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PROOF OF A CONJECTURE FOR THE IDENTIFYING CODE NUMBER OF
THE SUBDIVISION OF GRAPHS

KAMRAN MIRASHEH ~ *, AHMAD ABBASI™ AND EBRAHIM VATANDOOST

ABSTRACT. In this paper, it is proved that the identifying code number of the subdivision graph of G
is n where |V(G)| = n. This result proves the conjecture posed in [S. Ahmadi, E. Vatandoost and A.
Behtoie, Domination number and identifying code number of the subdivision graphs, J. Algebr. Syst.,

13 no. 2 (2025) pp. 1-11].

1. Introduction

In this paper, all graphs are assumed to be finite, simple and undirected. We will often use the
notation G = (V, E) to denote the graph with non-empty vertex set V' = V(G) and edge set E = E(G).
The degree of a vertex v is denoted deg(v). An edge of G with end vertices v and v is denoted by
u — v. For every vertex x € V(G), the open neighborhood of vertex x is denoted by Ng(z) and
defined as Ng(z) = {y € V(G) : x — y}, and the close neighborhood of vertex x € V(G), Nglz], is
N¢lz] = Ng(z) U {z}. For a set T' C V(G), the open neighborhood of T is Nq(T') = Ugzer Ne(z) and
the closed neighborhood of T is Ng[T'] = Ng(T) UT. A subset C of V(G) is a dominating set of G if
every vertex in V(G)\ C' is adjacent to at least one vertex in C. A set C of vertices G is an identifying
code of G if for every two vertices x and y the sets Ng[z] N C and N¢[y] N C are non-empty and
different. Given a graph G, the smallest size of an identifying code of G is called the identifying code
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number of G and denoted by v/P(G). Two vertices x and y are called twin vertices if they have equal
closed neighborhoods, i.e. Ng[x] = Ngly]. A graph is called identifiable graph, if it has an identifying
code. Graphs with at least two twin vertices are not an identifiable graph. For more details we refer
reader to [2, 3, 4, 6, 7]. The Subdivision graph is the graph obtained by inserting an additional vertex
in to each edge of G, denoted by S(G). Recently, S. Ahmadi et al. [1] have shown that v/?(S(G)) < n
holds for any connected graph G, and they conjecture that this upper bound is always sharp.

Conjecture 1.1. If G is a connected graph of order n, then v'P(S(G)) = n.

In this paper, we show that this conjecture is correct.

2. Proof of Conjecture 1.1

In this section, we present the proof of the Conjecture 1.1.
Theorem 2.1. If G is a connected graph of order n, then v'P(S(G)) = n.
Proof. Let V(G) = {v1,v2,...,v,} and V(S(G)) = V(G) U B, where
B = {vij D 1<i<j<n, NS(G)(W]‘) = {UZ‘,’l}j}}.

It is clear that V(G) is an identifying code of S(G) and so /P (S(G)) < n. Let C be an identifying
code of S(G) such that |C| = v'P(S(G)). On the contrary assume that 4/ (S(G)) < n — 1. We know
that S(G) is a bipartite graph with two partitions V(G) and B. Since C' is a dominating set of S(G)
and |C] <n—1,s0 CN B # . We claim that C N V(G) # (). On the contrary let C' C B. Since C' is
a dominating set of S(G), so B = C. Thus |E(G)| = |B| = |C| < |V(G)| — 1. Hence G is a tree. Thus
there exist v; € V(G) such that degg(v;) = 1. Let v; € Ng((vij) where i < j. Then

NS(G) [Uij] NnC = NS(G) [UZ] NnC = {Uij}.

This is contradiction with this fact that C' is an identifying code of S(G).
Let |[CNB|=t. Then |[CNV(G)| <n—t—1and |V(G)\C| > t+ 1. We define

By = {Uij eCnNB: ‘NS(G)(Uij) ﬁC’ = 0}, By = {’Uij eCNB: |NS(G)(Uij) ﬂC| = 1}.

CNB B\C B

V(G)\C CNV(Q) V(G)
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Let the induced subgraph on (C' N B) U

minimality of C. Thus, we have Bg U By = BN C. We claim that

Claim I)

Claim II)

By the claim II, we may assume that, there exist v;; € By such that N, (v;) = {v;;}. Then Ngg)[vij]
C = Nglvi] N C = {vi;}. It is contradiction with this fact that C is an identifying code of S(G).

By # 0.

Let By = (). By definition B; we have |[Ny(z)| = 1 for all z € By. Let 2 € By and Ny (z) = {y}.
We define f: B; — V(G)\C with f(x) = y. Since C is a dominating set of S(G) and H is a

bipartite graph, so f is an onto function. Hence |B1| > |V(G) \ C|. Thus
t=|CNB|>|B|>|V(G)\C|>t+1.

Which is a contradiction. Therefore By # 0.
There exists a v € N, (Byp) such that deg,, (v) = 1.
For proof, let deg,, (v) > 2, for every v € N, (By). Then

Y degy(v) = 2((t+1) —|Bi)).
UENH(B())
Since V(G) \ C = N, (By) UN, (B;) and EUENH(B1) deg,, (v) = |By|, so
> degy(v) = 2((t+1) — |Bi]) + [Bi| = 2(t + 1) — [Bu].
veV(G)\C
Also, we have B U By C CN B. So |By| + |Bg| = t. Hence
> deg,(v) = deg, (v)+ Y deg, (v
veCNB vEBy vEB,

It is easy to see that > o p 5, degy, (v) = 0. Thus

> deg,(v) = deg, (v) + |Bi| = 2|Bo| + |Bi| < 2(t — [Bi]) + |Bi| = 2t — |Bi].

veCNB vEBy

It is clear that > cy )¢ degy (v) = [E(H)| =3, conp degy (v). Therefore,

2+2—|Bi|< > deg,(v)= > deg,(u) <2t—|B|.
vEV(G)\C u€CNB

Which is a contradiction.

Therefore v/P(S(G)) = n.
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(V(G)\C) be H. Note that if there exists v;; € BN C such

that {v;,v;} € V N C, then we can remove v;; from C since it is redundant, which contradicts the
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