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ABSTRACT. The Gutman index and degree distance of a connected graph G are defined as

Gut(G)= Y du)d(v)ds(u,v),
{u,v}CV(G)
and
DD(G)= > (d(u)+d(v))dc(u,v),
{u,v}CV(G)
respectively, where d(u) is the degree of vertex u and dg(u,v) is the distance between vertices u and
v. In this paper, through a recurrence equation for the Wiener index, we study the first two moments

of the Gutman index and degree distance of increasing trees.

1. Introduction

A graph is a collection of points and lines connecting a subset of them. The points and lines
of a graph G are also called vertices and edges of the graph and are denoted by V(G) and E(G),
respectively. Two vertices of G, connected by an edge, are said to be adjacent. The number of vertices
of G, adjacent to a given vertex v, is the degree of this vertex, and will be denoted by d(v). The
distance between two vertices u and v in a connected graph G is the length of any shortest path
between these vertices, and it is denoted by dg(u,v).

Wiener index, W(G), of a connected graph G is defined as [24]

W(G) = Y dg(uv).

u,veV(G)
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In this paper, we are concerned with a variant of the Wiener index called Gutman index [23]. Some
authors use alternative name Schultz index of second instead of Gutman index [49]. Throughout this
paper, the latter name is used. Another variant of Wiener index is the edge-Wiener index, W,(G),
defined as the sum of the distances between all pairs of edges of a connected graph G:
We(G)= > dale f),
e,fEE(QG)

where the distance between two edges is the distance between the corresponding vertices in the line
graph of G [f].

Definition 1.1. The Gutman index of a connected graph G is defined as

Gut(G) = Z d(u)d(v)dg(u,v).
{uv}CV(G)

The Gutman index of graphs and its application in chemistry has just recently attracted [2, 20].
Dankelmann et al. [6] presented an asymptotic upper bound for the Gutman index and also established
the relation between the edge-Wiener index and Gutman index of graphs. Chen and Liu [3] studied
the maximal and minimal Gutman index of unicyclic graphs, and they also determined the minimal
Gutman index of bicyclic graphs [4]. Gutman [9] gave the following relation between the Gutman and

the Wiener index for a tree T' on n vertices,
Gut(T) =4W(T) — (2n — 1)(n — 1).

For a large number of trees, closed combinatorial expressions for W can be found. The best known of

them are
wie = ("5 1) wis) =17,
where P, is a path (a n-vertex trees with 2 pendent vertices) and S, is a star (a n-vertex trees with
n — 1 pendent vertices). Thus
(n —1)(2n? — 4n + 3)
3

Gut(P,) =
and
Gut(S,) = (2n —3)(n —1).
Also, for every tree T}, of order n,

(1.1) Gut(Sp) < Gut(T),) < Gut(PR,).

There are several tree models, namely so called recursive trees (RT), plane-oriented recursive trees
(PORT) and binary increasing trees (BIT), which turned out to be appropriate in order to describe
the behaviour of a lot of quantities in various applications. All the tree families mentioned above can
be considered as so called increasing trees, i.e. labelled trees, where the nodes of a tree of order n are
labelled by distinct integers of the set {1,2,...,n} in such a way that each sequence of labels along any
path starting at the root is increasing. E. g., plane-oriented recursive trees are increasingly labelled

ordered trees (= planted plane trees) and binary increasing trees are obtained from (unlabelled) d-ary
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trees via increasing labellings [T9]. Figure [ illustrates a tree of order n = 7. One can describe the tree
evolution process which generates random trees (of arbitrary order n) of grown trees. This description
is a consequence of the considerations made in:

Step 1: The process starts with the root labelled by 1.

Step i+ 1: At step ¢ + 1 the node with label i + 1 is attached to any previous node v (with out-degree
d™ (v)) of the already grown tree of order ¢ with probabilities

%, for recursive trees
2—dt . . .
p(v) = Tl(v)’ for binary increasing trees
dt 1 . .
22”2? , for plane-oriented recursive trees.

FIGURE 1. A tree of order n = 7.

Since the structures of many molecules are tree like, our interest here is to study the Gutman and
Schultz indices of random trees. Several other topological indices of random trees have been studied by
many authors. We refer the reader to Ali Khan and Neininger [}, Janson [I3], Janson and Chassaing
(4], and Neininger [Z1] for the Wiener index, and to Clark and Moon [5], Feng et al. [§], and Hollas
[0, IT, 12] for the Randié¢ index and topological indices that depend on the degree of a vertex, Kazemi
17, I8] for the first, second and multiplicative Zagreb indices and eccentric connectivity index,
Feng and Hu [[4] for the first Zagreb index. In the random tree, Gut(7") and W (T') become random

variables. Thus
Gut(T) 2 4aW(T) — (2n — 1)(n — 1),

where 2 denotes equality in distribution of the left and right hand side. Then

(1.2) E(Gut(T)) = 4E(W(T)) — (2n — 1)(n — 1)
and
(1.3) Var(Gut(T)) = 16Var(W(T)).

Our aim in this paper is to consider the expected value and variance of the Gutman index and degree

distance in random trees.



26 Trans. Comb. 5 no. 2 (2016) 23-31 R. Kazemi and L. Kh. Meimondari

2. The Main Results

Let the generalized harmonic number for nonnegative n, complex order m and complex offset ¢ be
defined as:

n

1
H (M) — -
cn Z (C + k)m :

k=1
For ease of notation the following convention is used:

H™ = H]".

The traditional harmonic numbers are a special case:

H, = HV.
We have
n
(2.1) ZHk =(n+1)Hpy — (n+1),
(2.2) Z H TL + 1)HT(L_21 Hn+17 )
" H, 1
(2.3) T = §(H721 +HPY),
k=1
(n+1 n(n+1
(2.4) Z kHy = 7)1%+1 - (4),
) 2 1 n + 1
(2.5) Z rEH =BT 0 g® e
In the discourse we shall use the following notations:
Tiwe=vH;—cH® i>1cveR
i—1 (e +1
Lz mmn — %Ti—l,l,m + ( ) i+1,1,n;

D;=i(i—1)Ti12+i(i +1)Tj421.6,
V; = (z + 1)(2Ti42.1.6 + Ti+1.66.60),

P, = ZH,?
k=1

24b
a(nya,b,c,d) = an”+bn+c

n>1.
2d ) iy
Kuba and Panholzer [I9] gave a distributional analysis of the random variable d(j,n), which counts
the distance, measured by the number of edges lying on the connecting path, between node j and

node n in a random tree of order n. They showed that the expectation of the random variable d(j, n)
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(for 1 < j < n) are given by
; 1
1) E(dRT(]’n)) =H,1+ Hj + ; -2,
; 6
2) E(dprr(j,n)) = 2H,, + 2H; 11 + —— — 8,
Jj+1
1

. 1
(2.6) 3) E(dporr(j,n)) = Hop—o — §Hn—1 + Haj — iHj — 1.

Also, they showed that for the variances:

. . 4 2 1
1)Var(drr(j,n)) = E(drr(j,n) — H, —3H — SHj+6+5 =
. . 48
2)Var(dprr(j,n) = E(dprr(j,n) = AP ~12H}D) = == Hji 431

+60 _ 36
j+1 G+

. . 1 3
3)Var(dporr (j.n)) = E(dporr(j.n) — Hy, -+ 7HZ, —3H) + ZHP +3.

Let WET be the Wiener index of a random recursive tree T of order n. Neininger [21] showed that

for random recursive trees,
E(WET) = n?H,, + nH, — 2n°.

He used the recursive structure of the tree in order to setup a recurrence for the Wiener index. He
decomposed the tree into the subtree rooted at the vertex labelled 2 and the rest of the tree, which is

then rooted at the root of the original tree. He obtained by enumeration
WIT EWET y W 4 g, Pr, + L,P), + Iy,

where the cardinality I, of the subtree rooted at the vertex labelled 2 is uniformly distributed on
{1,...,n — 1} for n > 2 and that conditioned on its cardinality this subtree and the rest of the tree
are random recursive trees of cardinalities I,, and J, := n — I,, respectively being independent of
each other. Also, (WX, P,) and (W, T, P!) are the pairs of the Wiener index and the internal path
lengths in random recursive trees.

In this paper, we use another recurrence for the Wiener index of random recursive trees and obtain
the above result. Also, we extend this approach to the analysis of the degree distance and Gutman

index in increasing trees. Also, we give the lower and upper bounds for the variance of these quantities.

Theorem 2.1. Let GG, be the Gutman index of an increasing tree of order n. Then

1) for recursive trees,
E(GET) = 4(n® + n)H,, — 10n* 4+ 3n — 1,

2) for binary increasing trees,

E(GPIT) = (8n? + 32n + 24)H, 11 — 26n° + 51n — 25,
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3) for plane-oriented recursive trees,

n—1
E(GEOMT) = 4B,y + 2nH, +4 Fey —3n% +2n — 1,
k=1

where E,, = Z;nzl JHaj and F, o = Z;nzl HQ(‘;)

Proof. Let W, be the Wiener index of an increasing tree of order n. By definition of the Wiener index

and stochastic growth rule of the tree,
n—1

(28) Wn = Wn—l + Z dT(j) n)7
j=1

where dp(j,n) is the distance between node labelled j < n — 1 and node n of T
1) From (Z8), part (1) and (ET),
n—1
EW, ) = EW.")+ > E(drr(j.n)
j=1
n—1
= EW,) +> (Hya+ Hj+57 —2)
j=1
n—1
= EW/) +nH, 1+ > Hj—2(n-1)
j=1
(2.9) = EWE) +n(H, + Hyy) —3n + 2,

where W[ = 0. Thus, the recurrence equation (Z9) leads to

(2.10) EWE) = 3 k<2Hk - %) - 3"(”2“) +2n.
k=1
From (£4),
RT\ n(n+1) _nn+l)y o on(n+l)
E(WET) = 2(72 oy = 0= ) n—35 4 on
1
= n(n—i—l)(hﬁﬁ—m) —2n(n+1)—n+2n

= n’H, +nH, — 2n°.

Now, from (I2), E(GET) = 4(n? + n)H,, — 10n% + 3n — 1.
2) With the same manner and using (E8), part (2),
E(WPT) = E(WPH) + 4nH, + 6H, — 10n.
Then
E(WAIT) = (2n2 + 8n + 6)H, i1 — 6(n* + 2n + 1).
3) We have

(211) (’I’L — 1)Hn,1 — an =1- anl-
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From () and (2710),

n—1
E(Wy ") = EW.L9) + > E(dporr(j,n))

j=1
n—1 1 1
PORT
= E(WL9ET) 4 Z;(Hzn_g — gHu1+ Hyj = 5 Hj— 1)
]:
1 n n—1
(2.12) = EWEGET) 4 (n—1)Hapo + g (Hno1+1) = 5 + > Hy;.
j=1
Now, the recurrence equation (Z12) leads to
n n+1 i,
E(WfORT) =FE,1+ §(Hn -3 ) + kZle’l

and proof is completed.
Definition 2.2. The degree distance of G is defined as [22]

DD(G)= > (d(u)+d(v))da(u,v).
{uw}CV(G)

29

The relations between the degree distance and the Wiener index was studied in [B, 9]. An example

of such relation,
DD(T) =4W(T) —n(n —1).

Theorem 2.3. Let S, be the degree distance of an increasing tree of order n. Then

1) for recursive trees,
E(SET) = 4(n* 4+ n)H, — 9n? + 1,
2) for binary increasing trees,

E(SPIT) = (8n2 + 32n + 24)H,, ;1 — 250> + 50n — 24,

3) for plane-oriented recursive trees,

n—1

E(SYORT) = 4B, 1 +2nH, +4  Fi1 —2n°.
k=1

In passing, we give the lower and upper bounds for the variance of G,, and S,,.

Theorem 2.4. For an increasing tree of order n (=RT, BIT and PORT),

(n —1)(2n? — 10n + 12)>2

Var(S,) = Var(Gy) < ( .

Proof. 1t is an immediate consequence of inequality (I0) and Popoviciu’s inequality.
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Theorem 2.5. For an increasing tree of order n,
Var(Gp) = Var(S,) > 16 max {0, Q. },

where

1) for recursive trees,

Qn="Ln1s+3(n+ %)Hn+1 + Hyy — 2Py + 30Ty + a(n; 5, —29, —6,2),
2) for binary increasing trees,

Qn =Dy, +V, +60H,11 +6(2n + 3)H,y2 — 24P, + a(n; 23, —123, —25, 1),

3) for plane-oriented recursive trees,

n—1

Qn = n(nQUTgn_gJJ — 2Ln+1’1/273/2 — 2(277/ + 1)Hn+1 + Z(Fkul — Fk72) + a(n; 11, 1, 6, 4).
k=1
Proof. From (ER),
n—1 k
Wo =Y dr(j,n).
k=1 j=1
Thus
n—1
Var(WET) = Var( Z drr(J, n))
k=1 j=1
n—1 k
> > Var(drr(j,n))
k=1 j=1
n—1 k
= S (kHuor + (k+ DHpgr — (k+1) - kHD, -3 HP
k=1 j=1
k
— 4 TUH + 4k + 3H, - HY).
j=1
From (234), (23) and (Z3) and simplification,
Var(Wi) = Lnis+3(n+ %)Hn+1 + Hy, — 2P, 1 + 30T 1 + an.
With the same manner, we can obtain another bounds. O
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