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GLOBAL MINUS DOMINATION IN GRAPHS
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ABSTRACT. A function f: V(G) — {—1,0,1} is a minus dominating function if for every vertex v €
V(G), ZuEN[v] f(u) > 1. A minus dominating function f of G is called a global minus dominating func-
tion if f is also a minus dominating function of the complement G of G. The global minus domination
number v, (G) of G is defined as v, (G) = min{}_, <y () f(v) | f is a global minus dominating function
of G}. In this paper we initiate the study of the global minus domination number in graphs and we

establish lower and upper bounds for the global minus domination number.

1. Introduction

Throughout this paper, we only consider finite undirected graphs with neither loops nor multiple
edges. Let G = (V, E) be a graph with vertex set V(G) and edge set E(G) (briefly V and FE). For every
vertex v € V, the open neighborhood N (v) is the set {u € V' | uv € E} and its closed neighborhood is
the set N[v] = N(v) U {v}. The open neighborhood of a set S C V is the set N(S) = UyesN(v) and
its closed neighborhood is N[S] = N(S)US. The minimum and mazimum degree of G are respectively
denoted by 6 and A. For a real-valued function f:V — R the weight of f is w(f) = >, oy f(v), and
for S C V we define f(S) = > g f(v), so w(f) = f(V). For a vertex v in V, we denote f(N[v])
by flv]. For a vertex v in a rooted tree T, we let C'(v) denote the set of children of v and let D(v)
denote the set of descendants of v and D[v] = D(v) U{v}. The mazimal subtree at v is the subtree of
T induced by D[v], and is denoted by T,. A leaf of T' is a vertex of degree 1 and a support vertex is a
vertex adjacent to a leaf. The set of leaves and the set of support vertices in 1" are denoted by L(T)

and S(T"), respectively. Consult [I9] for terminology and notation which are not defined here.
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A subset S of vertices of G is a dominating set if N[S] = V. The domination number v(G) is the
minimum cardinality of a dominating set of G. A dominating set S of G is a global dominating set
of G if S is also a dominating set of G. The global domination number v4(G) of G is the minimum
cardinality of a global dominating set. The global domination number was introduced independently
by Brigham and Dutton [4] (the term factor domination number was used) and Sampathkumar [17]
and has been studied by several authors (see for example [I, 20]). Since then some variants of the
global domination parameter, such as connected (total) global domination, Global Roman domination,
and global signed (total) domination, have been studied [3} 2 [7, 15l [16].

Let f:V — {—1,1} be a function which assigns to each vertex of G' an element of the set {—1,1}.
The function f is said to be a signed dominating function (SDF) of G (see [10]) if f[v] > 1 for
every v € V. The signed domination number of G, denoted by 7v5(G), is the minimum weight of a
signed dominating function on G. A 7,(G)-function is a SDF f of G with w(f) = 7s(G). The signed
domination numbers have been studied by several authors [5, 1T, 12, 13| 14]. A signed dominating
function f : V(G) — {—1,1} is called a global signed dominating function (GSDF) if f is also a SDF
of the complement G of G. The global signed domination number of G, denoted by vgs(G), is the
minimum weight of a GSDF on . The global signed dominating function was introduced by Karami
et al. in [I5].

Let f:V — {=1,0,1} be a function. The function f is said to be a minus dominating function
(abbreviated, MDF) of G if f[v] > 1 for every v € V. The minus domination number of G, denoted
by v~ (G), is the minimum weight of a minus dominating function of G. A v~ (G)-function is a MDF
f of G with w(f) = v (G). The minus domination number was introduced by Dunbar et al. in [§]
and has been studied by several authors (see for example [0, 9]).

A minus dominating function f of G is called a global minus dominating function (abbreviated,
GMDF) if f is also a MDF of the complement G of G. This definition is parallel to the definitions of a
global signed dominating function of a graph defined in [I5] and global signed total dominating function
defined in [3]. The global minus domination number of G, denoted by 7, (G), is the minimum weight
of a GMDF of G. A v, (G)-function is defined similarly. For a (global) minus dominating function f
of G we define Py ={veV | f(v)=1}, Zy={ve V| f(v) =0} and My ={ve V]| f(v) = —1}.
Since every GMDF of G is a MDF on both G and G and since every global dominating function is a

global minus dominating function, we have

(1.1) max{7"(G),7 (G)} < 7, (G) < %(G).

On the other hand, every global signed dominating function is a global minus dominating function.
Hence the global signed domination and global minus domination number of a graph are related as

follows:

(1.2) 77 (G) < 705(G).

Note that the global minus domination number can differ significantly from the global signed dom-

ination number. For example, for n > 3, v, (K1) = 2 and v,45(K1n) = n.
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Our purpose in this paper is to initiate the study of the global minus domination in graphs. First
we establish bounds for the global minus domination number of a graph. Then we prove that for any
tree T of order n > 2, v, (T) <~ (T) + 1 and characterize all trees satisfying the equality.

We make use of the following results in this paper.
Theorem A. ([17]) For any graph G of order n, 7,(G) = n if and only if G = K,, or G = K,,.
An immediate consequence of and Theorem |A| now follows.
Corollary 1.1. Let G be a graph of order n. Then v, (G) = n if and only if G = K, or G = K,.
Theorem B. ([8]) For every graph G, v~ (G) < ~(G).
Theorem C. ([6]) If A(G) <3, then v~ (G) > %.
Next result is an immediate consequence of Theorem [C]
Corollary 1.2. For every graph G of order n > 16 with 2 <0 < A <3, 7, (G) =7 (G).

Proof. Assume f is a v~ (G)-function and v € V. We show that f is also a MDF of G. By Theorem
we have v~ (G) > ¢ and hence v~ (G) > 4. Since A(G) < 3, f(Ng(v)) < 3 implying that

f(Nglvl) 2~+7(G) =3 > 1.
Now the result follows by . O
Theorem D. ([8]) For every tree T', v~ (T') > 1 with equality if and only if 7" is a star.
Theorem E. ([§]) For any path P, and cycle C;, on n vertices, v~ (FP,) = v~ (Cy) = [5].

3 if n=35

Theorem F. ([4]) For n > 3, Cp) =
(H) =3, %(Cn) { [5] otherwise.
Next result is an immediate consequence of (1.1]), Corollary and Theorems |E| and

3 if n=305

n

Corollary 1.3. For n >3, v, (Cy) = { (1 horwi
z otherwise.

2. Bounds on the global minus domination numbers

In this section, we give some bounds on the global minus domination numbers of general graphs.

The first theorem shows that the global minus domination number of a graph is a positive integer.
Theorem 2.1. Let G be a graph of order n > 2. Then

v, (G) > max{2,7~(G),7~(G)}.

Furthermore, this bound is sharp.



38 Trans. Comb. 3 no. 2 (2014) 35-44 M. Atapour, S. Norouzian and S. M. Sheikholeslami

Proof. By (1.1)), it suffices to prove that v, (G) > 2. Let f be a v, (G)-function. If M, Z = (), then
we are done. First let M # () and € M. Then

(2.1) |INg(z) N P| > |[Ng(x) N M|+ 2
and

(2.2) |Ng(z) N P| > |Ng(z) N M| + 2.
By and ,

|Ng(x) N P| 4+ |Ng(z) N P| > [Ng(xz) N M| + |Ng(z) N M| + 4.

Since x € M, we deduce that |P| > [M|+ 3 and so v, (G) = |P| — [M| > 3.

Let now M = 0 and Z # (. Assume x € Z. Then |[Ng(z) N P| > 1 and |[Ng(z) N P| > 1 implying
that 7, (G) = |[P| > 2. Thus 7, (G) > max{2,7(G),7y (G)}.

To prove sharpness, let G = K 5, v be the center K, , and N(v) = {v1,...,v,}. Then G = K,UK].
By Theorems @ and B 77 (G) = 1 and v (G) = 2. Hence max{2,7 (G),7y (G)} = 2. Define
g:V(G) —{-1,0,1} by g(v) = g(vi) =1 and g(z) =0 for x € V(G) — {v,v1}. It is easy to see that
g is a GMDF of G of weight 2 and so v, (G) = 2. This completes the proof. O

A 2-packing set of a graph G is a subset S C V(G) such that for any pair of distinct vertices
u,v € S, d(u,v) > 3. The 2-packing number p(G) is the maximum cardinality of a 2-packing set of G.

Proposition 2.2. For any graph G of order n with §(G) > 2,
v, (G) <n—p(G) + 1.
Furthermore, the bound is sharp for complete graphs.

Proof. If p(G) = 1, then the result is immediate. Let p(G) > 2 and let S = {x1,...,2,)} be a
2-packing set of G.

First let p(G) be odd. Define g : V(G) — {—1,0,1} by g(z;) = =1 for 1 <i < L@J and g(z) =1
otherwise. Since S is a 2-packing, |[Ng[z] NS| < 1 for each z € V(G). It follows from §(G) > 2
that g is a MDF of G. Now we show that g is a MDF of G. Since the subgraph G[S] induced by
- g(x) > Zl 1 g( i) = 1 for each i. On the other hand, since
|Ng[v]N S| <1 for each v € V(G) — S, we can see that ZIGN ] 9(x) = 1. It follows that g is a MDF
of G. Thus g is a GMDF of G and hence v, (G) < n — p(G) + 1 when p(G) is odd.

Now let p(G) be even. Define g : V(G) — {—1,0,1} by g(x;) = —1 for 1 < i < L@J -1,

9(x ) = 0 and g(z) = 1 otherwise. As above we can see that f is a GMDF of G and hence

2

Yy (G) <n —p(G) +1 when p(G) is even. This completes the proof. O

S in G is complete, we have Y N

Moo Young Sohn et al. (Theorem 7 in [I8]), proved that every connected cubic graph G whose
every vertex is contained in at least one triangle satisfies p(G) > §. Using this and Proposition

we obtain the next result.
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Corollary 2.3. Let G be connected cubic graph in which every vertex is contained in at least one
triangle. Then v, (G) < oy

Next we show that the differences v4(G)—v; (G) and v, (G)—max{y~ (G),7~ (G)} can be arbitrarily

large.

Theorem 2.4. For every integer k& > 1, there exists a graph G such that both of G and G are

connected and
Y9(G) =4 (G) > k.

Proof. Let G be the graph with vertex set V(G) = {u;,v; | 0 <i < k+2}U{wi,...,wgt2} and edge
set E(G) = {vivizx1 | 0 <i<k+1}U{wv; | 0 <i<Ek+2}U{wvi—1,wv; | 1 <i<k+2}. Obviously
{ug,v1,...,vp42} is a global dominating set of G and hence 74(G) < k+ 3. On the other hand, every
dominating set S of G satisfies S N {u;,v;} # 0 for each 7 and so v4(G) > +(G) = k + 3. Thus
Y¢(G) = k + 3. Now define f : V(G) — {—1,0,1} by f(ug) = f(u1) =1, f(v;) =1 for 0 <i <k +2,
f(u;) =0for2 <i<k+2and f(x) = —1 otherwise. It is easy to see that f is a GMDF of G implying
that 7, (G) < 3. Therefore v4(G) — v, (G) > k. O

Theorem 2.5. For every positive integer k, there exists a graph G such that both of G and G are
connected and

7y (G) —max{y~(G),y" (G)} = 2.

Proof. The following graph was introduced by Karami et al. in [I5]. Let G be the graph with
vertex set V(G) = {u;,v; | 0 < i < 4k — 1} and edge set E(G) = {vjv; | 0 < i # j < 4k —
1} U {uvi, wivig1, .o, uivipok—1 | 0 < @ < 4k — 1}, where the sum is taken modulo 4k. Clearly
G ~ G and so v (G) = v (G). It is easy to see that the function f : V(G) — {—1,0,1} defined
by f(v;)) = 1ifi e {0,1,...,3k} and f(zr) = —1 otherwise, is a MDF of G implying that v~ (G) <
w(f) = 2 — 2k. Therefore max{y~(G),7 (G)} <2 — 2k. It follows from Theorem [2.1f that v, (G) —
max{y~(G),7(G)} = 2k. m

3. Trees

In this section we study the global minus domination numbers in trees. We begin with the following

lemma.

Lemma 3.1. Let T" be a tree of order n > 2 and f a v~ (T')- function. Then ZueNT[v] f(u) > 0 for
every v € V(T).

Proof. If diam(T') < 2, then T = Ky or T is a star and clearly the theorem is true. Suppose diam(7") >
3. Then 4~ (T) > 2 by Theorem D] Let v € V(T') and root T at v. If v is a leaf adjacent to w, then
Y flw)=fV(T) — flw) 2 1.
u€E N (v]
Assume v is not a leaf and let N (v) = {vy,va,...,v:}. Suppose without loss of generality that vy, ..., vs

are the neighbors of v with degree at least 2. Consider three cases.
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Case 1. f(v) =-1.

Then v is not a support vertex and the function f, restricted to 7T),, is a MDF of T), for each 7 with
1 <i < t. By Theorem D} f(V(T,)) > 1. If f(V(T,,)) = 1 for some 4, then T}, is a star with center v,
implying that f(Np[v;]) =0 Wthh is a contradiction. Hence f(V(T,,)) > 2 for each i with 1 < ¢ <.
It follows that f(Ngp(v) N V(Ty,)) = f(V(Ty,)) — f(vi) > 2 — f(v;) > 1. Since t > 2, we obtain

> flu Z (Nz(v) NV(Ty)) + f(v) > 1
u€ Nxv] =1
Case 2. f(v) =0.
Then the function f, restricted to T, is a MDF of T}, and so by Theorem E f(V(T,,)) > 1 for each
i with 1 <i <t If f(V(T,,)) > 2 for some i, then

t

Z f(u Z( ) NV(T)) = S (F(V(T) — o) = 1.

u€ N [v] 1=1 =1
Let now f(V(T,,)) = 1 for each i with 1 < < t. Then by Theorem [D} T, is a star with center v;
such that f(v;) =1 and f(u) =0 for u € C(v;). This implies that

>, flu Z( (W) NV(T,) =Y (F(V(Ty,)) = f(vi) = 0.

UE N [v] i=1 i=1

Case 3. f(v) =

For each 7 with 1 < i < s, suppose 7; is the subtree induced by V(T;,) U {v}. It is easy to see that
f(V(T;)) > 1 for each i. If f(V(T;)) = 1 for some 1 < i < s, then T; is a star with center v; by
Theorem [D] and we must have f(v;) = 1 and f(u) = 0 for each u € N(v;) which is a contradiction.
Thus we may assume f(V(T;)) > 2 for each ¢ with 1 <i < s. It follows that

S fu) = Z F(N(v) NV(T})) + flv) = Zf(Vm) — (i) = f(v)) +1>1.
i=1 =1

u€ N[

By a closer look at the proof of Lemma we can see that:

Corollary 3.2. Let T be a tree of order n > 2 that is rooted at v € V(T'), and let f be a v~ (T')-
function. If ZueNf[v] f(u) = 0, then either T is a star and v is a leaf of T or deg(v) > 2, f(v) =0
and for each u € N(v), T, is a star such that f assigns 1 to u and 0 to its children.

Theorem 3.3. For any tree T of order n > 2,
Yy (T) <y~ (T) + 1.

Proof. If T' is a star, then v, (T') = 2 and v~ (T') = 1 and so v, (T) =~ (T) + 1. Assume T is not a
star and let f be a = (T')-function. If f is a GMDF of T, then v, (T') = v~ (T) as desired. Assume f is
not a GMDF of T and let v be a vertex of T for whcih ZUGNT[U] f(u) <0. Then ZueN?[v] f(u) =0 by
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Lemma Root T at v. By Corollary deg(v) > 2, f(v) =0 and T, is a star for each u € N(v),
and f assigns 1 to every neighbor of v and 0 to the other vertices. Let N(v) = {vi,...,v:} and let
deg(v;) > 2 for 1 < ¢ < s where s < ¢. Since f(v) = 0, the function f, restricted to V(T),) is a
MDF of T,, for each i with 1 < i < ¢. Hence by Theorem [D] f(V(T,,)) > 1 for each i. Let w be a
leaf in T, and define g : V(T') — {—1,0,1} by g(w) = 1 and g(z) = f(z) for x € V(T) — {w}. We
claim that g is a GMDF of T. Obviously, g is a MDF of T. Let z € V(T'). If x = v, then clearly
g(Nzlz]) = f(Ngv]) +1=1.If x € {v2,..., v}, then

g(Nglz)) = g(V(To)) + Y. f(V(T,) + flx) > t+1>1.

1>2;0;#x

If £ = vy, then
t

g(Nglz]) = fF(Ngloa]) =D F(V(To,) + f(vr) =t > 1.

=2
Let « ¢ Np[v]. Then z is a leaf whose support vertex is v; for some 7. Then g(Nx[z]) = g(V(T)) —
g(v;) > 1. Thus g is a GMDF of T and hence

Yy (T) < w(g) =w(f) +1=~"(T)+1.
O

In what follows, we characterize all extremal trees which attain the bound in Theorem Let F
be the family of all trees obtained from disjoint union of stars Si,...,S; either all of order 1 or all of

order at least three, by adding a new vertex v and joining v to the centers of all stars.

Observation 3.4. If T is a tree and f is a v~ (T')-function, then f assigns 0 or 1 to every leaf and

every support vertex.
Observation 3.5. If T' is a double S(r, s) with s > r > 1, then v, (T') = v~ (T).

Proof. Let x and y be the centers of S(r,s). Define f by f(z) = f(y) =1 and f(u) = 0 otherwise. It
is easy to see that f is a GMDF of T' of weight 2. Hence v, (T') < 2 and it follows from Theorem
that v, (T) = 2.

Since T is not a star, by Theorem @ we have 77 (T) > 2 and by we obtain 2 = v (T) >
7~ (T) > 2. Hence v, (T') = v~ (T). O

Lemma 3.6. If T' € F, then v, (T) =~ (T) + 1.

Proof. Let T'€ F. Then T is obtained from disjoint union of stars Sy, ..., S by adding a new vertex v
and joining v to the centers of all stars. If S; =--- =S5, = Kj or t = 1, then T is a star implying that
Yy (T) =2andy~(T) = 1,and so v, (T) = v~ (T)+1. Lett > 2 and Sy, - - - , S; be stars of order at least
three. Suppose v1,...,v; be the centers of Sy, ..., S, respectively, and let N(v;) —{v} = {v,...,v;,}
for each ¢ with 1 < ¢ < t. Define h : V(T) — {—1,0,1} by h(vi) = --- = h(v¢) = 1 and h(z) =0
otherwise. Obviously h is a MDF of T' of weight ¢ and so v~ (G) < t. Root T" at v.
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Assume f is a v~ (T)-function. By Observation > zeNvi]—{v} /(@) = 1for each i with 1 <i <.
If f(v) =1, then w(f) >t + 1 which is a contradiction.

If f(v) = —1 then for each ¢ with 1 < i < ¢, we must have ZIGN[M?{U} f(x) > 2 because
> wenfo f(x) = 1. Tt follows that 4~ (T) = w(f) = f(v) + Y1 (Cenolfuy F(@) = 20 =1 >t +1,
a contradiction.

Assume f(v) = 0. Then the function f, restricted to V(13,) is a MDF of T,, with f(V(T,)) = 1,

otherwise we get a contradiction as above. Hence f(v;) = --- f(v;) = 1 and f(x) = 0 for the other
vertices. In fact f is the unique 7~ (T')-function which is not a GMDF of T. This implies that
Yy (T) =y~ (T) + 1 and the result follows by Theorem O

Lemma 3.7. Let T be a tree with v, (T) =~ (T) + 1. Then T' € F.

Proof. Let v, (T) =~~(T) + 1. If diam(7T") < 2, then T' is a star and clearly 7' € F. Let diam(7") > 3.
It follows from Observation [3.5 that diam(7") > 4. Let f be a v~ (T)- function. Since f is not a GMDF
of T, f(Nz[v]) <0 for some vertex v € V(T). It follows from Lemma [3.1] that f(Nz[v]) = 0. Root T
at v. By Corollary and the fact diam(7") > 4, we deduce that deg(v) > 2, f(v) = 0 and for each
u € N(v), Ty, is a star such that f assigns 1 to v and O to its children. Assume N(v) = {v1,..., v}
where t > 2. Since diam(7T") > 4, we may assume T, and T,, are stars of order at least two. It
will now be shown that v is not a support vertex. Let v be a support vertex and let without loss of
generality that v; be a leaf. Since f(v) + f(v;) > 1, we must have f(v;) = 1 because f(v) = 0. Define
g:V(T) — {-1,0,1} by g(v) = 1, g(v;) = 0 and g(x) = f(x) otherwise. Clearly g is a MDF of
T. We claim that g is a GMDF of T. If x = v, then g(Nz[z]) = f(Ng[v]) +1 = 1. If = v, then
g(Nz[z]) = g(V(T)) — 1= f(V(T)) — 1 > 1. If z = v; for some v; € {v1,...,v_1}, then
o(Nplel) = 32 FV(T)) + (@) 2 1121
i#t,j

Finally, let © ¢ Np[v]. Then z is a leaf of T. Assume v; is the support vertex of z. Then
g(v;) = 1 and we have g(Nz[z]) = g(V(T)) — g(vi) > 1. Therefore g is a GMDF of T implying that
w(g) = w(f) = v~ (T') which is a contradiction. Hence, v is not a support vertex and T), is a star of
order at two for each i. Now we show that T;, is a star of order at least three for each ¢ which implies
that T € F. Assume to the contrary that T,, is a tree of order two and let v} is a leaf adjacent to v;.
It is easy to see that h: V(T') — {—1,0,1} defined by g(v;) = 1, g(v;) = 0 and g(x) = f(x) otherwise,
is a GMDF of T' of weight w(f) which is a contradiction and the proof is completed. O

Next result is an immediate consequence of Lemmas [3.6] and
Theorem 3.8. Let T" be a tree. Then v, (T) =~ (T) + 1 if and only if T € F.
An immediate consequence of Theorems [E] and [3.8| now follows.

Corollary 3.9. For n >4, v, (F,) = [5].
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