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Abstract. Let L be a lattice with the least element 0. An element x ∈ L is a zero divisor if x∧ y = 0

for some y ∈ L∗ = L \ {0}. The set of all zero divisors is denoted by Z(L). We associate a simple

graph Γ(L) to L with vertex set Z(L)∗ = Z(L) \ {0}, the set of non-zero zero divisors of L and distinct

x, y ∈ Z(L)∗ are adjacent if and only if x ∧ y = 0. In this paper, we obtain certain properties and

diameter and girth of the zero divisor graph Γ(L). Also we find a dominating set and the domination

number of the zero divisor graph Γ(L).

1. Introduction

Let L be a lattice with the least element 0. We associate a simple graph Γ(L) to L with the vertex

set Z(L)∗ = Z(L) \ {0}, the set of non-zero zero divisors of L and distinct x, y ∈ Z(L)∗ are adjacent

if and only if x ∧ y = 0. There are many papers which interlink graph theory and lattice theory

[5, 9, 10, 12, 13, 14]. These papers discuss the properties of graphs derived from partially ordered sets

and lattices. In the work of Filipov [12], the adjacency between two elements is defined through the

comparability relation between two elements of a poset.

S. K. Nimbhokar, M. P. Wasadikar and M. M. Pawar [14] have introduced the notion of coloring

in graphs derived from lattices. In [10], E. Estaji and K. Khashyarmanesh associated to any finite

lattice L, a simple graph G(L) whose vertex set is Z(L)∗ and two vertices x and y are adjacent if and

only if x∧ y = 0. They studied the structure of G(L), connections between the zero divisor graphs of
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lattices and rings and obtained some basic properties of the zero divisor graph of a lattice. The zero

divisor graph of various algebraic structures has been studied by several authors [1, 2, 3, 4, 8]. We

now recall some definitions. Let (L,∨,∧) be a lattice with the least element 0. Then a ∈ L is called

an atom if there is no y ∈ L such that 0 < y < a. The set of all atoms of L is denoted by A(L). The

lattice L is called atomic if for any x ∈ L, there exists an element a ∈ A(L) such that a ≤ x. An

element x ∈ L is join-irreducible if x = a ∨ b implies x = a or x = b for a, b ∈ L. The set of all join-

irreducible elements in L is denoted by J (L). Let (P,≤) be a poset. P is said to satisfy the ascending

chain condition(ACC), if given any sequence x1 ≤ x2 ≤ · · · ≤ xn ≤ · · · of elements of P there exists

k ∈ N such that xk = xk+1 = · · · . The dual of the ascending chain condition is the descending

chain condition(DCC). For x ∈ L, the annihilator of x is defined by Ann(x) = {y ∈ L : x ∧ y = 0}. A

nonempty subset I of L is called an ideal if x, y ∈ I implies x ∨ y ∈ I and ℓ ∈ L, x ∈ I and ℓ ≤ x

imply ℓ ∈ I. A proper ideal I of L is said to be prime if a, b ∈ L and a ∧ b ∈ I imply a ∈ I or b ∈ I.

Suppose L is a lattice, for x, y ∈ L, we write x⊥y if x ∧ y = 0 and Ann(x) ∩ Ann(y) = {0}. The

undefined terms and notations are from [7].

Let G = (V,E) be a graph. For a graph G, then by G we mean the complement of G. We

say that G is connected if there is a path between any two vertices of G, otherwise G is called

disconnected. The neighbourhood of a vertex u is the set N(u) consisting of all vertices v which are

adjacent with u. For vertices x and y of G, let d(x, y) be the length of a shortest path from x to y. The

diameter of G is diam(G) = sup {d(x, y) : x, y ∈ V (G)}. The eccentricity of a vertex v is defined as

e(v) = max{d(v, y) : y ∈ V (G)} and the radius of G is given by rad(G) = min{e(x) : x ∈ V (G)}. The

length of a smallest cycle in a graph G is called as girth and it is denoted by gr(G). The clique number

ω(G) is the cardinality of the maximum possible complete subgraph of G. An induced subgraph is a

subgraph H of G with vertex set S where vertices are adjacent in H precisely when adjacent in G and

it is denoted by < S >. A set of edges M ⊆ E is said to be perfect matching in G if every vertex in

G is adjacent to exactly one edge in M . A split graph is a graph whose vertices can be partitioned

into two sets V1 and V2, where < V1 > is complete and V2 is an independent set. A subgraph H is

said to be spanning subgraph of G if V (H) = V (G). A subset S of V is a called dominating set if

every v ∈ V − S is adjacent to some vertex in S. The domination number γ(G) is the cardinality of

the smallest possible dominating set in G. A dominating set S is called an independent dominating

set if the induced subgraph < S > is disconnected. The independent domination number i(G) is

the cardinality of the smallest possible independent dominating set. A dominating set S is called a

connected dominating set if the induced subgraph < S > is connected. The connected domination

number γc(G) is the cardinality of the smallest possible connected dominating set.

For basic definitions in graph theory we refer to [6]. Some of the results are well-known in the

literature and they are listed for future reference.

Theorem 1.1. ([11, Problem 5.13(b)]). Let L be a Boolean algebra. Then L is finite if and only if

its set of atoms is finite.

Theorem 1.2. ([11, Theorem 5.4]). Every finite Boolean algebra is atomic.
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Theorem 1.3. ([11, Problem 5.13(a)]). Let L be an atomic Boolean algebra. Then 1 is the lub of the

set of all atoms.

Proposition 1.4. ([10, Proposition 2.2]) If L is a lattice, then diam(Γ(L)) ≤ 3.

Theorem 1.5. ([14, Theorem 3.2]). Let L be a distributive lattice with 0 and ω(Γ(L)) < ∞. Then

L has only a finite number of distinct minimal prime ideals, Pi, 1 ≤ i ≤ n. These ideals satisfy
⋂n

i=1 Pi = 0 and
⋂

i6=j

Pi 6= 0 for all j. Further, no element of L −
⋃n

i=1 Pi is a zero divisor and every

minimal prime ideal of L has the form Ann(x) for some x ∈ L.

Lemma 1.6. ([14, Lemma 2.1]). If a distributive complemented lattice contains an infinite increasing

chain, then clique (Γ(L)) = ∞.

Lemma 1.7. ([14, Lemma 3.4]). If for some x, y ∈ L, Ann(x) and Ann(y) are distinct prime ideals

then x ∧ y = 0.

2. Properties of the zero divisor graph on a lattice

In this section, we prove certain basic properties of the zero divisor graph Γ(L) from a lattice L.

Proposition 2.1. Let L be a lattice satisfying DCC.

(i) If x, y ∈ L∗ and x ∧ y = 0, then there exists a non zero z ∈ J (L) such that z ∈ N(x) and

z /∈ N(y).

(ii) If Γ(L) is complete, then Z(L) ⊆ J (L).

Proof. (i) Let x, y ∈ L∗ and x ∧ y = 0.

Let S = {z ∈ Z(L)∗ : z ≤ y and z ∧ x = 0}. Clearly S is non empty as y ∈ S. Since L satisfies

DCC, there exists a minimal element z ∈ S. Suppose z = y1 ∨ y2 with y1 < z and y2 < z. Then

y1∧x = 0 = y2∧x imply y1, y2 ∈ S, a contradiction to the minimality of z. Hence z is join-irreducible

and z satisfies the required property in Γ(L).

(ii) Assume that Γ(L) is complete. For x, y ∈ Z(L)∗, the set S defined in the proof of (i) is a

singleton set for every x ∈ Z(L)∗. Again by the proof of (i), Z(L) ⊆ J (L). �

Theorem 2.2. Let L be a distributive lattice. Then Γ(L) is a complete bipartite graph if and only if

there exist prime ideals P1 and P2 in L such that P1 ∩ P2 = {0}.

Proof. Assume that Γ(L) is a complete bipartite graph with bipartition (V1, V2). Set P1 = V1 ∪ {0}

and P2 = V2 ∪ {0}. Clearly P1 ∩ P2 = {0}. Let x1, x2 ∈ P1. If x1 = 0 or x2 = 0, then x1 ∨ x2 ∈ P1.

Let x1, x2 6= 0. Since Γ(L) is complete bipartite, for any y ∈ V2, x1 ∧ y = 0 and x2 ∧ y = 0 and so

(x1 ∨ x2) ∧ y = 0. Then x1 ∨ x2 ∈ P1. If z ∈ L − {0}, x ∈ P1 and z ≤ x, then for any y1 ∈ P2,

z ∧ y1 = 0 and so z ∈ P1. Thus P1 is an ideal. Let x1 ∧ x2 ∈ P1. Then for any y ∈ V2, x1 ∧ x2 ∧ y = 0

. If x2 ∧ y = 0, then x2 ∈ P1. If x2 ∧ y 6= 0, since x2 ∧ y ∈ V2, we conclude that x1 ∈ P1. Thus P1 is

prime. Similarly P2 is a prime ideal.
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Conversely assume that there exist prime ideals P1 and P2 such that P1∩P2 = {0}. Set V1 = P1−{0}

and V2 = P2 − {0}. For x, y ∈ Z(L)∗, let x ∧ y = 0. Since P1 and P2 are prime ideals, without loss

of generality x ∈ P1 and y ∈ P2. Then x ∈ V1 and y ∈ V2. Clearly x ∧ y ∈ P1 ∩ P2 and so x ∧ y = 0.

Hence x and y are adjacent in Γ(L). From this we get that Z(L)∗ = V1 ∪ V2 and Γ(L) is a complete

bipartite graph. �

Consider the lattice L given below. It contains two prime ideals P1 = {0, a, b}, P2 = {0, c, d} and

P1 ∩ P2 = {0}. Note that the zero divisor graph Γ(L) is a complete bipartite graph.

L : Γ(L) :

0

1

a

b
d

a

b

c

d

c

b b

b b

b

b

b b

b b

Theorem 2.3. If L is a distributive lattice with ω(Γ(L)) < ∞, then the radius of Γ(L) is at most 2.

Proof. By Theorem 1.5, Z(L) =
⋃n

i=1 Ann(yi), yi ∈ L∗. Let x ∈ Z(L)∗. Then x ∈ Ann(ym), for some

1 ≤ m ≤ n and so x∧ ym = 0. By Lemma 1.6, for j 6= m, ym ∧ yj = 0. Thus the distance from any yj

to x is 1 if j = m or 2 if j 6= m. Hence the radius of Γ(L) is at most 2. �

From Theorem 2.3, there is a non zero x ∈ L such that x ∧ y = 0 or Ann(x) ∩ Ann(y) 6= {0} for

every y ∈ Z(L).

Proposition 2.4. If L is a non atomic lattice, then Γ(L) contains either a connected split induced

subgraph or a complete bipartite induced subgraph.

Proof. Since L is non atomic, there exists a non zero element z ∈ L such that a � z, for any atom

a. Now there is some z0 such that 0 < z0 < z. Similarly, there is some z1 such that 0 < z1 < z0.

Proceeding like this, we obtain a decreasing chain z > z0 > z1 > . . . .

If A(L) 6= ∅, then there exists x ∈ L∗ such that x ∧ a = 0, for all a ∈ A(L). As mentioned

above, there exists a decreasing chain x > x0 > x1 > · · · . Clearly {x, x0, x1, . . .} is independent and

< A(L) > is complete. Clearly a∧xi = 0 for every i. Hence < {x, x0, x1, . . .}∪A(L) > is a connected

split induced subgraph.

Suppose A(L) = ∅. Let x, y ∈ L∗ such that x∧y = 0. As constructed above, one can get decreasing

chains C1 : x > x0 > x1 > · · · and C2 : y > y0 > y1 > · · · corresponding to x and y respectively.

Let V1 = {x, x0, x1, . . . , } and V2 = {y, y0, y1, . . . , }. Then < V1 ∪ V2 > is a complete bipartite induced

subgraph. �

Consider the lattice L =
{

1
n

: n ∈ N
}

∪ {a} given below. It is a non atomic lattice and its zero

divisor graph Γ(L) is a complete bipartite graph.



Trans. Comb. 3 no. 3 (2014) 51-59 T. Tamizh Chelvam and S. Nithya 55

1

0

a

Γ(L) :L :

1
2

1
3

1
4

a

1
2

1
3

1
4

b

b

b

b

b

b

b

b

b

b

b

b

b

bb

b

b

b

b

b

b

b

A distributive complemented lattice L is called a Boolean lattice.

Proposition 2.5. If L is a Boolean lattice, then Γ(L) has a perfect matching. Moreover the edge

independent number β1 = |Z(L)∗|
2 .

Proof. Let M = {(x, x′) ∈ E(Γ(L)) : x, x′ ∈ V (Γ(L))}. Clearly every vertex is an end vertex of an

edge in M . Since each non zero element has a unique complement, M is an edge independent set and

so M is a perfect matching. This also establishes the last part of the statement. �

Lemma 2.6. Let L be a Boolean lattice. Then L is finite if and only if every vertex of Γ(L) is of

finite degree.

Proof. ⇒ part is trivial.

Conversely assume that every vertex has finite degree. Assume to the contrary, L is finite. Let

x, y ∈ L∗ and x ∧ y = 0. Then y ∧ z ∈ Ann(x) for every z ∈ L∗. Since Ann(x) is finite, there exists a

set J = {z ∈ L∗ : z ∧ y = t for some t ∈ Ann(x)} is infinite. If t = 0, J ⊂ Ann(y) and so y has infinite

degree, a contradiction. If t 6= 0, t ∧ z′ = (z ∧ y) ∧ z′ = 0 for all z ∈ J . Then t has infinite degree, a

contradiction. �

S. K. Nimbhokar, M. P. Wasadikar and M. M. Pawar[14] proved that, if a Boolean lattice L contains

an infinite increasing chain, then ω(Γ(L)) = ∞. Now we prove that the same result by relaxing the

existence of an infinite increasing chain.

Theorem 2.7. Let L be a Boolean lattice. Then L is finite if and only if ω(Γ(L)) is finite.

Proof. ⇒ part is trivial.

Assume that ω(Γ(L)) is finite. Suppose L contains an infinite increasing chain, by Lemma 1.6, Γ(L)

has an infinite clique, a contradiction. Suppose C : ℓ0 > ℓ1 > ℓ2 > · · · with ℓi ∈ L∗ is an infinite

decreasing chain in L. Let yi = ℓi ∧ ℓ′i+1. Since ℓi 6= 0, yi 6= 0 for every i. Suppose yi = yj for some

i 6= j. Then i < i+1 ≤ j and so ℓi+1 ≥ ℓj and we get yi = ℓi∧ℓ′i+1 = ℓj∧ℓ′j+1∧ℓ′i+1 = 0, as ℓ′i+1 ≤ ℓ′j, a

contradiction. Thus yi are non zero and distinct. For every i < i+1 ≤ j, ℓ′i+1∧ℓj = ℓ′i+1∧ℓi+1∧ℓj = 0

implies yi ∧ yj = 0. Thus < {yi : i = 1, 2, 3, . . .} > is an infinite clique, a contradiction. Hence all

chains in L are finite and so L is atomic which implies that A(L) 6= ∅.
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If there exists a vertex of infinite degree, by Lemma 2.6, L is infinite. By Theorem 1.1, A(L) is an

infinite set and hence < A(L) > is an infinite clique, a contradiction. �

3. Domination in Γ(L)

In this section, we study certain domination properties in Γ(L). More specifically, we characterize

all dominating sets in A(L) where L is a bounded distributive lattice. Further we obtain independent

domination number for Γ(L), where L is any lattice. Also we obtain domination number for Γ(L),

where L is a finite Boolean lattice.

Lemma 3.1. Let L be any lattice and A(L) be the set of all atoms in L. Assume that S ⊆ A(L) with

|S| > 1. If
∨

s∈S

s = 1, then S is a dominating set in Γ(L).

Proof. Assume that
∨

s∈S

s = 1. Let x ∈ V (Γ(L)) − S. If s ≤ x for every s ∈ S, then x is the lub of

elements in S, which is a contradiction to the assumption. Thus s � x for some s ∈ S and so s∧x = 0.

Hence S dominates all the vertices in Γ(L). �

Remark 3.2. Note that the condition
∨

s∈S

s = 1 in Lemma 3.1 is not a necessary one. For, consider

the lattice L (Figure 1) and its zero-divisor graph Γ(L) (Figure 2) given below. Note that S = {a} is

a dominating set in Γ(L), whereas a 6= 1.

b

b

b b

b

c

a b

0

1

Figure 1

b b

ba

Figure 2

Theorem 3.3. Let L be a lattice with A(L) 6= ∅. Then A(L) is a minimal dominating set in Γ(L) if

and only if L is atomic.

Proof. Assume that A(L) is a minimal dominating set in Γ(L). Suppose L is not atomic. Then there

exists x ∈ L∗ such that a � x for every a ∈ A(L) and so x∧a = 0. Thus A(L) is not a dominating set,

a contradiction. Conversely, by the definition of an atomic lattice, A(L) is a dominating set in Γ(L).

Let a ∈ A(L) and D = A(L) − {a}. Then a ∧ b = 0 for every b ∈ D and hence a is not dominated by

D in Γ(L). Hence A(L) is minimal. �

Theorem 3.4. Let L be a lattice. Then there exist x, y ∈ L∗ such that {x, y} is a minimum indepen-

dent dominating set of Γ(L) if and only if x⊥y. In particular γ(Γ(L)) = i(Γ(L)) = 2.
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Proof. Let x, y ∈ L∗ such that {x, y} is a minimum independent dominating set of Γ(L). Clearly

x ∧ y = 0 in Γ(L). Suppose Ann(x) ∩ Ann(y) 6= {0}, there exists 0 6= z ∈ Ann(x) ∩ Ann(y) such

that z ∧ x = 0 = z ∧ y. Thus z is not dominated by x and y in Γ(L), a contradiction. Conversely,

let x, y ∈ L∗ such that x⊥y. Then x ∧ y = 0 and Ann(x) ∩ Ann(y) = {0}. i.e., x and y are adjacent

and there is no vertex which is adjacent to both x and y in Γ(L). Note that every v ∈ V − {x, y}

is adjacent to either x or y in Γ(L). Since Γ(L) is connected and x ∧ y = 0, {x, y} is a minimum

independent dominating set of Γ(L). �

Theorem 3.5. If L is a finite Boolean lattice and |A(L)| > 1, then γ(Γ(L)) = 1 or |A(L)|.

Proof. Let A(L) = {a1, a2, . . . , an}. By Theorems 1.2 and 1.3,
n
∨

i=1
ai = 1. Note that in L, every non

zero element x /∈ A(L) can be represented as the join of two or more atoms uniquely. If |A(L)| = 2,

then L = {0, a1, a2, a1 ∨ a2 = 1} and so Z(L)∗ = {a1, a2}. Hence γ(Γ(L)) = 1. Suppose |A(L)| > 2.

Since
n
∨

i=1
ai = 1, by Lemma 3.1, A(L) is a dominating set in Γ(L) and so γ(Γ(L)) ≤ |A(L)|.

Let S be a dominating set in Γ(L). Let xj =
n
∨

i=1,i6=j

ai for 1 ≤ j ≤ n. Note that xj /∈ A(L)

and is adjacent to only aj for 1 ≤ j ≤ n. If S ⊆ L∗ − A(L), then S must contain all xj for

1 ≤ j ≤ n and so |S| ≥ |A(L)|. If S intersects A(L), say S ∩ A(L) = {a1, a2, . . . , ak}, then

{a1, a2, . . . , ak, xk+1, . . . , xn} ⊆ S and so |S| ≥ |A(L)|. Hence γ(Γ(L)) = |A(L)|. �

Example 3.6. Consider the lattice L constructed out of the power set of {a, b, c} with set inclusion.

Note that A(L) = {{a} , {b} , {c}} and so |A(L)| > 1. Note that γ(Γ(L)) = |A(L)| = 3.

b

b

b

b

b

b

b

b

L : Γ(L) :

{a}
{b}

{c}

{a, b} {a, c} {b, c}

{a, b, c}

∅

{a}

{b} {c}

{a, b}{a, c}

{b, c}
b

b

bb b b

Theorem 3.7. Let L be a distributive lattice and diam(Γ(L)) = 2. Then the following are equivalent:

(i) For every x ∈ V (Γ(L)), N(x) is a connected dominating set in Γ(L).

(ii) Let x, y ∈ Z(L)∗. Then there exists a non zero z such that x ∧ z = z ∧ y = 0.

Proof. Assume that (i) is true. Let x, y ∈ Z(L)∗. Since diam(Γ(L)) = 2, it is enough to discuss the

case that x ∧ y = 0. Since diam(Γ(L)) = 2, there exists z ∈ V (Γ(L)) − {x, y} such that z ∈ N(x) or

z ∈ N(y). Let z ∈ N(x). Since < N(x) > is connected, there exists a path in < N(x) > lies between y

and z which implies there exists (y 6=)z1 ∈ N(x) such that z1 ∈ N(y). Similarly if z ∈ N(y), then there

exists (x 6=)z2 ∈ N(y) such that z2 ∈ N(x). Conversely assume that (ii) is true. Since diam(Γ(L)) = 2,

the neighbourhood N(x) of any vertex x is a dominating set of Γ(L). Let x1, x2 ∈ N(x). If x1∧x2 = 0,
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then x1 and x2 are adjacent. Suppose x1 ∧ x2 6= 0. By our assumption, there exist y1, y2 ∈ L∗ such

that x∧ y1 = y1 ∧ x1 = 0 and x∧ y2 = y2 ∧ x2 = 0. Then x1 − y1 − x1 ∧ x2 − y2 − x2 is a path and y1,

y2, x1 ∧ x2 ∈ N(x). Hence < N(x) > is connected. �

In view of Lemma 4.1 and Theorem 3.7, we have the following.

Corollary 3.8. Let L be a distributive lattice and diam(Γ(L)) = 2. Then the following are equivalent:

(i) Z(L) is an ideal of L.

(ii) Let x, y ∈ Z(L). Then there exists a non zero z such that x ∧ z = z ∧ y = 0.

(iii) For every x ∈ V (Γ(L)), N(x) is a connected dominating set in Γ(L) and hence γc(Γ(L)) ≤

δ(Γ(L)).

4. Diameter and Girth of Γ(L)

In this section, we study the diameter and girth of Γ(L).

Lemma 4.1. Let L be a distributive lattice and diam(Γ(L)) = 2. Then Z(L) is an ideal of L if and

only if for x, y ∈ Z(L), there exists a non zero z such that x ∧ z = z ∧ y = 0.

Proof. Assume that Z(L) is an ideal and x, y ∈ Z(L), then x∨y ∈ Z(L). Since diam(Γ(L)) = 2, there

exists t ∈ Z(L) such that x − t − x ∨ y is a path in Γ(L). Then t ∧ x = t ∧ y = 0. This t satisfies the

required conditions. Conversely, given any x, y ∈ Z(L), their mutual annihilator z annihilates x ∨ y.

For ℓ ∈ L, z ∈ Z(L) and ℓ ≤ z, imply ℓ ∈ Z(L). Hence Z(L) is an ideal. �

Lemma 4.2. Let Γ(L) be the zero divisor graph of a distributive lattice L. Suppose Γ(L) is not a

complete bipartite graph. If Γ(L) contains a complete bipartite spanning subgraph, then Z(L) is an

ideal of L.

Proof. Let ℓ ∈ L, z ∈ Z(L) and ℓ ≤ z. Clearly ℓ ∈ Z(L). Assume that x, y ∈ Z(L), x 6= y and non zero.

Since Γ(L) has a complete bipartite spanning subgraph, there exist non empty sets V1 and V2 such that

V1 ∪ V2 = Z(L)∗, V1 ∩ V2 = ∅ and p∧ q = 0 for all p ∈ V1 and q ∈ V2. If x, y ∈ V1, then for any q ∈ V2,

q∧ (x∨y) = 0 so x∨y ∈ Z(L)∗. Now suppose x ∈ V1 and y ∈ V2. Since Γ(L) is not complete bipartite

and contains a complete bipartite spanning subgraph, there is an edge connecting two distinct vertices

p1, p2 ∈ V1. Now p1 ∧ (y ∨ p2) = (p1 ∧ y)∨ (p1 ∧ p2) = 0 and so y ∨ p2 ∈ Z(L)∗. If y ∨ p2 ∈ V1, then for

any q ∈ V2, we have 0 = q∧ (y∨ p2) = (q ∧ y)∨ (q∧ p2) = q∧ y. Thus q∧ (x∨ y) = (q∧x)∨ (q∧ y) = 0

and so x ∨ y ∈ Z(L). If y ∨ p2 ∈ V2, then 0 = x ∧ (y ∨ p2) = (x ∧ y) ∨ (x ∧ p2) = x ∧ p2 and so

p2 ∧ (x ∨ y) = (p2 ∧ x) ∨ (p2 ∧ y) = 0 and hence x ∨ y ∈ Z(L). Hence Z(L) is an ideal of L. �

In view of Lemma 4.1 and Lemma 4.2, we have the following result.

Theorem 4.3. Let Γ(L) be the zero divisor graph of a distributive lattice L. Suppose Γ(L) is not

a complete bipartite graph. If Γ(L) contains a complete bipartite spanning subgraph, then for all

x, y ∈ Z(L), there exists a non zero z such that x ∧ z = z ∧ y = 0.
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Remark 4.4. For any L, any two atoms are adjacent in Γ(L). If L is a lattice with at least three

atoms, then gr(Γ(L)) = 3. Hence any lattice L with gr(Γ(L) = 4 contains at the maximum two atoms.
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