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Abstract. Let dn,m =

 2n+1−√17+8(m−n) 
2

and En,m be the graph obtained from a path Pdn,m +1 =

v0 v1 · · · vdn,m by joining each vertex of Kn−dn,m −1 to vdn,m and vdn,m −1 , and by joining m − n +

1 − n−d2n,m vertices of Kn−dn,m −1 to vdn,m −2 . Zhang, Liu and Zhou [On the maximal eccentric
connectivity indices of graphs, Appl. Math. J. Chinese Univ., in press] conjectured that if dn,m > 3,
then En,m is the graph with maximal eccentric connectivity index among all connected graph with
n vertices and m edges. In this note, we prove this conjecture. Moreover, we present the graph
with maximal eccentric connectivity index among the connected graphs with n vertices. Finally, the
minimum of this graph invariant in the classes of tricyclic and tetracyclic graphs are computed.

1. Introduction
Unless otherwise stated, throughout this paper our notation and terminology follows West [1].
Throughout this paper, graphs means simple connected graphs without loops and multiple edges.
The complete graph, path and the star of order n are denoted by Kn , Pn and Sn , respectively. The
splice of two disjoint graphs G and H by vertices y and z, (G · H)(y, z), is defined by identifying the
vertices y and z in the union of G and H, see Figure 1(a).
Suppose G is a graph with vertex set V (G). The distance between the vertices u and v of V (G) is
denoted by d(u, v). It is defined as the number of edges in a minimal path connecting the vertices u
and v.
A topological index is a graph invariant applicable in chemistry. The eccentricity εG (u) is
defined as the largest distance between u and other vertices of G. We will omit the subscript G when
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the graph is clear from the context. The eccentric connectivity index of a graph G is defined as
P
ξ c (G) = u∈V (G) deg(u)ε(u) [2]. We encourage the reader to consult papers [3, 4] for some applications
and papers [5, 6, 7, 8] for the mathematical properties of this topological index.

Figure 1.

(a). The splice of two disjoint graphs G and H by vertices y and z; (b).

A lollipop on n + m − 1 vertices.
For a connected graph G, the diameter D(G) is the maximum eccentricity among vertices of G. Let
Tn,m be isomorphic to (Kn · Pm )(u, v) that u is a vertex of Kn and v is a pendant of Pm . This graph
is called a lollipop on n + m − 1 vertices, Figure 1(b), [9].
2. Main Results
 2n+1−√17+8(m−n) 

and En,m be the graph obtained from a path Pdn,m +1 = v0 v1 · · · vdn,m

by joining each vertex of Kn−dn,m −1 to vdn,m and vdn,m −1 , and by joining m − n + 1 − n−d2n,m vertices
Let dn,m =

2

of Kn−dn,m −1 to vdn,m −2 . In [10], Zhang, Liu and Zhou conjectured that if dn,m > 3, then En,m is the
graph with maximal eccentric connectivity index among all connected graph with n vertices and m
edges. The aim of this section is to prove a this conjecture. We also present the graph with maximal
eccentric connectivity index among the connected graphs with n vertices. Finally, the minimum of
this graph invariant in the classes of tricyclic and tetracyclic graphs are presented.
Proposition 2.1. Let G be a graph with n + m − 1 vertices and

n
2



+ m − 1 edges. Then D(G) 6

D(Tn,m ).
Proof. Suppose D(G) = D(Tn,m ) + 1, that is D(G) = m + 1. Let P be a diametrical path of G of
length m + 1. So, there exists n − 3 vertices and

n(n−1)
2

− 2 edges outside P in G. Then each vertex in

V (G) − V (P ) is connected with at most three vertices of P . If a vertex v ∈ V (G) − V (P ) is connected
with more than three vertices of P , then the distance between the end-vertices of P is less than m + 1,
a contradiction with the fact that D(G) = m + 1. If a vertex v ∈ V (G) − V (P ) is connected with
three vertices of P , then these vertices must be consecutive. Thus, by pigeonhole principle and the
number of edges of G, there exists a vertex in V (G) − V (P ) connected with more than three vertices
of P and so the length of P is equal to m, a contradiction.



The next theorem, is a complete solution of Conjecture 2.1 in [10].
Theorem 2.2. Let dn,m > 3. Then En,m is the graph with maximal eccentric connectivity index
among all connected graph with n vertices and m edges.
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Proof. By Proposition 2.1, it is not difficult to see that D(G) 6 D(En,m ) for each graph G with n
vertices and m edges. On the other hand, note that each vertex of high degree in En,m has high
eccentricity, which completes the proof.



Let Γn be isomorphic to ((K[ 2n ]+1 − e) · Pn−[ 2n ] )(u, v) that u and e are a vertex and an edge of
3

3

K[ 2n ]+1 , respectively, and v is a pendant of Pn−[ 2n ] . So, it is not difficult to check that:
3

3

Proposition 2.3. For every n > 7,
ξ c (Γn ) = ξ c (Pn−[ 2n ]+2 ) −
3

 2n 3  2n 2
 2n 
(n + 6) − 6n
+
(n − 1) +
3
3
3

where

 3 (n −  2n  + 2)2 − 3(n −  2n  + 2) + 2
2
3
3
c
ξ (Pn−[ 2n ]+2 ) =
3
 3 (n −  2n  + 1)2
2
3

if 2 | n −

 2n 

if 2 - n −

3

3

 2n  .

Theorem 2.4. Let G be a graph with n vertices. Then ξ c (G) 6 ξ c (Γn ).
Proof. Suppose u is a vertex of Kx and Kxi is a graph obtained from Kx by deleting i edges incident
with the vertex u. So, if v is a pendant of Pn−x+1 , then we have
7
3
ξ c (Kxi · Pn−x+1 )(u, v) = 2n − 4x(n + 1) + nx2 + n2 + (x2 + 1) − x3 − i(3 − 3x + 2n).
2
2
Therefore, by above relation, it is clear that ξ c (Kx · Pn−x+1 )(u, v) 6 ξ c (Kx1 · Pn−x+1 )(u, v) and
ξ c (Kxi · Pn−x+1 )(u, v) 6 ξ c (Kx · Pn−x+1 )(u, v) for i > 1. Thus, the maximum value of the function
f (x) = −x(4n + 1) + nx2 + 32 n2 + 27 x2 − x3 +

1
2

is equal to the maximal eccentric connectivity index,

which completes the proof.



Let G be a connected graph on n vertices. G is called tricyclic if it has n + 2 edges, and tetracyclic if
G has exactly n + 3 edges. Suppose Cn and Dn denote the set of all tricyclic and tetracyclic n−vertex
graphs, respectively. This part of our paper is a continuation of [10] that the authors computed the
maximal eccentric connectivity index in the classes of tricyclic and tetracyclic n−vertex graphs. In
what follows, we compute the minimal eccentric connectivity index in these classes. We recall that the
complement of a graph G is a graph Ḡ on the same vertices such that two vertices of Ḡ are adjacent if
and only if they are not adjacent in G. We will use Sn + 3e and Sn + 4e to denote the graphs obtained
by inserting three and four arbitrary edges of S¯n to Sn , respectively.
Theorem 2.5. Suppose G ∈ Cn , n ≥ 6. Then ξ c (Sn + 3e) 6 ξ c (G), with equality if and only if
G∼
= Sn + 3e.
Proof. Let x be the number of vertices of degree n−1 in G. Then ξ c (G) > 4n+8−x(n−1), with equality
if and only if each vertex of degree less than n − 1 has eccentric connectivity 2. On the other hand, x
is equal to 0 or 1. If x = 0, then ξ c (G) > 4n + 8 and if x = 1, then ξ c (G) > 3n + 9. So, a graph with
this property that one vertex has degree n − 1 and all other vertices has eccentricity 2, has minimum
eccentric connectivity index. In other words, Sn + 3e has minimum eccentric connectivity.
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Using similar arguments as Theorem 2.5, one can prove the following result:
Theorem 2.6. Let G ∈ Dn , n ≥ 6. Then ξ c (Sn +4e) 6 ξ c (G), with equality if and only if G ∼
= Sn +4e.
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