A ∈ S(G)}.

Let each vertex of a graph G be given one of two colors “black” and “white”. If a white vertex b is the

only white neighbor of a black vertex a, then a changes the color of b to black. It is called (color-change

rule.) Furthermore we say a forces b or b is forced by a.

Let B be the initial black vertices. Then B is said a zero forcing set of G if all of the vertices of G will

be turned black after applying a finite number of the color-change rule.

The zero forcing number of G, Z(G), is the minimum cardinality among all zero forcing sets.

For more study, see [2], [3], [7], [10], [11],[12], [13], [16], [17], [18] .

Let G = (V,E) be a graph and B a zero forcing set of G. Define B(0) = B and for ℓ ⩾ 0, B(ℓ+1) is the

set of vertices w for which there exists a vertex b ∈
⋃ℓ

i=0B
(i) such that w is the only neighbor of b not

in
⋃ℓ

i=0B
(i). The propagation time of B in G, denoted by Pt(G,B), is the smallest integer ℓ0 such that

V =
⋃ℓ0

i=0B
(i).

The minimum propagation time of G is

Pt(G) = min{Pt(G,B) | B is a minimum zero forcing set of G}.

The maximum propagation time of G is

PT (G) = max{Pt(G,B) | B is a minimum zero forcing set of G}.
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Also the propagation time discrepancy of G is defined as

pd(G) = PT (G)− Pt(G).

For more study, see [8], [9], [15], [17], [19], [21].

In this paper, we study zero forcing number and propagation time of corona product G ⊙ K1 and

star-like trees. The aim of this paper is to present separate results in each section. We prove that

3 ≤ Pt(G ⊙K1) ≤ Pt(G) + 2 for every graph G of order n ̸= 1 and we show these bounds are sharp.

We show that zero forcing number of G⊙K1 and G are equal if and only if Pt(G) = 1. It is proved that

Z(Kn ⊙K1) = M(Kn ⊙K1) = n− 1. In Section 4 we obtain propagation time discrepancy of star-like

trees.

2. Preliminaries

In this Section, we give some facts that we are need in Sections 3 and 4.

Theorem 2.1. [13] Let G be a connected graph of order n ⩾ 2. Then Z(G) = n− 1 if and only if G is

isomorphic to a complete graph of order n.

Theorem 2.2. [16] Let G ∼= K1,n such that n ≥ 1. Then Z(G) = n− 1.

Theorem 2.3. [1] Let G be a graph and Z ⊆ V a zero forcing set for G. Then M(G) ⩽ Z(G).

Theorem 2.4. [15] Let G be a graph of order n. Then Pt(G) ≥ n−Z(G)
Z(G) .

Theorem 2.5. [15] If G is a graph of order n, then PT (G) ≤ n− Z(G).

It is well-known that Pt(Kn) = 1 = PT (Kn) and

Pt(Cn) = PT (Cn) =

n−2
2 if n is even

n−1
2 if n is odd.

Lemma 2.6. [15] If G is a graph having exactly ℓ leaves, then Z(G) ≥ ⌈ℓ/2⌉.

Lemma 2.7. Let G be a gragh, e = ab ∈ E(G) and degG(a) = 1. Then Z(G) = Z(S(G, e)).

Proof. Let c be new vertex in S(G, e) such that NS(G,e)(c) = {a, b}. Also let X be a zero forcing set of

G with minimum cardinality. We claim that X is a zero forcing set of S(G, e). For this, if a ∈ X, then

a forces c and c forces b. X is a zero forcing set of S(G, e).

If a /∈ X, then in a step of forcing process, a is forced by b. In this step b forces c in S(G, e). Since a is

the only white neighbor of the black vertex c in S(G, e), a is forced by c. Hence X is a zero forcing set

of S(G, e). Thus Z(S(G, e)) ≤ |X| = Z(G).

Now let X ′ be a zero forcing set of S(G, e) with minimum cardinality. c /∈ X ′ and X ′ ⊆ V (G). We claim

that X ′ is a zero forcing set of G. If a ∈ X ′, then b is forced by a in G. Hence X ′ is a zero forcing set

of G.
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If a /∈ X ′, then X ′ is a zero forcing set of S(G, e) \ {a, c}. Since S(G, e) \ {a, c} = G \ {a}, X ′ is a

zero forcing set of G \ {a}. So a is forced by b in G. Hence X ′ is a zero forcing set of G. Therefore

Z(G) ≤ |X ′ | = Z(S(G, e)) and Z(G) = Z(S(G, e)). □

Lemma 2.8. Let G be a connected gragh of order n and X be a zero forcing set G⊙K1 with minimum

cardinality. Then |X| ≤ n− 1 and X ⊈ V (G).

Proof. Let V (G⊙K1) = {vi | 1 ≤ i ≤ n} ∪ {ui | 1 ≤ i ≤ n} such that NG⊙K1(ui) = {vi}.
If Y = {ui | 1 ≤ i ≤ n − 1} is the initial black vertices in G ⊙ K1, then ui forces vi for every

1 ≤ i ≤ n − 1. Since G is a connected graph, vn is adjacent to vj for some 1 ≤ j ≤ n − 1. Thus vn

is the only white neighbor of the black vertex vj . Hence vn is forced by vj . Now un is the only white

neighbor of the black vertex vn. Hence un is forced by vn. So Y is a zero forcing set of G⊙K1. Therefore

|X| = Z(G⊙K1) ≤ |Y | = n− 1.

Suppose, towards a contradiction, that X ⊆ V (G). There exist a vertex vi ∈ V (G) such that vi /∈ X,

because |X| ≤ n − 1. Since X is a zero forcing set G ⊙ K1, vi is forced by a black vertex vj ∈ V (G).

This is impossible, because vj has at least two white vertices uj and vi in it’s neighborhood. □

In the following, we examine the relationship between the zero forcing number of a graph G and its

corona product G⊙K1.

Lemma 2.9. Let G be a connected gragh of order n. Then Z(G) ≤ Z(G⊙K1).

Proof. Let V (G⊙K1) = {vi | 1 ≤ i ≤ n} ∪ {ui | 1 ≤ i ≤ n} such that NG⊙K1(ui) = {vi}.
If X is a zero forcing set of G ⊙K1 with minimum cardinality, then by Lemma 2.8, there exists t ∈ N
such that X ∩ {ui | 1 ≤ i ≤ n} = {uij | 1 ≤ j ≤ t}. It is clear that vij /∈ X for every 1 ≤ j ≤ t.

Suppose that X1 = (X \ {uij | 1 ≤ j ≤ t}) ∪ {vij | 1 ≤ j ≤ t}. Then X1 is a zero forcing set of G and

|X1| = |X|. Thus Z(G) ≤ |X1| = |X| = Z(G⊙K1). □

It is concluded that the zero forcing number of star-like trees is calculated according to its number

of leaves.

Lemma 2.10. Let ℓ1 ≥ ℓ2 ≥ · · · ≥ ℓr, ℓ1 ≥ 2, r ≥ 3 and G = St(ℓ1, ℓ2, . . . , ℓr). Then Z(G) = r − 1.

Proof. A star-like tree is obtained from K1,r by applying a finite number of subdivisions. By Lemma

2.7 and Z(K1,r) = r − 1, the proof is straightforward. □

Since the zero forcing number of St(ℓ1, ℓ2, . . . , ℓr) is equal to r−1, we can state the following Lemma.

Lemma 2.11. Let ℓ1 ≥ · · · ≥ ℓr, ℓ1 ≥ 2, r ≥ 3 and B be a zero forcing set of G = St(ℓ1, ℓ2, . . . , ℓr) with

|B| = r − 1. Also let v be the vertex of degree r and V (Pℓi) = {vi1, vi2, . . . , viℓi}. Where degG(vi1) = 1

for every 1 ≤ i ≤ r. Then

i) v /∈ B.

ii) |B ∩ V (Pℓi)| ≤ 1 for every 1 ≤ i ≤ r.
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iii) B ⊆ {viℓi , vi1|1 ≤ i ≤ r}.
iv) |B ∩ {vi1|1 ≤ i ≤ r}| ≥ 1.

Proof. We know that Z(G) = r − 1.

i) Suppose, towards a contradiction, that v ∈ B. Since |B| = r − 1. Then there exist at least two

branches Pℓi and Pℓj such that 1 ≤ i, j ≤ r and B ∩ (V (Pℓi) ∪ V (Pℓj )) = ∅. Thus v has at least

two white neighbors. Hence the forcing process is stopped. Therefore v /∈ B.

ii) Suppose, towards a contradiction, that for some 1 ≤ i ≤ r, |B ∩ V (Pℓi)| ≥ 2. By (i), v ∈ B(t)

where t ≥ 1. Then v has at least two white vertices in its neighborhood. Hence the forcing

process is stopped. Therefore for every 1 ≤ i ≤ r, |B ∩ V (Pℓi)| ≤ 1.

iii) Suppose, towards a contradiction, that B ⊈ {viℓi , vi1|1 ≤ i ≤ r}. Then there exist vij ∈ B, where

2 ≤ j ≤ ℓi − 1 and 1 ≤ i ≤ r. Since vij has two white vertices in its neighborhood, any vertex is

not forced by vij . By (i) and |B| = r − 1, v ∈ B(t), where t ≥ 1. Then v has at least two white

vertices in its neighborhood. Hence the forcing process is stopped. It is not true.

iv) Suppose, towards a contradiction, that |B ∩{vi1|1 ≤ i ≤ r}| = 0. By (iii) , B ⊆ {viℓi |1 ≤ i ≤ r}.
Then every black vertex has two white vertices in its neighborhood. So the forcing process is

stopped, which is a contradiction. Therefore |B ∩ {vi1|1 ≤ i ≤ r}| ≥ 1 for every 1 ≤ i ≤ r.

□

3. Propagation time of Corona product G⊙K1

In this Section, we study minimum propagation time of Corona product G⊙K1.

In the following Theorem we show that, there is a relationship between the minimum propagation

time of graph G and the Corona product G⊙K1.

Theorem 3.1. Let G be a connected gragh of order n ̸= 1. Then 3 ≤ Pt(G⊙K1) ≤ Pt(G) + 2.

Proof. Let V (G) = {v1, . . . , vn}, V (G⊙K1) = V (G) ∪U, where U = {ui | 1 ≤ i ≤ n} and NG⊙K1(ui) =

{vi}. Also let Pt(G) = α, P t(G ⊙ K1) = β and B be a zero forcing set of G ⊙ K1 with minimum

cardinality such that Pt(G⊙K1, B) = β. By Lemma 2.8, B ∩ U ̸= ∅.
Suppose that B ∩ V (G) ̸= ∅ and B ∩ V (G) = {vij | 1 ≤ j ≤ t}. Then B0 = (B \ {vij | 1 ≤ j ≤
t}) ∪ {uij | 1 ≤ j ≤ t} is a zero forcing set of G ⊙ K1 with minimum cardinality. We have {vij |
1 ≤ j ≤ t} ⊆ B

(1)
0 . Since Pt(G) = α, V (G) ⊆

⋃α0+1
i=0 B

(i)
0 ⫋ V (G ⊙ K1), where 1 ≤ α0 ≤ α. Since

every ui ∈ V (G ⊙ K1) \
⋃α0+1

i=0 B
(i)
0 is the only white neighbor of the black vertex vi, vi forces ui.

Thus
⋃α0+2

i=0 B
(i)
0 = V (G ⊙ K1) and so Pt(G ⊙ K1, B0) = α0 + 2 ≤ α + 2 = Pt(G) + 2. Therefore

Pt(G⊙K1) ≤ Pt(G) + 2.

We know that B ∩ U ̸= ∅. If ui ∈ B, then vi /∈ B. By Lemmas 2.8 and 2.9, there exist 1 ≤ j ≤ n, j ̸= i

such that {vj , uj} ∩B = ∅. It is clear that vi ∈ B(1) and {vj , uj} ∩B(1) = ∅. Since uj is the only white

neighbor of the white vertex vj , uj /∈
⋃2

t=0B
(t).

Thus Pt(G⊙K1, B) ≥ 3. Since B is arbitrary, Pt(G⊙K1) ≥ 3. □
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Which graphs have propagation time 1?

In the following Theorem, we present a necessary and sufficient condition for this question.

Theorem 3.2. Let G be a connected gragh of order n. Then Pt(G) = 1 if and only if Z(G) = Z(G⊙K1).

Proof. Let V (G) = {v1, . . . , vn}, V (G⊙K1) = V (G) ∪U, where U = {ui | 1 ≤ i ≤ n} and NG⊙K1(ui) =

{vi}. By Lemma 2.9, it is enough to show that Z(G⊙K1) ≤ Z(G).

For it, let Z(G) = t and X = {vi1 , . . . , vit} be a zero forcing set of G such that Pt(G,X) = 1. Also

let X ′ = {ui1 , . . . , uit} be the initial black vertices in G ⊙ K1. Then uij forces vij for 1 ≤ j ≤ t

and so X ′(1) = X. Since Pt(G,X) = 1, every vℓ ∈ V (G) \ {vij | 1 ≤ j ≤ t}, is forced by a vertex

in X. Thus X ′ ∪ X ′(1) ∪ X ′(2) = V (G) ∪ X ′. Finally, every uℓ ∈ U \ {uij | 1 ≤ j ≤ t} is the only

white neighbor of the black vertex vℓ. So vℓ forces uℓ. Hence X ′ is a zero forcing set of G ⊙K1. Thus

Z(G⊙K1) ≤ |X ′| = |X| = Z(G).

Let Z(G) = Z(G⊙K1) andX be a zero forcing set ofG⊙K1 with minimum cardinality such that |X| = s.

By Theorem 2.8, X ⊈ V (G). If V (G)∩X = {vi1 , . . . , vit}, then X
′
= (X \ {vi1 , . . . , vit})∪{ui1 , . . . , uit}

is a zero forcing set of G⊙K1. Since X
′
= {ui1 , . . . , uis} is a zero forcing set of G⊙K1 with minimum

cardinality and Z(G) = Z(G⊙K1), B = {vi1 , . . . , vis} is a zero forcing set ofG with minimum cardinality.

If Pt(G) > 1, then B(1) ⫋ V (G). If vr ∈ V (G) \ B(1), then vr is forced by a black vertex vj such that

vj ∈ B(1), which is impossible, because uj and vr are white vertices and {uj , vr} ⊊ NG⊙K1(vj). Therefore

Pt(G) = 1. □

Theorem 3.3. If n ≥ 3, then Z(Kn ⊙K1) = M(Kn ⊙K1) = n− 1 and Pt(Kn ⊙K1) = 3.

Proof. Since Pt(Kn) = 1, by Theorem 3.2, Z(Kn ⊙K1) = n− 1. By Theorem 3.1, Pt(Kn ⊙K1) = 3.

Let G = Kn ⊙ K1, V (Kn) = {v1, v2, . . . , vn}, V (G) = V (Kn) ∪ {u1, . . . , un} and NG(ui) = {vi}. Also
let Ri(A) be the i − th row of the adjacency matrix A(G) of G corresponding to vi and R′

i(A) be the

(n+ i)− th row of A(G) corresponding to ui, where 1 ≤ i ≤ n.

A(G) = [Aℓt] =



0 1 1 · · · 1 1 0 · · · 0
...

...
. . .

...
...

...
. . .

...
...

1 1 1 · · · 0 0 0 · · · 1

1 0 0 · · · 0 0 0 · · · 0
...

...
. . .

...
...

...
. . .

...
...

0 0 0 · · · 1 0 0 · · · 0


Let B = [Bℓt] be a matrix 2n× 2n as following:

Bℓt =

−1 ℓ = t ≥ n+ 1

Aℓt o.w
.
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B =



0 1 1 · · · 1 1 0 · · · 0
...

...
. . .

...
...

...
. . .

...
...

1 1 1 · · · 0 0 0 · · · 1

1 0 0 · · · 0 −1 0 · · · 0
...

...
. . .

...
...

...
. . .

...
...

0 0 0 · · · 1 0 0 · · · −1


Then B ∈ S(G). Now let C be a matrix 2n× 2n as following:

C =



1 1 1 · · · 1 0 0 · · · 0
...

...
...

...
...

...
...

...
...

1 1 1 · · · 1 0 0 · · · 0

1 0 0 · · · 0 −1 0 · · · 0
...

...
. . .

...
...

...
. . .

...
...

0 0 0 · · · 1 0 0 · · · −1


Then we have,

R
′
n+1(B) +R1(B) = R1(C)

...

R
′
n+n(B) +Rn(B) = Rn(C).

It is clear that rank(C) ≤ n + 1. Since rank(C) = rank(B), rank(B) ≤ n + 1. Thus null(B) ≥
2n− (n+ 1) = n− 1. Hence M(G) ≥ n− 1. By Theorem 2.3, we have

n− 1 ≤ M(G) ≤ Z(G) = n− 1.

Therefore M(G) = Z(G) = n− 1. □

A unicyclic graph with cycle Cr is called Sunshape and is denoted by C(ℓ1, ℓ2, . . . , ℓr) if C(ℓ1, ℓ2, . . . , ℓr)\
V (Cr) = Pℓ1 ∪ Pℓ2 ∪ · · · ∪ Pℓr , where Pℓi is the path on ℓi vertices (i = 1 · · · r).
A sunshape is obtained from Cn ⊙K1 by applying a finite number of subdivisions.

Theorem 3.4. Let G = C(ℓ1, ℓ2, . . . , ℓn), ℓ1 = ℓ2 = · · · = ℓn = ℓ ≥ 1 and n = 2k, k be even. Then

Z(G) = k and Pt(G) = 2ℓ+ 1.

Proof. Let V (Cn) = {v1, v2, . . . , vn} and V (Cn ⊙ K1) = V (Cn) ∪ U, where U = {ui | 1 ≤ i ≤ n} and

NCn⊙K1(ui) = {vi}. By Lemma 2.6, Z(Cn ⊙K1) ≥ ⌈n2 ⌉ = k.

Now let B = {u4i+1, u4i+2 | 0 ≤ i ≤ k
2 − 1} be the initial black vertices of Cn⊙K1. It is easy to see that

B is a zero forcing set of Cn ⊙K1. So Z(Cn ⊙K1) ≤ |B| = k. Hence Z(Cn ⊙K1) = k.

By Lemma 2.7 and Theorem 2.4, we have Z(G) = k and Pt(G) ≥ (nℓ+n)−n
2

n
2

= 2ℓ+ 1.
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Let V (Pℓi) = {vi1, vi2, . . . , viℓi} such that degG(vi1) = 1, 1 ≤ i ≤ n and X = {v(4i+1)1, v(4i+2)1 | 0 ≤ i ≤
k
2 − 1} be the initial black vertices of G. Then

X(1) = {v(4i+1)2, v(4i+2)2 | 0 ≤ i ≤ k

2
− 1}

...

X(ℓ) = {v(4i+1), v(4i+2) | 0 ≤ i ≤ k

2
− 1}

X(ℓ+1) = {v(4i+3), v(4i+4) | 0 ≤ i ≤ k

2
− 1}

X(ℓ+2) = {v(4i+3)ℓ4i+3
, v(4i+4)ℓ4i+4

| 0 ≤ i ≤ k

2
− 1}

...

X(ℓ+1+ℓ) = {v(4i+3)1, v(4i+4)1 | 0 ≤ i ≤ k

2
− 1}.

Hence
⋃2ℓ+1

t=0 X(t) = V (G). Since |X| = k, X is a zero forcing set of G with minimum cardinality.

Therefore Pt(G,X) = 2ℓ+ 1 and so Pt(G) ≤ 2ℓ+ 1. Hence Pt(G) = 2ℓ+ 1. □

v11

v12

v1 v2

v22

v21

v3
v32

v31

v4
v42

v41

Figure 1. The sunshape C(2, 2, 2, 2)

4. Propagation time discrepancy of star-like trees

In this Section, we obtain the propagation time discrepancy of star-like trees.

Theorem 4.1. Let G = St(ℓ1, ℓ2, . . . , ℓr) such that ℓ1 = ℓ2 = · · · = ℓr = ℓ, ℓ ≥ 2 and r ≥ 3. Then

pd(G) = 0.
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Proof. Let B be a zero forcing set with minimum cardinality. By Lemma 2.11, without loss of generality,

we may assume that v11 ∈ B and B ∩ V (Pℓ2) = ∅. It is easy to see that B(ℓ) = {v} and v2ℓ2 is the

only white neighbor of the black vertex v. So v forces v2ℓ2 . It is clear that
⋃2ℓ−1

t=0 B(t) = V (G) \ {v21}.
Thus B(2ℓ) = {v21}. Hence Pt(G,B) = 2ℓ. Since B is arbitrary, Pt(G) = PT (G) = 2ℓ. Therefore

pd(G) = 0. □

Theorem 4.2. Let G = St(ℓ1, ℓ2, . . . , ℓr) such that ℓ1 = ℓ2 = · · · = ℓr − 1 = ℓ ≥ 2, r ≥ 3 and ℓr < ℓ.

Then pd(G) = ℓ− ℓr.

Proof. Let B be a zero forcing set with minimum cardinality |B| = r − 1. By Lemma 2.11, we have

three following cases:

Case 1. Let B ∩ V (Pℓr) = ∅.
Subcase 1. If B = {vi1|1 ≤ i ≤ r − 1}, then B(1) = {vi2|1 ≤ i ≤ r − 1}, B(2) = {vi3|1 ≤ i ≤
r − 1}, . . . , B(ℓ−1) = {viℓi |1 ≤ i ≤ r − 1}, B(ℓ) = {v}, B(ℓ+1) = {vrℓr}, . . . , B(ℓ+ℓr) = {vr1}. Thus⋃ℓ+ℓr

t=0 B(t) = V (G). Therefore Pt(G,B) = ℓ+ ℓr.(See Figure 2, G1 )

Subcase 2. Let B ̸= {vi1|1 ≤ i ≤ r − 1}. Without loss of generality, we may assume that v2ℓ2 ∈ B.

By Lemma 2.11, v /∈ B. It is easy to see that B(ℓ) = {v}, {v2(ℓ2−1), vrℓr} ⊆ B(ℓ+1), . . . , {v2(ℓ2−ℓr), vr1} ⊆
B(ℓ+ℓr). Since ℓ1 = ℓ2 = · · · = ℓr − 1 = ℓ > ℓr, so {v21} ⊆ B(ℓ+ℓ−1). Thus

⋃2ℓ−1
t=0 B(t) = V (G). Therefore

Pt(G,B) = 2ℓ− 1. (See Figure2, G2)

v

v1ℓ1

v11 v21 v31

vrℓr

vr1

G1

v

v1ℓ1

v11 v21 v31

vrℓr

vr1

G2

Figure 2. The starlike trees G1 and G2

Case 2. Let B ∩ V (Pℓr) ̸= ∅ and vr1 ∈ B.

Subcase 1. Let B ∩ {vi1|1 ≤ i ≤ r} = {vr1}. Without loss of generality, we may assume that B ∩
V (Pℓ1) = ∅. So B(1) = {vr2}, B(2) = {vr3}, . . . , B(ℓr) = {v}, B(ℓr+1) = {viℓi−1, v1ℓ1 |2 ≤ i ≤ r − 1},
. . . , B(ℓr+ℓ−1) = {vi1, v12 | 2 ≤ i ≤ r − 1} and B(ℓr+ℓ) = {v11}. Thus

⋃ℓ+ℓr
t=0 B(t) = V (G). Hence

Pt(G,B) = ℓ+ ℓr. (See Figure 3, G3)

Subcase 2. Let vk1 ∈ B for some 1 ≤ k ≤ r−1. Without loss of generality, we may assume that v11 ∈ B
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and B ∩ V (Pℓ2) = ∅. Then {vr2, v12} ⊆ B(1) (v /∈ B(1), V (Pℓ2) ∩ B(1) = ∅), . . . , {v, v1ℓr+1} ⊆ B(ℓr),

v1ℓr+2 ∈ B(ℓr+1) and v2ℓ2 /∈ B(ℓr+1), . . . , v1ℓ1 ∈ B(ℓ1−1), and v2ℓ2 /∈ B(ℓ1−1). The vertex v2ℓ2 is the only

white neighbor of the black vertex v. So v2ℓ2 is forced by v. Hence v2ℓ2 ∈ B(ℓ). Since B(ℓ) ∩ {v2i | 1 ≤
i ≤ ℓ2 − 1} = ∅ and Pt(Pℓ2) = ℓ2 − 1,

⋃2ℓ−1
t=0 B(t) = V (G). Therefore Pt(G,B) = 2ℓ− 1. (See Figure 3,

G4)

v

v1ℓ1

v11 v21 v31

vrℓr

vr1

G3

v

v1ℓ1

v11 v21 v31

vrℓr

vr1

G4

Figure 3. The starlike trees G3 and G4

Case 3. Let B ∩ V (Pℓr) ̸= ∅ and vrℓr ∈ B. By Lemma 2.11, Since B ∩ {vi1|1 ≤ i ≤ r − 1} ≠ ∅, without
loss of generality, we may assume that v11 ∈ B and B ∩ V (Pℓ2) = ∅. It is easy to see that v /∈

⋃ℓ−1
t=0 B

(t)

and v ∈ B(ℓ). The vertex v2ℓ2 is the only white neighbor of the black vertex v. So v forces v2ℓ2 . Since

B(ℓ+1) ∩ {v2i | 1 ≤ i ≤ ℓ − 1} = ∅ and Pt(Pℓ) = ℓ − 1,
⋃2ℓ

t=0B
(t) = V (G). Then Pt(G,B) = 2ℓ. (See

Figure 4, G5)

However, Pt(G) = min{ℓ + ℓr, 2ℓ − 1, 2ℓ} = ℓ + ℓr and PT (G) = max{ℓ + ℓr, 2ℓ − 1, 2ℓ} = 2ℓ. Hence

pd(G) = ℓ− ℓr.

v

v1ℓ1

v11 v21 v31

vrℓr

vr1

Figure 4. The starlike tree G5

□
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Example 4.3. If G = St(3, 3, 2), then ℓ = 3, ℓr = 2. By Theorem 4.2, Pt(G) = ℓ + ℓr = 5, PT (G) =

2ℓ = 6 and pd(G) = ℓ− ℓr = 1.

Now Let B1 = {v11, v21}, B2 = {v11, v32}, B3 = {v11, v31} and B4 = {v13, v31} are zero forcing sets

with minimum cardinality. It is easy to see that Pt(G,B1) = 5, P t(G,B2) = 6, P t(G,B3) = 5 and

Pt(G,B4) = 5.

Theorem 4.4. Let G = St(ℓ1, ℓ2, . . . , ℓr), ℓ1 = ℓ2 = · · · = ℓt = ℓ and ℓt+1 < ℓt, where t ≥ 2, r ≥ 4. Then

pd(G) = ℓ− ℓr + 1.

Proof. Let B be a zero forcing set with minimum cardinality |B| = r − 1. By Lemma 2.11, there exist

1 ≤ i0 ≤ r such that V (Pℓi0
) ∩B = ∅. We have two following cases:

Case 1. Let ℓi0 = ℓ. Without loss of generality, we may assume that i0 = 1.

Since |B ∩ {vi1|1 ≤ i ≤ r}| ≥ 1 for every 1 ≤ i ≤ r, we have

Subcase 1. Let B ∩ {vi1|2 ≤ i ≤ t} ≠ ∅. Without loss of generality, we may assume that v21 ∈ B.

If B ∩ {vi1|t + 1 ≤ i ≤ r} = ∅, then B(ℓ) = {v} and {v1ℓ, viℓi−1 | t + 1 ≤ i ≤ r} ⊆ B(ℓ+1). Since

ℓ1 = ℓ2 = · · · = ℓt = ℓ and ℓt+1 < ℓt, we have {v1(ℓ−ℓt+1−2), v(t+1)1} ⊆ B(ℓ+ℓt+1−1), . . . , v11 ∈ B(ℓ+ℓ). So⋃2ℓ
t=0B

(t) = V (G). Then Pt(G,B) = 2ℓ. (See Figure 5, G6)

If B ∩ {vi1|t + 1 ≤ i ≤ r} ̸= ∅, then in the (ℓ − 1) − th step, the vertex v2ℓ is forced by v2(ℓ−1). It is

easy to see that v1ℓ ∈ B(ℓ), . . . , v11 ∈ B(2ℓ−1). Hence
⋃2ℓ−1

t=0 B(t) = V (G). Thus Pt(G,B) = 2ℓ− 1. (See

Figure 5, G7)

v

v1ℓ1

v13

v12

v11

vrℓr

vr1

v21 vt1

v(t+1)1

G6

v

v1ℓ1

v13

v12

v11

vrℓr

vr1

v21 vt1

v(t+1)1

G7

Figure 5. The starlike trees G6 and G7

□

Subcase 2. Let B ∩ {vi1|1 ≤ i ≤ t} = ∅.
If B ∩ {vi1|t + 1 ≤ i ≤ r} = {vj1}, t + 1 ≤ j ≤ r, then B(ℓj) = {v}, B(ℓj+1) = {v1ℓ, viℓi−1 | 2 ≤ i ≤
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r , j ̸= i}, . . . , B(ℓj+ℓ−1) = {v12, vi1 | 2 ≤ i ≤ t}, B(ℓj+ℓ) = {v11}. Hence
⋃ℓj+ℓ

t=0 B(t) = V (G). Therefore

Pt(G,B) = ℓ+ ℓj . (See Figure 6, G8).

For t+ 1 ≤ j ≤ r, we have ℓr ≤ ℓj . So Pt(G) ≤ ℓ+ ℓr.

Suppose that |B ∩ {vi1|t+ 1 ≤ i ≤ r}| ≥ 2 and T = {ℓi|t+ 1 ≤ i ≤ r,B ∩ {vi1|t+ 1 ≤ i ≤ r} ≠ ∅}.
If |T | = 1 and ℓi ∈ T, then B(ℓi) = {v}, {v1ℓ, viℓ−1 | 2 ≤ i ≤ t} ⊆ B(ℓi+1). Since ℓ1 = ℓ2 = · · · = ℓt = ℓ

and ℓt+1 < ℓt, B
(ℓi+ℓ−1) = {v12, vi1 | 2 ≤ i ≤ t}, B(ℓi+ℓ) = {v11}. Hence

⋃ℓi+ℓ
t=0 B(t) = V (G). Therefore

Pt(G,B) = ℓ+ ℓi. For t+ 1 ≤ i ≤ r, we have ℓr ≤ ℓi. So Pt(G) ≤ ℓ+ ℓr.

If |T | ≥ 2, ℓk = Min(T ) and ℓj = Max(T ), then B(ℓk) = {v}, vjℓj ∈ B(ℓj−1), {v1ℓ, viℓ−1 | 2 ≤ i ≤
t} ⊆ B((ℓj−1)+1). Since ℓ1 = ℓ2 = · · · = ℓt = ℓ and ℓt+1 < ℓt, so B((ℓj−1)+(ℓ−1)) = {v12, vi1 | 2 ≤ i ≤ t},
B((ℓj−1)+ℓ) = {v11}. Hence

⋃ℓ+ℓj−1
t=0 B(t) = V (G). Then Pt(G,B) = ℓ + ℓj − 1. (See Figure 6, G9). For

t+ 1 ≤ j ≤ r, we have ℓr ≤ ℓj . So Pt(G) ≤ ℓ+ ℓr − 1.

v

v1ℓ1

v13

v12

v11

vrℓr

vr1

v21 vt1

v(t+1)1

vj1

G8

v

v1ℓ1

v13

v12

v11

vrℓr

vr1

v21 vt1

v(t+1)1

vj1

G9

Figure 6. The starlike trees G8 and G9

Case 2. Let ℓi0 < ℓ.

Subcase 1. Suppose that B ∩ {vi1|t+ 1 ≤ i ≤ r} = ∅.
Let {vi1|1 ≤ i ≤ t} ⊆ B and ℓi0 = ℓt+1. B

(1) = {vi2|1 ≤ i ≤ t}, B(2) = {vi3|1 ≤ i ≤ t}, . . . , B(ℓ−1) =

{viℓ|1 ≤ i ≤ t}, B(ℓ) = {v}, v(t+1)ℓt+1
∈ B(ℓ+1), . . . , v(t+1)1 ∈ B(ℓ+ℓt+1). Hence

⋃ℓ+ℓt+1

t=0 B(t) = V (G).

Therefore Pt(G,B) = ℓ + ℓt+1. (See Figure 7, G10). Let {vi1|1 ≤ i ≤ t} ⊆ B and ℓi0 < ℓt+1. Then

B(1) = {vi2|1 ≤ i ≤ t}, B(2) = {vi3|1 ≤ i ≤ t}, . . . , B(ℓ−1) = {viℓ|1 ≤ i ≤ t}, B(ℓ) = {v}, and with

ℓt+1 − 1 steps the forcing process, all of the vertices of G are forced. Therefore Pt(G,B) = ℓ+ ℓt+1 − 1

and so Pt(G) ≤ ℓ+ ℓr − 1. (See Figure 7, G11).

If {vi1|1 ≤ i ≤ t} ⊈ B. Without loss of generality, we may assume that v11 /∈ B. Then v1ℓ ∈ B. By

Lemma 2.11, there exist vi1 ∈ B such that 2 ≤ i ≤ t. So B(ℓ) = {v}, v1ℓ−1 ∈ B(ℓ+1), . . . , v11 ∈ B(ℓ+ℓ−1).

Hence
⋃2ℓ−1

t=0 B(t) = V (G). Thus Pt(G,B) = 2ℓ− 1. (See Figure 8, G12).
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Subcase 2. Suppose that B ∩ {vi1|t+ 1 ≤ i ≤ r} ≠ ∅ and | B ∩ {vi1|1 ≤ i ≤ t} | = α.

Let α = 0, T
′
= {ℓi|t + 1 ≤ i ≤ r,B ∩ {vi1|t + 1 ≤ i ≤ r} ≠ ∅}, ℓk = min(T

′
) and ℓj = Max(T

′
). It is

clear that v ∈ B(ℓk).

If ℓi0 < ℓ− ℓj + ℓk + 1, then
⋃ℓ+ℓk−2

t=0 B(t) = V (G) \ {vi1 | 1 ≤ i ≤ t}. Thus
⋃ℓ+ℓk−1

t=0 B(t) = V (G) and so

Pt(G,B) = ℓ+ ℓk − 1. Hence Pt(G) ≤ ℓ+ ℓr − 1.. If ℓi0 ≥ ℓ− ℓj + ℓk +1, then
⋃ℓi0+ℓj−2

t=0 B(t) = V (G) \
({vi1 | 1 ≤ i ≤ t}) ∪ vi01) or

⋃ℓi0+ℓj−2
t=0 B(t) = V (G) \ {vi01}. However we have

⋃ℓi0+ℓj−1
t=0 B(t) = V (G).

Thus Pt(G,B) = ℓi0 + ℓj − 1 ≥ ℓ+ ℓk. (See Figure 9, G13).

Let α = t. Then {viℓ|1 ≤ i ≤ t} = B(ℓ−1), vi0ℓi0 ∈ B(ℓ−1)+1, . . . , vi01 ∈ B(ℓ−1)+ℓi0 . So
⋃ℓ+ℓi0−1

t=0 B(t) =

V (G). Hence Pt(G,B) = ℓ+ ℓi0 − 1. (See Figure 9, G14).

v

v1ℓ1

v13

v12

v11

vrℓr

vr1

v21 vt1

v(t+1)1

vj1

G10

v

v1ℓ1

v13

v12

v11

vrℓr

vr1

v21 vt1

v(t+1)1

vj1

G11

Figure 7. The starlik treesG10 and G11

v

v1ℓ1

v13

v12

v11

vrℓr

vr1

v21 vt1

v(t+1)1

vj1

Figure 8. The starlike tree G12
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v

v1ℓ1

v13

v12

v11

vrℓr

vr1

v21 vt1

v(t+1)1 = vi01

vj1

G13

v

v1ℓ1

v13

v12

v11

vrℓr

vr1

v21 vt1

v(t+1)1 = vi01

vj1

G14

v

v1ℓ1

v13

v12

v11

vrℓr

vr1

v21 vt1

v(t+1)1

vi01

G15

v

v1ℓ1

v13

v12

v11

vrℓr

vr1

v21 vt1

v(t+1)1 = vi01

vj1

G16

Figure 9. The starlike trees G13, G14, G15 and G16

Let 1 ≤ α < t. Without loss of generality, we may assume that v11 /∈ B and v21 ∈ B.

Then {v1(ℓ−1), v2(ℓk+2)} ⊆ B(ℓk+1), . . . , {v2ℓ, v1(ℓk+1)} ⊆ B(ℓ−1), {vi0ℓi0 , v1ℓk} ⊆ B(ℓ),

{vi0(ℓi0−1), v1(ℓk−1)} ⊆ B(ℓ+1). Since ℓ1 = ℓ2 = · · · = ℓt = ℓ and ℓt+1 < ℓt, if ℓi0 < ℓk, then vi01 ∈
B(ℓ+ℓi0−1) and v11 /∈ B(ℓ+ℓi0−1). It is clear that v11 ∈ B(ℓ+ℓk−1). Therefore

⋃ℓ+ℓk−1
t=0 B(t) = V (G). Hence

Pt(G,B) = ℓ+ ℓk − 1. (See Figure 9, G15).

If ℓi0 ≥ ℓk, then v11 ∈ B(ℓ+ℓk−1), vi01 /∈ B(ℓ+ℓk−1). It is easy to see that vi01 ∈ B(ℓ−1)+ℓi0 . Thus⋃ℓ+ℓi0−1
t=0 B(t) = V (G). Hence Pt(G,B) = ℓ+ ℓi0 − 1. (See Figure 9, G16). However we have

Pt(G) = min{2ℓ, 2ℓ − 1, ℓ + ℓt+1, ℓ + ℓk, ℓ + ℓr − 1, ℓ + ℓr, ℓ + ℓi0 − 1, ℓ + ℓk − 1} = ℓ + ℓr − 1. On the

other hand it is clear that PT (G) = 2ℓ. Therefore pd(G) = ℓ− ℓr + 1.
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v

v41

v11 v21

v31

Figure 10. The graph St(3, 3, 2, 2)

Example 4.5. Let G = St(3, 3, 2, 2) be the graph in Figure 10. Then ℓ = 3, ℓr = 2. By Theorem 4.4,

Pt(G) = ℓ+ ℓr − 1 = 4, PT (G) = 2ℓ = 6 and pd(G) = ℓ− ℓr + 1 = 2.

Now Let B1 = {v11, v21, v31}, B2 = {v11, v21, v32}, B3 = {v11, v31, v41} B4 = {v13, v31, v41}, B5 =

{v11, v32, v42}, B6 = {v13, v23, v41} and B7 = {v23, v32, v41} are zero forcing sets with minimum cardinal-

ity. It is easy to see that Pt(G,B1) = 4, P t(G,B2) = 5, P t(G,B3) = 5, P t(G,B4) = 5, P t(G,B5) = 6,

P t(G,B6) = 4, P t(G,B7) = 5.
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