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ON THE NOMURA ALGEBRAS OF FORMALLY SELF-DUAL ASSOCIATION
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ABSTRACT. In this paper, the type-II matrices on (negative) Latin square graphs are considered and
it is proved that, under certain conditions, the Nomura algebras of such type-II matrices are trivial.
In addition, we construct type-II matrices on doubly regular tournaments and show that the Nomura

algebras of such matrices are also trivial.

1. Introduction

In [3], Chan and Hosoya have considered the type-II matrices in the Bose-Mesner algebra of confer-
ence graphs and have proved that the Nomura algebras of such matrices are trivial when n > 9. In this
paper, we show that the Nomura algebras obtained from some of the (negative) Latin square graphs
are trivial. Moreover, we determine the type-II matrices attached to doubly regular tournaments.
Then we show that the Nomura algebras obtained from these type-II matrices are trivial.

In the rest of the section, we remind some concepts and notations about type-II matrices, strongly

regular graphs and association schemes.

1.1. Type-II matrices. In this subsection, we drive some notations and concepts in the type-II
matrices and the Nomura algebras according to [2]. Let I,, and J denote the identity matrix of order

n and the matrix of order n whose entries are all 1, respectively. Denote by M,,(C) the set of n x n
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complex matrices. Let W = (w;;) be an n x n complex matrix whose entries are all nonzero. We can

define an associated n x n matrix by W) = (w;l) An n x n complex matrix W is called type-II if
Ww Ot = nr.

As an example, the matrix I+x.J of order n > 2 is a type-1I where z is one of the roots of nz?+nz+1 =
0, i e,z =3(2—n+vn?—4n). Such a matrix is called the Potts model.

Let X be a nonempty finite set with |X| = n. Let W = (wj;) be a complex matrix whose rows and

columns are indexed by X and whose entries are all nonzero. For each uw,v = 1,...,n, we define a
column vector ey, whose i-th entry is
. Wiy
ew(i) = .
Wiy

The Nomura algebra of W is defined by
Nw ={M € M,,(C) | ey is an eigenvector of M,Vu,v € X}.

From [2], Corollary 4.1] it follows that the Nomura algebra of any type-II matrix is the Bose-Mesner
algebra of a commutative association scheme. Since Ny, contains I it is nonempty. The Nomura
algebra Ny is said to be trivial if dim Ny = 2. For M € Ny, we define the matriz of eigenvalues of
M denoted by Oy (M) to be an n X n matrix whose (u,v)-th entry is equal to the eigenvalue of W

on €,,.

The following lemma determines whether or not two eigenvectors e,,’s belong to the same eigenspace

of Ny .
Lemma 1.1. [2, Lemma 3.2] Let €f,e,, # 0. Then (Ow (M))y, = (Ow (M)),, where M € Ny .

The following lemma gives a sufficient condition for the Nomura algebra of a type-II matrix being

trivial.

Lemma 1.2. Let W be a type-11 matriz. If €!,e.. # 0 for any distinct u,v € X and for all z # u,
then Ny is trivial.

Proof. By Lemma we see that (O (M))yy = (Ow(M))y, for any matrix M in Ny. Put A =
(Ow(M))yy. Then e,, and e,. belong to the same eigenspace denoted by &, for all z # u. Put
V) :={eu: | z # u}. Clearly, V) C &,. From the definition of W we conclude that all vectors in V) are
in 1. From [2, Lemma 2.1] it follows that V) is the set of n — 1 linearly independent vectors. Hence,

dim(&)) is either n — 1 or n. If dim(£y) = n — 1 then the Hermitian space C" has the form
15 E,.

Thus, the Bose-Mesner algebra Ny, has only two principle idempotents which implies that its rank is
equal to 2.

If dim(€y) = n, then each vector in C" is an eigenvector of M, especially (1,0,0,...,0)". This
implies that M = \I,,. Hence, Ny = {I,,} which implies that n = 1. O
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Theorem 1.3. [2, Theorem 6.4] Suppose W is a type-11 matrixz of the form J + (t — 1)A, where A is

the incidence matriz of a symmetric (n,k,\) — BIBD and

(1.1) t:2®£A%ﬂk—M—ni n(n —4(k — \))).

Ifn >3 and t # —1, then the Nomura algebra of W is trivial.

1.2. Strongly regular graphs. A strongly regular graph I' with parameters (n, k, A\, i) is a simple
graph on n vertices which is regular with valency k such that if the vertices a and 3 are adjacent then
there are exactly A vertices adjacent to both o and § and otherwise y there are. It is known that if "
is connected then it has three distinct eigenvalues k, 8 and 7. The strongly regular graph I" is called

(positive) Latin square (resp. negative Latin square) if
n=m? k=glm—e¢), A=em+g*—3cg, pn=glg—e

for some positive integers m and g where € = 1 (resp. ¢ = —1). For such a graph § = m — g and
T=—g (resp. 0 =gand 7 =g —m).

In [2], Section 8], Chan and Godsil constructed the type-II matrices on the strongly regular graphs.
Moreover, they showed that if I' is formally self-dual then there are at most six type-II matrices, up
to equivalence, in the Bose-Mesner algebra of I'. In this paper, we consider one of the six cases and
investigate its Nomura algebras. So we assume that I" is a (negative) Latin square graph. Let A; be
the adjacency matrix of I" and let A be its complement adjacency matrix. Again in [2, Section 8], it

was shown that a matrix W := I 4+ zA; + yAs is type-II if

x:é%wz_#+a9+q¢w—¢x9—T+mw+mxo+f+2n and
(1.2) )

y:2w+1ﬂ

92—T2+2(9+1)+€2\/(9—T)(9—7+2)(9+T)(9+T+2)),

or

) x = 2—19(7-2—92+2T—|—63\/(0—T)(G—T—Q)(«9+T)(9+T+2)) and
: 1
eyl

202+ 21+ 1) e /O —T)O0—T—2)(0+T7)(0+T+2)),

where ¢; = 1 for each i. We show that the Nomura algebras obtained from such a matrix are trivial
when m — 21 A(g — 1), A\(g — 2) and m > 3g with g > 2. We shall assume that e = ¢, = €;41 = 1
in ([1.2) and (1.3)) for « = 1,3 and prove the main theorem. Substituting § = m — g and 7 = —g into
(1.2), we can write 2 and y in terms of m and g as follows.
—1

(1.4) P L Sl

2g g—m—1
where e = 2mg —m?+2g —2m and ¢ = m(m+2)(m —2g)(m —2g+2). Similarly, (1.3)) can be written

as the form

e +eVe (g—m)x —1

(15) TSogmmy YT g1

9
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where ¢/ = —2mg + m? +2g and ¢ = m(m — 2)(m — 2g)(m — 2g + 2). In (1.4) and (L.5), if we set
m = 2g — 1 then we see that x and y are complex and so I' is a conference graph whose Nomura
algebras investigated in [3], otherwise they are real. Therefore, the type-II matrices constructed on

(negative) Latin square graphs are real when m > 3g.

Our main result is as follows:

Theorem 1.4. Suppose that W = I +x Ay 4+ yAs is a type-11 matriz attached to a Latin square graph
where x and y satisfy (1.4) or (1.5). Let m > 3g and m — 21 X(g — 1), \(g — 2) where g > 2. Then
Nw is trivial.

1.3. Association schemes. Let X be a nonempty finite set. Define A(X) := {(x,z) | z € X}.
For each subset R of X x X, we define by R' the set of all pairs (z,y) with (y,z) € R. Let R =
{Ro, R1,...,Rq} be a partition of X x X and put Ry := A(X). Then X = (X,R) is called an
association scheme of class d if it satisfies the following conditions (a) R} € R for each R; € R; we
denote R} by Ry, (b) for each R;, Rj, Rj, € R there exists a number pfj called the intersection number
such that |R;(x) "Ry (y)| = pfj for all (z,y) € Ry where R(x) :={y € X | (z,y) € R}. An association
scheme is called symmetric if R; = Ry, for all 1.

It is known that each of the basis relations R; is associated with a matrix A; called the adjacency
matriz. A subalgebra of M,,(C) spanned by B = {I = Ao, 41,...,Aq} is called the Bose-Mesner
algebra of an association scheme if it satisfies the following conditions (a) Ay € B for each A; € B, (b)
the sum of the elements of B is J, (c) B is a basis for a (d + 1)-dimensional semisimple subalgebra of
M,,(C) whose structure constants are nonnegative.

Let X be an association scheme of class d with the basis relations R;’s and the primitive idempotents
E;’s. Then from [I}, (3.6) and (3.8)] we have

A — (VB E':l (VA
i ;pm i i n;‘]z(]) j
The matrices P = (p;(j)) and Q = (¢i(j)) are called the first and the second eigenmatrices of X,
respectively, in which j and 7 denote row and column, respectively. An association scheme is said to
be formally self-dual if P = @Q for some ordering of the primitive idempotents if necessary.
Association schemes of class 2 arise in connection with some combinatorial structures. The basis
relations of a symmetric association scheme of class 2 are the edge sets of complementary strongly
regular graphs. Conversely, each of the edge set of a strongly regular graph and the edge set of its
complement forms a symmetric association scheme of class 2. The Bose-Mesner algebra of a strongly
regular graph T is formally self-dual if and only if n = (6 — 7)? if and only if ' is a conference graph,
a Latin square graph, or a negative Latin square graph, see [4].
A doubly regular tournament is a loopless directed graph of order 2k 4+ 1 and of valency k whose
adjacency matrix A satisfies A + A+ I = J and A2 = £-1 4 4+ KL At Tt follows that & must be an

odd number. This definition follows that A is the adjacency matrix of a doubly regular tournament
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if and only if so is A*. It is known that the subalgebra of spanned by {I, A, A'} is the Bose-Mesner
algebra of a nonsymmetric association scheme of class 2. Conversely, any nonsymmetric association
scheme of class 2 arises from a doubly regular tournament. It is easy to show that the Bose-Mesner

algebra of a doubly regular tournament is formally self-dual.

2. Nomura algebras

2.1. The Nomura algebras constructed on some of the Latin square graphs. In this sub-
section, we follow the notations in subsection [1.2| and show that under certain conditions the Nomura
algebras of the type-II matrices attached to (negative) Latin square graphs are trivial. To do so, we

first show that ¢ and ¢ cannot be perfect squares when m > 3g.
Lemma 2.1. If m > 3g, then ¢ and ¢’ both cannot be perfect squares.

Proof. Since m > 3¢g, we have m > 3g — 1. Then m = 3g+1¢ — 1 for some positive integer ¢. Therefore,

we have
c = m(m+2)(m—2g9)(m—2g9+2)
= (Bg+i—-1)Bg+i+1)(g+i—1)(g+i+1)
= (Bg+i)?—1)((g+4)*-1)
and

d = m(m—2)(m—2g)(m—2g+2)
Bg+i—1)@Bg+i-3)(g+i—-1)(g+i+1)
= (Bg+i—22-1)((g+1)*—1).
Let X1 =3g+i,Xo=3g+i—2andY = g+i. Thenc= (X?—-1)(Y2—1)and ¢ = (X2 -1)(Y2-1).
Let X € {X3, X2}. We show that

(2.1) (XY -2 < (X2 -1)(Y? - 1) < (XY —1)%

It implies that since XY — 1 and XY — 2 are consecutive natural numbers, (X2 — 1)(Y? — 1) is not

perfect square and hence ¢ and ¢ are not both perfect squares. We have
(X2-1D)(Y?*-1) < (XY -1)? <= 0<(X-Y)~
Since X # Y, the last inequality is always true. Then the right-hand side of (2.1) is also true. On the
other hand,
(XY —2)2 < (X2 -1)(Y?—-1) <= 0<4XY -X?-YV?2_3
Let T = 4XY — X2 -Y?—-3. If X = Xy, then T = 2¢% + 12ig + 2i> — 3 and if X = X5, then
T =29 +4g+8ig+2i2 — 4i— 7. Clearly, in each case T' > 0 and hence (XY —2)? < (X2—-1)(Y2-1).

This shows that ¢ and ¢’ both lie between the squares of two consecutive integers. Therefore, they

cannot be perfect squares. O

Let W = (ws) be a matrix with entries {1, z,y} whose rows and columns are indexed by the set
X. Let A = {u,v, z} be a subset of X with |A| = 3. Define Qy,, = {s € X | wys = wys = w5 = x}.

Similarly, for instance, if we replace u by u, then we may define the subset 23,, of X as the elements
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s in X such that wys = y and w,s = w,s = x. Therefore, by the similar way one can define Q,5,, Qyuvz

or 35, and so on. Also, we define {25 to be the set of elements t of X such that wg = .

The proof of Theorem Let w;; denote the (7, j)-th entry of W. Suppose that I' is a Latin
square graph with parameters

n=m? k=gm-1), A=g¢>-3g+m, p=glg—1)

for some positive integers m and g. By definition of e,,’s, we have

2
wtu
ewlt)ey,(t) = ————
wo (t)eus(t) ot
for each t € X and then we have
1 if te quz U Qﬁ@g
zy~ b ift € Quos U Quos
ew(t)eu:(t) = ¢ yr= ! if t € Qape U Qaoz

$2y_2 lf t e Quf)g

y2x? ift € Qo

for each t € X \ A. Since W is symmetric and the entries on its main diagonal are 1, the Hermitian

product of the vectors ey, and e,, can be written as the following form

el e, = Zeuv(t)euz(t)

teX

(2.2) = (wukuzrl + (wzzw + wiz)w;zl + [Quvz U Qapz| + [Quzz U qué‘xyil —+

Qe U qu2|y$71 + |Qu52|$2y72 + |Q1’wz|y2$72‘

Let @ € {u,u},v € {v,v},2 € {#,2} and s,t € A. Define Ay ={h € A | wp, = x} and Ayt = {h € A |

wpt = wps = x}. By the definitions of Q;’s and Q45:’s we have the following sets.

Qu = U Quﬁé U Aqu Qu N Qv = Uqu,é U Auv; X = U Qﬁf)é U A7
Q, = UQ@UZAUAU, Qquz:UQu{;zUAuz,
Qz = U Qﬁf)z U Az> Qv N Qz = UQﬁvz U sz-

By definition, |25 N €] is equal to X if wgy = = and p otherwise. Then we have

( Z|Qufz£|+|Au| :k7 Z|qu2|+|Auv| € {)\7/1}’ AzﬁlQﬁﬁél :n_37

u,0,2

Qaos A, = Qus A
(23) Zl UUZ|+| U| k? %” uvz|+| uz|€{/\a,u}7

U,z

Z|Qﬁﬁz|+‘Az| :ka Z|Qﬁvz|+|sz| € {)\,,U}-

0,0
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There are eight distinct cases to consider depending on whether wy is = or y. In each case, we
calculate €', e,.. This calculation shows that if z and y satisfy and (L.F), el e,. can be written
in the form a + eby/c and a’ + eb'\/¢/, respectively for some real numbers a,a’,b and V. It follows from
Lemma that to show that ef,e,. is nonzero it is sufficient to prove that one of a,a’,b and V' is
nonzero. In what follows, we describe a method of computing e, e,. for one case. The other cases
are done similarly. By hypothesis, m = 3g 4 i for some nonnegative integer i. Also, let |Qy,.| = f.

Suppose first that wy, = wy, = w,, = z. Then |Q; N Q| = A for all s,¢ € A. Also, we have
Ay =A{v, 2z} Ay = {u, 2z}, A, = {u, v}, Ayw = {2}, Ay, = {u} and A, = {v}. We substitute these back
into and solve it to obtain

Qavz| = [Quaz| = [Quoz| = A= f =1, Qapz| =n+3(A—k) - f,
Quoz| = [Qavz| = [Qag| =k —2A + f.
Substituting into , it follows that
elpen: = v 2+2r+n—-3k-N)+A—f—-1DQRxy ! +y*x7?)+
(k—2X+ f)(2yz~t + 2%y ~2).
We substitute x and y from and into the equation above and get

Y - me S - mc
2%(m — g+ 1)’ 2(m—g)*(g—1)

Clearly, a,a’ # 0. Similarly, if wy,, = wy, =  and w,, = y, then

el e, = 24222 P n -3k +22+pu+200— Hlayt + (u— f — DyPa2+
20k — X —p+ flyz=t+ (k=22 + f — 2)a%y~ 2
It follows that
m(m — g+ 2)c , m(g —2)c
CT aPmmgr ) T 2m— g P
Clearly, a,a’ # 0. If wyy, = Wy, = x and wy, = Y or Wy, =y and w,, = w,, = o, we have

een. = vyt ryPr o+ n—3k+22 +u+ 2k -3\ —pu+2f - 2)yx~ 1+
A+p=2f =Dy + (k= A= p+ Nz*y >+ (A - fy*z"2
It implies that
m(m? + 3mg? — m?g — bmg — 2f —mf + 2m — g> + 59> — 69)

b= g*(m —g+1)? ’
Y m(g® — 5g% + mg —mf — 2m + 6g + 2f)
(m—g)*(g —1)? '
If b=0, then f = —5mg+m29_3m92;n"lz+6g_592+93_2m. We substitute m = 3¢ + i into the last equality
to obtain f = 9P g?+3ig° ~ig=2+9-1 [ ot g denote the numerator of this fraction. Since g>1, we

—39—1i—2
see that 3g2 > g + 2. Then

d = @#+¢>+3ig%>—ig—2i+i%g—i°

= P+ +iB—g—2)+it(g—1).
— ~——

>0 >0
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This shows that d > 0 and so f < 0, a contradiction. Hence, b # 0. If ¥’ = 0, then f = %. This
contradicts the hypothesis that m — 2 1 A(g — 2). Thus, b’ # 0. If wy, = x and w,, = w,, = y or
Wyy = Wy, = ¥y and w,, = x, then
een. = vy b2ty byt n—3k+A+2u—1+AN+p—2f)oy 1+
2k —A=3u+2f —Dyz '+ (k—XA—p+ f— D2y 2+ (u— fy*z=2
From this we deduce that

I m(4g® —mf — g3 + 3mg? — 3mg — m%g — 39 — 2f)

g*(m—g+1)? ’
Y- m(g3—4gz—m—mf+3g+mg+2f)'
(m—g)*(g —1)?
If b =0, then f = —g(m2_3mg;3$+92_49+3). Substituting m = 3g + ¢ into the last equality, we get
f= —g(i2+g2§§iﬁ?3ig+3) < 0 which is a contradiction and hence b # 0. If b/ = 0, then f = )‘7(5:21)

which contradicts the hypothesis of the theorem. If w,, = x and wy, = w,, = y, then
eleu: = Y2257 +n =3k + A4+ 20— 1+ 2(u— flay '+ (A= flyPe >+

20k —A—p+ f—Dyz '+ (k—2u+ flzdy2.

It follows that
m(g+1)c , m(m—g—1)
, ad = )
2g%(m — g +1)? 2(m — g)*(g — 1)
Clearly, a,a’ # 0. If wyy = Wy, = wy, = ¥y, then

a

el en. = Yy 2+2y+n—3k+3u—3+ (p—f)Rry ' +y2x )+
(k—2p+ f)yz~" + 2%y 2).
It implies that
me , mc
o« = 70, ad = 5-
2g(m—g+1) 2(m—g)(g—1)
It follows that a,a’ # 0. In each case, we see that one of a,a’,b and V' is nonzero and so ef e,, # 0

by Lemma Now from Lemma [1.2] we imply that Ay is trivial. This completes the proof of the

theorem. 0

From the proof of Theorem [1.4] we conclude that if z and y only satisfy (1.4) we can eliminate
the hypotheses m — 21 A(g — 1), A\(g — 2) and g > 2 from the theorem. Therefore, we can state the

following corollary.

Corollary 2.2. Suppose that W = I +x A1 +yAs is a type-11 matrixz attached to a Latin square graph
where z and y satisfy (1.4). If m > 3g, then Nw is trivial.

The following corollary is a consequence of Theorem [I.4] for negative Latin square graphs.

Corollary 2.3. Let W = I +x A1 +yAs be a type-11 matriz attached to a negative Latin square graph

and let m > 3g. If © and y satisfy (L.5)) or x and y satisfy (1.4) with m +24 X(g+ 1), (g + 2), then
N is trivial.
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Proof. Let I" be a negative Latin square graph with parameters
(m®, g(m +1),9% + 39 —m, g(g + 1))

for some positive integers m and g. It is known that by replacing m and g by their opposites, the
parameters of a negative Latin square graph obtain from a (positive) Latin square graph. Therefore,
by replacing m and g by their opposites and substituting into and , we can express and
(1.3) in terms of m and g for a negative Latin square graph. It follows that (resp. (1.3)) for a
negative Latin square graph when € = £1 is the same (1.5]) (resp. (|1.4))) which we compute for a Latin
square graph when ¢ = F1. This means that to show that e’ e,. # 0, it is sufficient to replace m and
g by their opposites in a,a’, b and b’ given in the proof of Theorem and using a similar argument it
can be shown that a,a’,b or ' are nonzero in each case. Note that, using techniques similar to those
used in the proof of Lemma we can show that ¢ and ¢’ both cannot be perfect squares by replacing
m and g by their opposites when m > 3¢g. This completes the proof of the corollary. O

2.2. The Nomura algebras constructed on doubly regular tournaments. In this subsection,
we first determine type-II matrices attached to nonsymmetric association schemes of class 2. Then,

we show that the Nomura algebras of these type-II matrices are trivial.

Theorem 2.4. Let A be the adjacency matriz of a doubly reqular tournament on n wvertices with
valency k. Suppose that

W=I+zA+y(J—-1-A).
Then W is a type-11 matrixz if and only if one of the following holds:

(1) z=y=3(2—n=++vn?—4n) and W is the Potts model,
_k::l:ix/?k:-i—l

N =1 y=

(2) =1,y el
k+iv2k + 1

3) p= L WVEET L .

kE+1
Proof. We first note that the eigenvalues of a doubly regular tournament I' are k,a and @, where
o= %(—1 +iv/2k + 1). Using the first eigenmatrix of T, we see that WW (' = n[ is equivalent to
(L4 2p1(j) +yp2(4)) (L + 27 p1 (") + ¥~ 'p2(j')) = n for all j = 0,1 and 2. Then,

(1+kx+ky) (1 +krt+ky™) =n,
(1+az+ay)(l+az ™t +ay™!) =n,
(1+azr+ay)(l+az t+ay™!) =n,

where n = 2k 4+ 1. Using Maple, these equations may be solved for  and y in terms of k to obtain
one of the following cases that may arise.
(1) z and y are one of the roots of 22 + (2k — 1)z + 1 = 0, that is, z,y € {3(1 — 2k —
4k? — 4k — 3), %(1 — 2k + V4k2 — 4k — 3)}. If = # y, then W is not type-II and so = = y.
Using n = 2k + 1, we can express x and y in terms of n, i. e., z =y = %(2 —n+t \/M)

(2) 2 =1 and y is one of the roots of (1 +k)z?> +2kz+1+k=0,i. e,y = —k'ﬂki V+21k+1
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(3) y =1 and x is one of the roots of (1 +k)z? +2kz+1+k=0,i. e,z = —kﬂki Vflkﬂ

This completes the proof. O

Theorem 2.5. Let W be a type-11 matrix attached to doubly reqular tournaments obtained in Theorem
24 with k > 1. Then Ny is trivial.

Proof. Let = and y satisfy case (1) of Theorem It is well known that the Nomura algebra of a
Potts model of order n > 5 is trivial. Let x and y satisfy two other cases of Theorem and let
A > 1. In [5], it has been proved that there exists a doubly regular tournament of order 4\ + 3 if and
only if there exists a skew Hadamard matrix of order 4\ + 4. On the other hand, in [6], it has been
proved that there exists a Hadamard matrix of order 4\ + 4 if and only if there exists a symmetric
(4X 4 3,2X + 1, \) — BIBD. Therefore, the adjacency matrix of a doubly regular tournament is the
incidence matrix of a symmetric (4A43,2A+1, A\) —=BIBD and son = 2k+1 and A\ = k=1 Substituting

2

into (|1.1)), we see that t = —kﬂki flkﬂ If 2 and y satisfy case (2) of Theorem H, then we have

W = I+zA+y(J—-1-A4A)
= I+A+t(J—-1-A4)
= J+(t—1)A"

If x and y satisfy case (3) of Theorem then we have

W = I+zA+y(J—1-A4)

= I+tA+(J-1-A)

= J+(t-1)A
Therefore, in each case we see that the conditions of Theorem |2.4] satisfies the hypotheses of Theorem
and so Ny is trivial. O
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